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!!t -^ SOME ACCOUNT 
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OF THE 



L I F E 



OF 



Mr. WILLIAM EMERSON. 



^ X .HE Writer of the following Memoirs judgejt 
it proper io premife from what fources he has 
derived his information. He had the good 
fortune to be perfonally acquainted with Mr. 
Emerson during the laft three or four years of 
his life; and enjoyed frequent opportunities of 
learning, from his own mouth, accounts of cir- 
cumftances which had taken place at former periods 
of his life, .He has alfo had frequent converfa- 
tions refpefting him with feveral perfons of vera- 
city, who knew him many years before. He has 
not, however, accumulated an indifcriminate mafs 
of anecdotes, as they were offered to him, but 
has rejefted fuch as did not appear to him to be 
authentic, and adopted fuch only as upon mature 
examination and enquiry^ he had reafon to think 
true. In (hort, he has endeavoured to form and 
exhibit as juft a pidure of Mr. Emerson^s Life 
as he could, under fome peculiar difficulties; arid 
his motive for publifliing it was a dejGre to gratify, 
in fome meamre, that curiofity, which mankind 
muft always entertain, to be informed of whatever 
has relation to thofe men, who have drawn the 
a 2 attention 
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attention of their fellow-creatures by the fuperiof 
fplendor of their talents, and who have enlarged 
the boundaries of human knowledge.* 

Mr. DUDLEY EMERSON, of Hurwortb, 
near Darlington^ in the County of Durham, had 
two Sons, William, the elder, and Dudley, 
who died whilft he was young. William, who 
afterwards lived to become fo eminent a Mathe- 
matician, was born at Hurworth, in the year 
1 70 1, and, as appears by the Parilh Regifter, Was 
baptized there on the loth of Juiie in that year. 

** In a vacant leaf of an old prayer book, in 
*^ which DrDLEY Emerson, the father of 
" William, had regiftered his marriage, and 
^^ the births of his feveral children, it is written, 
*^ William Emerfon was born Wednefday, 
*^ May 14, at €ne o'clock in the ijiorning, and 
^^ 40 minutes, and baptized June 10, 1701/* 

His father Dudley who was poflefled of but 
a fmall eftate, at that time taught a fchool,, and 
fcems to have thought himfelf of fomc little con- 
fequence in the world, for I have feen a paper, 
written by himfelf, containing what he calls an 
account of the principal tranfaftions or events of 
his life.' Amongll thefe memorabilia^ relating, I 
think, chiefly to his movements from one place 
to another, I obferved nothing refpefting the 
birth or education of his fon William ; which he 
did not forefee would be the only circumftances 
or events of any importance in his life, that 
might poflibly refcue his name from oblivion/ 

William 

* " Several circumftances and anecdotes have been inter- 
•* mixed with Mr. Bowe's narrative, or fubjoined to it as 
** notes. Thefe were partly taken from other accounts of 
" Mr, Emersok, and partly communicated by gentlemea 
** who bad a pcrfonal ac(juaintance with him." 
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William was taught, and principally by his 
father, reading, writing and arithmetic, and a 
little Latin, perhaps as fcir as Corderyj or Beza^s 
Latin TeJlamenU^ It does not appear, however, 
that he was much attached to his books whilft 
a boy, or exhibited any fymptoms of thofe fu- 
perior faculties, which he afterwards exerted 
with fo much energy. Indeed fo carelcfs and 
inattentive to learning was he, at this period, 
that I have heard him fay, till he was near 
twenty years of age, his principal and favourite 
employment, for one feafon of the year, was that 
of feeking birds ncfts. But his attachment to 
childilh amufements was now to pafs away ; and 
his mind begarf to be. fenfihle of the charms and 
beauties of fcience. He went firft to Newcaftle, 
and afterwards to York*, where he applied him- 
felf, with confiderable attention and diligence, to 
the ftudy of the Mathematics, under the direcStion 
of fchoolmafters, whofe names I do not re- 
member, but of whom he ufed to fpcak, in the 
latter part of his life, with ;much refpcd. " He 
*^ ufed to fay too, that his father was a tolerable 
•* Mathematician ; and, without his books and 
** ii^ruftions, perhaps his own genius (mod 
** eminently fitted fof mathematical difquifitions) 
*^ would never have been unfoHed." . 

After his return from the fchool at York, he 
refided principally at Hurworth, where he con- 
tinued to purfuq his ftudies and amufemehts, at 
intervals, until, the time of his marriage. In 
what year of his life this happened I do not 
exactly know, but I think it was about the 
thirty-fecond or thirty-third : and from this 
a 3 ' period 

• " He afterwards received fome affiftancc in the learned 
, ** languages from a young gentleman, then curate xoif 
** Hurwortb, who was boarded at his father's houfc." 
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period we muft date the commencement of his 
mathematical labors ; or perhaps rather the com- 
munication of them to the public. What he 
had done before in this, line, was merely an 
occafional application, for his own amufement, 
or for the exercife and improvement of his leifurc 
hours. But one of thole accidents, which, as 
Dr. Johnfon obferves in the Life of Cowley, 
•* produce that particular defignation of mirtd 
and propenfity for fome certain fcience, commonly, 
called genius,*' took place upon this occafion, 
and added a powerful* ftimulus to his native 
thirft for knowledge and for fame. His wife . 
was the Niece of a Doftor Johnfon, Reftor of 
Hurworth, Vicar of Manfield in the county of 
York, and a Prebendary of Durham, a man 
very eminent in his time for his fkill in furgcry, 
and who, by a very extenfive and fuccefsful 
pradice in this profeffion, together with the 
emoluments arifing from his livings, had accu- 
mulated . a confiderable fortune. Dr. Johnfon 
had promifed to give his niece, who lived 
with him, five hundred pounds for Her marriage * 
portion. Some time after the marriage, Mr. 
Emerson took an opportunity to mention this 
matter to the Doftor, and to remind him of hi^ 
promife. The Doftor, however, did not .re- 
collect, or did not chufe to recoUeft, any thing 
of it, bt^t treated our young Mathematician with 
fome contempt, as a perfon of no confequence, 
and* beneath his notices The pecuniary difap- 
pointment, Emerson (who had as independent a 
Ipirit as any man, and whofe patrimony, though 
not large, was equal to all his wants) would eafily 
have furmounted, but this contemptuous treat- 
ment flung him to the very foul. He immedi- 
ately went home, packed up all his wife's cloaths, 

and 
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and fent them off to the Dodor, faying that he 
would fcorn to be beholden to fuch a fellow for 
a fingle rag ; and fwearing at the fame time that 
he would be revenged, and prove himfelf xo be 
the better man of the two. His plan of revenge 
was truly noble and laudable,— He was refolved 
to demonftrate to his uncourteous uncle and to 
the world, that he. was not to be rated as an 
infignificant or ignorant ^erfon; * and that the 
contempt and indignity, with which he had 
been treated, were much mifplaced, and very un- 
merited : and, in order to demonftrate this, he 
determined to labour till he became one of 
the firft Mathematicians of the age. 

He had received from nature ^ a ftrong anij 
vigorous mind, and had acquired a juft relilh 
for the beauties of Mathematical Science, and an 
ardent love of Truth; he was at the fame time, 
ftimiilated with an eager defire of diftinguifliing . 
himfelf from the illiterate crowd of mortals: 
the cfFefts of his labor, influenced by fuch motives, 
and direded by fuch abilities, cpiild not therefore 
but be^reat. He made himfelf a perfcft mafter 
of the whole circle of the Mathematics; and after 
having carefully planned and digefted, revifed 
and compleated the work to his own fatisfadtion, 
he publifhed, in the forty-fecond year of his age, 
his book of Fluxions; and at his firft appearance 
in the world as an author, ftepped forth like a 
giant in all his might, and juftly claimed a place 
kmongft Mathematicians of the very firft rank. By 
the ftridlly fcientific manner in which he eftablilh- 
ed the principles, and demonftrated the truth of 
the method of Fluxions in ;his work, he added 
another firm and durable fupport to the noble 
edifice of the Newtonian Philoiophy, which, by 
fome lefs accurate and penetrating obfervers, was 

a 4 fuppofed * , 
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fuppofed to have received a violent anddangerous 
concuffion from the metaphyfical artillery^ of the 
analyjiy and the cavils and objefkions which had 
been advanced againft the truth of the Auxionary * 
method. 

Having thus fecured his mathematical fameupon 
a firm and folid Bafis^ he Continued from time to 
time to favour and inftrud the publick with other 
moft valuable publications upon the feveral 
branches of the Mathematics. Thefe appeared in 
the order in which they ftand arranged below: I 
have added to each the date of the Author's life.* 

Years. ^tat.An. 

X743 . 42 Fluxions, 8vo. 

1749 . 48 Projedions of the Sphere, and Elements 

of Trigonometry, 8vo. 
*754 • 53 Mechanics, 4to. 
^755 • 54 Navigation, i2mo. \ 

1763 . 62 Arithmetic, Geometry, 8 vo. Method of 

Increments, 4ta 

1764 * 63 Algebra, 8vo. - 

1767 . 66 Arithmetic of Infinites and Conic Sedlions, 

8vo. 

1768 . 67 Elements of Optics and Perfpef^ive, 8vo. 

1769 • 68 Aftronomy, Mechanics, Centripetal and 

Centrifugal Forces, 8vo. 

1770 . 69 Mathematical Principles of Geog-raphy, 

Navigation and Dialling, Comment on 
the rrincipia, with the Defence of 
Newton. Trades, 8vo. 
1776 . 75 Mifcellanies, 8vo. whidiwas hi$ laft work. 

The above Works, many of them allowed to 
be^thc beft extent upon the fubjedb of which 
they treat, will remain a lading monument of 
Mr, Emerson's genius, penetration and induftry 

to 

* New editions of fevcrdl of the above works have fince 
been publiihed, with improvements, communicated from the 
Author, by F. Wingravi, Succeffor to Mr. Novuse, 
Bookfeller in the Strand. 
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to the lateft times; and render any further eulo- 
gium of their Author, as a Man of Science, 
totally unnecieffary. 

" His firft publications however did not meet 
with immediate encouragement; fo that it is 
probable the reft would never have appeared, or, 
atleaft not in the Author's life time, had he not 
about the year 1763, bten recommended, by 
his great admirer and friend the late Edward 
Montagu, Efqr. to Mr. John Nourse, Book* 
feller in Lx)ndon, who was himfelf an eminent 
Mathematician, and welf /killed in the Newtonian 
Philofophy, having had an univeriity education, 
and been an early aflbciate with the learned 
Doctors Pemberton and Wilfon, the one the 
companion of Newton, and Editor of the beft 
edition of thePrincipia, the other of Mr. Robins'* 
Mathematical Trafts. Mr. Nourse was fo 
highly fenfible of Mr. Emerson's fuperior abili- 
ties, that he engaged him on very liberal terms, 
to furnifti a regular courfe of thfe Mathematics 
for the ufe of young ftudents. M[r. Emerson 
made a journey to London in the furiimer of the 
year 1 763 , to fettleand fulfil this agreement. Even 
in London he could not be idle : befides correfting 
his (heets for the prefs,* he took lodgings at a 
Watchmaker's, near Smithfield, that he might 
improve himfelf, in that branch of knowledge 
during his ftay there." 

" Befides the above regular worics, publiftied 
in Mr. Emerson's own name, he wrote feveral 
other fugitive pieces, in the Ladies Diaries and 
other periodical and mifcellaneous works. In the 
Ladies Diaries he propofed and anfw^red feveral 
new queftions under the fignaturc Mefones, an 

anagram 

♦ " He always made the revifal himfelf ; to truft no eyes 
** but his own, being a favourite maxim with him." 
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anagram of his own name^ containing all the 
letters of it tranfpofcd; the queftions refolved by 
him were as follows, viz. prize, 1736; queft. 193, 
^95y '97 J P"2;e, 1737; queft-^05, 206, 207, 
209, 210, 215, 217, 221, 223; prize, 1741; 
quelL 226, 1229; prize, 1742; queft, 238, 
240 : and he propofed the following new 
queftions; N0.193, 206, and 220*. Mr. Emkrsoi^ 
alfo took a part in the Mifcellanea Curio/a Mathe- 
matical a work putlifhed in quarterly numbers, 
by Mr. Francis Hollipay, (his friend and 
correlpondent) from the year 1745 till 1755, in 
4to. In this work he refolved many queftions, 
as before in the Diaries, fometimes under the 
fignature of Merones, and fometimes under the 
ftill more whimfical one of Philofluentimecha'^ 
nalgegeomaJiroIongOy and probably under feveral 
others.*' We ftiall now take a view of Mr. 
Emerson in his private life, as a man, and a 
member of fociety. 

Mr. Emerson was, in perfon, fomething be- 
low the common fize, but firm, compadt, well- 
made, very a6live and ftrong. He had a good, 
open, expreffivc countenance, with a ruddy com- 
plexion, a keen and penetrating eye, and an 
ardor and eagernefs of look that was very expref- 
fivc of the texture of his mind; His drefs was 
very fimple and plain, or, what, by the generality 
of people, perhaps. would have been cdlcd gro- 
.tefque and Ihabby. A very few hats ferved 
him through the whole courfe of his life, and 
when he purchafed one (or indeed any other 
article of drefs) it was a matter of perfedt indif- 
ference 

• " See the Dtarian Mifcellany ; , which is a republication 
"of all tKe ufeful parts of the Ladies Diaries, by Dr. 
** H^JTTO^f In the Diaries, &e. Mr. Emerson had alfo 
** fome warm controverlies with Wadfon (Mr. Dawfon of 
** Sedbergh) and other emment Mathematicians." 
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fcrchcc to him, whether the form and faftiion of 
it was that of the day, or of half a century before. 
One of thefe hats, of immenfe fuperficies, had 
in length of Sme loft its elafticity, and the 
brim of it began to droop in fuch a manner as to 
prevent his being able to view the objefts before 
him in a diredt line. This was not to be endured 
by an optician : he therefore took a pair of 
fheers, and cut it routid clofe by the body qf the 
hat, leaving a little to the front, which he 
dexteroufly rounded into the refemblance of the 
nib of a jockey's cap. His wies were made of 
brown or a dirty flaxen coloured hair, which at 
firft appeared buihy and tortuous beHind, but 
which grew pendulous through age, till at length 
it became quite ftraight, having probably never 
undergone the operation of the comb : and either 
through the original mal-conformation of the 
wig, or from a cuftom he had of frequently in- 
ferting his hand beneath it, his hind-head and 
wig never came in very clofe contaft. His coat, 
or more properly jacket, or waiftcoat with lleeves 
to it, which he commonly wore without any 
other waiftcoat, was of a drab colour. His linen 
came not from Holland or Hibernia^ but was 
fpun . and bleached by his wife, and woven at 
Hurworthy being calculated more for warmth and 
duration than for Ihew. He had a fingufar 
cuftom of frequently wearing, efpecially in cold 
weather, his fhirt with the wrong fide before, and 
buttoned behind the neck. But this was not an 
afeBation of Angularity (for Emerson had no 
affeSlation about him, though his cuftoms and 
manners were Angular:) he had a reafon for it;— he 
feldom buttoned more than two or three of the 
buttons of his waiftcoat, one or two at the bottom, 
and fometimes one at the top; leaving all the reft 

open. 
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open. In wind, rainorfnow, therefore^ hemuft 
have found the aperture at the breaft inconvenient, 
if his (hirt had been put on in the ufual mannen 
His breeches had an antique appearance, the 
lappet before not being fupported by two buttons, 
placed in a line parallel to the plane of the horizon, 
but by buttons dcfcending in a line perpendicular 
to it. In cold weather he ufed to wear, when he 
grew old, what he called ^/«-rw^rj; Now thefe 
Jbin-covers were made of old facking, tied with a 
ftring above the knee, and depending before the 
ftiins down to the (hoe •, they were ufeful in pre- 
ferving his legs from being burnt, when he fate 
too near the fire (which old people are apt to do;) 
and if they had their ufe^ he was not folicitous 
about the figure or appearance they might make. 

This Angularity of drefs and figure, together 
with his charafter for profound learning, and know- 
ledge more than human, caufed him to be confi- 
dered,' by ignorant and illiterate people in the 
neighbourhood, as a wife or cunning man^ or conjuror ; 
many of them are ftill perfuaded that he was 
fuch, an4 will tell you wonderful ftories of the 
feats he performed, and particularly how by virtue 
of a magic fpell, he pinned a fellow in the top of 
his pear or cherry trcQ, who had got up with a 
defign to fteal his fruit; ^^ compelled him to fit 
there a whole Sunday's forenoon, in full view of 
the congregation going to and returning from 
church. That he did compel a man to^ fit for fome 
timejn the tree, I believe was a fad, ,not how- 
ever by virtue of any magic fpell, but by flanding 
at the bottom of the tree, with a hatchet in his 
hand, and fwearing that if he came down he would 
hag (i.e. hew) to legs off. This opinion of his 
ftill in the Black-art^ was of fervice in defending 
his property from fuch depredations, and therefore 

it 
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it would have been impolitic fo diTcourage it t 
but he was apt to lofe his patience very much, 
when he was applied to for the recovery of ftolen 
goods, or to inveftigate the fccrcts of futurity. A 
woman came one day to him to enquire about her ^ 
hulband, who had gone fix years before to the Weft 
Indies or America, and had not been heard of^ 
fince. She requeftcd therefore to be informed 
whether he was dead or living, as a man, in her 
neighbourhood, had made propofals of marriage 
to her. It was with much difficulty the fuppofel 
prophet rcpreffed the rifing^rt?r.cill the conclufion 
of the talc; when rifing haftily from the tripod, or 
three footed ftool, on which he ufually fate, in terms 
more energetic than ever iffued from the (hrine 
at Delphi ; he gave this plain and unequivocal 
rcfponfe; " D — n thee, for a bitch! thy hulband's 
gone tQ hell; and thou may go after hini/' The 
woman went away well plealed and fatisfied with 
the anfwer (he had received, thinking (he might 
now liften to the propofak of her lover with a fafe 
confcience. Another young damfel, on a fimilar 
^ errand, met with a milder reception. Her miftrefs 
had loft fbme caps,, or linen, and (he wanted to 
know whether her fellow feryant (of whom (he en- 
tertained fufpicions) had purloined them or not. 
" Thou*s a canny young lafsy replied the fmiling 
conjurer, but thou*s over late o" coming j I can do 
nought for the^^ The poor girl went away grieved 
that (he had not made her application looner, 
fuppofing be meant that the mylterious moment 
of divination was paft. He was by many people 
alfo looked upon as an athoift, but he was as 
much an atheift as he was a magician. He firmly 
believed in the being of a God; he did not 
helieoe it, as he fometimes faid, he knew it, he 
was certain of it to a demonftration. But it muft 

be 
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be acknowledged, that he did not always fpeak of 
revealed reli^on, the Church of England or the 
clergy, in terms of rcfped. It has often been 
obferved and lamented, that minds merely mathe- 
matical, are apt to tend towards fcepticifm and 
irreligion. The man who is always accuftomed 
to demonftrative proofs, and wholly engaged in a 
fcience which admits of them at every ftep, will 
not fo readily acqyiefce in a feries of probs^bilities, 
where inveftigations of another kind are prefented 
to him ; and perhaps will not have patience to 
examine circumftances deeply enough to afcertain, 
on which fide there is a preponderancy of evidence 
amounting nearly to demonftration. Befides, 
EiMERsoN's refentment at Dr, Johnfon's treatment 
of him, which I have mentioned before, might 
produce a bias .on his mind unfavourable to 
religion. A man of his natural impetuofity of 
temper would' be too apt toafTociate the idea of 
thtprofejfion with that of iht pro/ejfor ; and becaufe 
he had quarrelled with the prieji^ would alfo quarrel 
with his doSirine^ Under the influence of this 
prepoflTeflion, he fet himfelf to work to examine 
the Scriptures of the Old and New Teftament, 
^nd collefted two fmall 4to. vols, of what he 
conceived to be contradiftory paflages; and arran- 
ged them, like hoftile troops confronting each 
other, on the oppofite pages of his book. 

His diet was as fimple and plain as his drefs, 
and his meals gave little interruption to his 
ftudies, employments or amufements. During 
his days of clofe application, he feldom fat down 
to eat, but would take a piece of cold pye or 
meat of any kind in his hand, and retiring 
with it to his place of ftudy, could fatisfy his 
appetite for knowledge and food at the fame time. 
He catered for himfelf, ^nd pretty conftantly 

made 
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made his own market. When his ftock of 
groceries, or other neceflaries in the article of 
houfekeeping, grew low, on the Monday morning 
he took his wallet^ which he flung obliquely 
acrofs his ftioulders, . and fet forward for the 
market at Darlington, three miles diftant from 
Hurworth ; whither he always walked on foot, 
for he feldom or never kept a horfe, and had an 
averfion to riding. " He would frequently lead 
^ the horfe, when he had one, frqm market, by 
•* the halter, bearing the wallet ftufFed with the 
*' provifions he had bought at market.'* After 
having provided all the neceflary articles he did 
not always make direftly home again, but, if he 
found good fair ale, and company to his mind, 
he would fit himfelf down contentedly in fome 
public houfe, for the remainder of the day, and 
frequently during the night too ; fome times he 
did not reach home till late on Tuefday or even 
yVednefday; he remained talking, or difputing 
on various topics, mechanics, politics or religion, 
juft as his company might be, varying the Icene 
fometimes with a beef-ftake, mutton-ch6p, or a 
pan of cockles; for it is remarkable that his 
ale did not injure, but rather improve his appetite; 
and that he never felt the head-ach, or any im- 
mediate ill efFefts afterwards. In thefe durable po- 
tations, he would fometimes indulge, not only at 
Darlington, but in Hurworth, or fome neigh- 
bouring village, and always in an ale-houfe, for he 
kept no ftock of ale at home; and he was upon all 
occafions rigidly exaft in apportioning each man's 
quota of the reckoning. The laft time, he made 
an excurfion to Darlington with his wallet, our 
Philofopher made a figure truly confpicuous : this 
was the only time, I believe^ he ever rode thither, 
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and he was then mounted on a quadruped, whofe 
intrinfic value, independent of the ikin, might he 
fairly eftimat^d at half a crown. Being preceded 
and led by a boy hired for that purpofe, he crawled 
in flow and folemn ftate, at the rate x)f a mile and 
a half in anrhour, till in due tinie he arrived at Dar- 
lington, and was condufted in the fame ftate, to 
the great entertainment of the fpeftators through 
theftreetsto the inn, where he wilhed to refrelh 
himfelf and his beaft. What idea Emerson him- 
felf entertained of the velocity with which the 
animal could move, appears from this, that when - 
a neighbour of his from Hurworth aflted him 
towards the evening, if he was going home ? 
JD — n thee (fays he) what does thou want with 
my going home ? Only, fays the man, becaufe I 
fhould be glad of your company. — noufoolj thou! 
(rejoined the other) Though be home long enough 
before me, man! thou walks and I ride.' We muft 
obferve, that fuch expreffions as D— » tbee^ and 
thou foolj were mere expletives often with him, 
cxpreffive neither of indignation nor contempt. 

His ftyle in converfation was generally very 
abrupt and blunt, abounding in fuch expletives 
as the above, and often vulgar and ungrammatical. 
And this was the reafon that led many people to ' 
fuppofe, he could not be able to write any thing 
like grammar, or tolerable Englilh, and that his 
prefaces therefore, fome of which are not ill 
written, could not be his own compofition, but 
muft have been made, or at leaft tranflated into 
Englifti for him by fome other hand. But we 
cannot, with certainty, judge how a man will 
write from his language in common converfation. 
Though Emerson ^was no accurate grammarian, 
his reading was extenfive enough to fupply him with 
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k fufficient ftbck of proper words apd tepreffioAS^ 
onfuch fubjefts as he had occafion to treat of, 
and the vigour and energy of his mind Would 
. give force, weight and perlpicuity to his fentences*, 
, He was one day told, that this opinion refpeftipg 
his prefaces was entertained by many ; and th6 
difparityof his converfation and writing was pointed 
out as the reafon of it. ' After a momentary paufe 
he exclaimed, with fome indignation : A pack of 
fools ! who could write my prefaces but my felff 
They do in fad carry with them every mark 
of legitimacy ; they could have no other father. 
Indeed the original prefaces, as well as the' original 
MSS. of moll of the Author^s works, in his own . 
hand writing, witK a great number of his original 
letters, are now in the poflcffion of thepublimer,' 
all of which are well written, and in a good ftile. 
There are alfo, in fome of them, quotations from 
the Greek Authors, elegantly written by himfelf. 
In the earlier part of his life, principally by the aid 
of his Dlftionary, he had acquired a ftock of latin, 
fufEcient to enable him to read and tranllate mathe- 
matical works in that iartguage : and he once had 
a defign to give a tranflation of the Jefuits com- 
ment, on the Principia. It appears alfo from his 
mottos to his feveral books, that he fometimes 
dipped into the Claflic Authors, for we muft not. 
fufpedl him of having been much conyerfant with 
luch gentry agf Lucretius^ Horace and Virgil. 
He* had in his library Homdr arid Virgil travefiiedy 
and thefe he read with more pleafure than ¥o^e^s 
or DryderCs tranflations. In arguments or difputes, 
whether in converfation or writing, the fire and 
impetuofity of his temper was too apt to break 
forth, and betray him into the ufe of fuch terms, 
as (hould always be avoided, efpecially by Mathe- 
maticians and Philofophers, whofe employment 
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is, or ought to be, the cool and difpaffionatc 
fearch after truth. His zeal in fupport of Sir 
Ifaac Newton is outrageous, and he has treated the 
oppugners of his Philofophy as if he had a perfonal 
quarrel againft them. " J. Bernoulli (according 
to him) is a low critic, laborious and tedious to 
the laft degree': a blunderbufs, a perfon of 
eternal contradiction, blind, bigotted, prejudiced, 
mad ; and a whole feftion of ioo pages is nothing 
but a heap of abfurd, inconfiftent ftuff." He 
therefore leaves him" (in his great niercy) t(f be 
drowned in a gurges of his own contriving^ 
Euler receives no milder treatment : he is 
vortex-mad too, and is one of thofe bigotted 
Pbilofophers, whofe brains are turned in a vortex, 
or they never would prefer fuch complex vortical 
fchemes before the fimple doftrine of projeftile 
and centripetal forces. • Such Philofophers ! ex- 
claims our indignant defender. LeibnitzV at- 
tempt to rob Sir Ifaac Newton of the honour of 
the invention of Fluxions, is, as we might expeft^ 
a caufe fufficicnt to make him rave with rage, 
. and to call down all the thunder of his indignation. 
To tell us flatly " that not he that fivA fourtd, 
but he that fixG: pttl^lijhed^ dckrvts the, praife,'* 
h an aflertion that might move the bile in a 
ilomach lefs apt to boil than Emerson's. It 
is robbing,' as he truly fays, the in\entor of his 
due praife to give it to the thief that ftole it. But 
however much Sir Ilaac might have approved of 
Mr, Emerson as the champion or defender of his 
principles, he would not have admired the weapons 
Le fometimes made ufe of. 

In fo difficult a problem as Emerson himfclf 
allows that of finding the preceffion of the equir 
noxes to be, one would have thought. that he 
would have had fome patience with thofe who 
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differ from Sir Ifa^c and himfelf. But thefe are a 
clan^ and Mr T» Simpfon has the misfortune to 
be one of the clan. There feems, unfortunately, 
to have fubfifted fome kind of animofity. or jea-^ 
loufy between thefe two great contemporary Ma- 
thematicians, excited and fomented perhaps by 
fome, who were mean enough to carry tales be- 
tween them, in order to curry favor. One of 
Emerson's correfpondents, in London, informed 
him that Simpfon. had faid, in company with fome 
mathematical friends, ** that he took Emerson 
(referring io his book of Fluxions) to be an in- 
duftrious, plodding writer, but a man of no 
genius/* This was quite enough to irritate 
Emerson to afts of hoftilhy. 

We meet with frequent complaints in his 
books of the little encouragement given to ma- 
thematical learning in his time, and efpecially in 
England. How tar this complaint may be well 
or ill founded, I know not, but this is pretty cer- 

• tain, that if any reward or recompenfe had been 
offered to him for his mathematical labors, and had 

, not come to him in his own way, he would not 
have accepted it. He did not wilh to be admitted 
a fellow of the Royal Society, *^ becatife (he faid) 
it was a d — tCd hard thing that a man fhould burn fo 
many farthing candles as he had done] and then have 
to pay fo much a year for the honor of F. R. S. after 
his name. D-^n them and their F. R. S. too.*' He 
reaped one reward of his toils in queft of fcience, 
which was very acceptable and grateful to him ; 
and that was the acquaintance and friendlhip of 
Mr. Montagu, who having an eftate at Eryholme, 
nearHurworth, fometimes vifited ihat neighbour- 
hood, andfpent a good part of his time in company 
and converfation with Emerson, and at his deceafe 
bequeathed to him a legacy of ic6L or guineas. 

b z \\hcn 



( xviii ) 
When Mrs. Montagu'^ agent called upon him to 
difcharge this legacy, Emerson told him he 
would much rather have feen Mr. Montagu him- 
felf than his money. And he fpoke, doubtlefs, 
from his heart, for he never mentioned Mr. Mon* 
tagu's name but in terms that ftrongly exprcffed 
the fincerity and ardor of his afFedtion and efteem 
for him. 

*^ Mr. Montagu, in his vifits to EMERSON,would 
often go to him in the fields, when he happened 
to be at work there, and would accompany him 
home, but could never perfuade him to get into 
a carriage. On thefe occafions he would fome- 
times exclaim, *^ D — n your whim-wham! I 
had rather walk." 

* Inheriting a fmall patrimonial eftate, of about 
60 or 70 pounds a year, he was as independent 
and happy as if he had enjoyed fo many thoufands. 
He was never known to afk a favour, or feek the 
acquaintance of a rich man, unlefs he poffeffed 
fome eminent qualities of the mind/ " Not- 
•* withftanding his imperfeft and defultory courfe 
•^ of education, he acquired a general knowledge 
** of moft fciences. He had even paid attention 
** to medicine, at lead fo far as it has been com- 
•* bined with mathematical principles, according 
" to the plan ofl^eil, Morgan, &c. Heefteemed 
** Morgan above all others as a phyfician : and 
" held Keil to be the bed of anatomifts. 

^* Mr. Emerson often tried in pradlice the 
^^ efieft of his mathematical fpec_ulations, by con- 
** ftrufting a variety of inftruments, mathematical, 
*^ mechanical, or mufical, on a fmall fcale. He 
** made a fpinning wheel for his wife, which is 
*^ reprefented by a drawing In his book of Me- 
" chanics. He was well (killed in the fcience of 
*^ mufic, the theory of founds, and the various 
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** fcales, both ancient and modete ; but he was 
*' a very poor performer, though he fometimes 
" obliged his friends in the country by tuning 
" and repairing their mufical inftruments. He 
*' carried that fingularity which marked all his 
** adkions even into this fciencei He had, if I 
** may be allowed ,the expreffion, two firft firings 
" to his violin, which he faid made the E more 
" nielodious when they were drawn up to a perfeft 
** unifon. His virginal, which is a fpecies of in- 
** ftrument like the piodern fpinner, he had cut 
** and twifted into various fliapes in the keys, by 
" adding fome occafional half-tones, to regulate 
*' the prefent fcales, and to reftify fofne fradtion 
" or difcord that will always remain in the tuning. 
" This he never could get regulated to his mind, 
" iuid generally concluded in a paflion by faying, 
** It is a d— mn'd inftrument, and a foohfti thing 
" to be vexed with/* 

" Mr. Emerson was very fond of angling, and 
" while he thus ampfed himfelf, would ftand up 
" to his middle in water for feveral hours toge- 
" then— When he was building a houfe upon the 
" fmall farm which he poffefled by the fide of 
" the Tees, he never hefitated to plunge into the 
" water, for the purpofe of coUefting ftones 
" from the bed of the river. He was afFcdted, 
" aboiit that time, with fome flight gouty 
" fymptoms, and faid, that wading was fervice- 
** able to him, becaufe the water fucked the gout 
" out of his legs ; a theory for which he was 
** probably not indebted to his favourite Keil or 
'* Morgan. Wlyn he wrote his treatife on 
** Navigation, he'muft needs make and fit up a 
" fmall veffel; with this he and fome young 
" friends embarked on the river Tees, that ran 
" by his door at Hurworth ; but the whole crew 
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.^< got fwampt frequently; when Emersott, 
<' uniling and alluding to his book, faid. They 
** muft not do as I do, but as I fay/' 

" Ih the earlier part of his life he attempted 
*• to teach a few fcholars; but whether from 
•* his concife method, for he was not happy in 
** explaining his ideas, or the natural warmth of 
•' his temper, he made little progrefs in his fchool, 
** which he therefore foon dropped. He never 
** had a fcholar that did him any credit except 
•' Mr, Richardfon of Darlington, who was always 
*' a great favourite with him, and of whom he 
*' ufed to fay, that he was the only boy who had 
** a head in his fchool." 

" Being requefted once, by letter, to commu- 
** nicate lome particulars of his life, by a friend 
*' who wanted to put them together, he wrote for 
** anfwer, I never knew you were commenced 
^* biographer before ; they will have little to do, 
" I think, that fet about writing my life : I am 
** fure of this, half of it will be lies : therefore 
^ I chufe to die in the. fame obfcurity I have 
« lived." 

During the greateft part of his life he had 
enjoyed ftrong and uninterrupted health ; but as 
he advanced in years he was afflifted with the 
ftone and gravel to an excruciating degree. In 
the agony of thefe fits he would crawl roflnd the 
floor, on his hands and knees, fometimes praying 
and fometimes fwearing, and devoutly wi(hing 
that the mechanifm of the human frame had been 
fo, contrived as to go to wreck without all that 
clitter-my-clatter^ as he called it; as he grew 
weaker the violence of the diforder abated, and 
he died 'at laft, apparently without much pain, on 
the2ift of May 1782, and in the 8ift year of 
his age. 

^ ^ Mr. 
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" Mr.EMRRSON,.with much perfuafion, about 
" a year before his deceafe, was prevailed oh by 
^' his friend Dr. Cloudefley, ot Darlington, to 
" fit for his piAurc, which was taken by Sikcs, 
" and is now in the Doftor's pojSeflion. Towards 
" the clofe of the year 1781, being fenfible of 
" his approaching diffolution, he difpofed of the 
*' whole of his mathematical library to a book- 
" feller at York: his inftruments he had for 
" many years been in the habit of ^dtfpofing of, 
" at times, to different perfons, for a mere trifle, 
". When aflced, why he chofe to fell his books, 
" l\e faid, he had none but a pack of fools to 
" leave them to, and money would be of more 
" fervice to them than books. He valued his 
" library when it v^as fent to York at 40 or 50/.'* 

Emersou , like other great men, had bis foibles 
and defefts. — He was Angular and uncouth in his 
drefs and manners, and hafty and impetuous in 
his temper ; but whatever failings he had , they 
were overbalanced by his virtueSr He had a 
great, firm, and independent mind, that could not 
be brought -to fubmit to any thing mean, bafe or 
dilin^enuous, by any p)ower on earth : a pure, 
genuine, ardent love of truth, and deteftation of 
falftiood of whatever fpecies. His honefty and 
integrity were fuch, that aU who knew any thing 
of him, repofed in him the moft implicit confi- 
dence; and jno man could ever juftly complain 
that Emerson had deceived him. He had great 
pleafure in doing a good and friendly fervice to 
any deferving perfon, whenever he had it in his 
power; and under a rough and forbidding exterior 
he concealed a humane h^rc, that wifhed to pro- 
mote the welfare and happinefs of his fellow 
creatures. 
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He lies buried in the church-yard at Hurworth, 
at the weft end of the church; againft which is 
crefted to his memory a ftone with the following 
infcription. His wife furvivcd him near two 
years ^ they had no children. 

Qgod fub Pcdibus fepultum 

£t negledtum jacet 

Aliquando fuit 

GULIELMUS EMERSON; 

Vir 

Prifcae Simplicitatis, 

Sunimse integritatis. 

' Rariffimi ingenii. 

Quantus fuerit Mathematicus 

Si fcripta ejus pcrlegeris 

Quorfum narrarct faxum? 

Si non perlegoris, 

Perlege, et ,Scies. 

Obiit 21? Maij, 1782. 

iEtat. An? 81. 

Juxta fepulta jacet 

ELIZABETHA UXOR. 

Quae obiit 27? Martii, 1784, 

iEtat, An. 76, 
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P R E F A C E. 

J^AVING fome years fince written a large 

book of. Mechanicsy J bav£ here given ^ 

Jhort ahfir-aSl of that worh, m k fulls properly 

into this CQurfe I and efpeci ally as that branch 

xyffdence^ is offuch extsnfive ufe in the affairs 

of human life. I do not in the leafi\ dejign this 

to interfere with the other booky being ^ rather 

an introdu^ion to it^ as it explains feveral 

things in it more at large ; particular^ in the 

frjl feSlion^ as being of unwerfal extent and 

ufe ; and likewife in feveral other parts of the 

book J efpecially fuch as have been obje^ed to by 

ignorant writers, , / have alfo added feveral 

things not mentioned in the other booky which 

are morefimple and eafy^ and more proper for 

learners. So that this port treattfe may be 

looked upon as an introduSlion to the other bookj 

and will doubtlefs facilitate the reading of it. 

As to the higher and more difficult matter s^ as 

few care to trouble their heads, about themy I 

have f aid little of them bere^ being natfo proper 

for an introduSiion. To mention one or two 

things ; I had taken a great deal of pains to 

find out the true form y a bridge ^ that floatJ 

he the Jirmgefiy and ^ a fkip that pall fail 

the fafteft ; both upon principles that I know to 

be as certain and demonjirative .as the Elements 

of Euclid ; both thefe you have in the other 

book. Butj as we have no occafion in England, 

for theflrongefl bridges^ or tbefwiftej /hips ; . 

Mathematicians y for the futurey tm"^ find 

fomething elfe to doy than run into fucb perplext 

.and t^kfsdlfquifidons. For indeed when any^ 
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PREFACE. 

of ihefe grand things are to be performed^ they 
generally fall into the hands of Juch people^ as 
know Utile of the nature of them, ^hey perhaps 
know how to lay down upon paper ^ the plan of 
a dejignj by rule and compafs^ and to do fever al 
proolems in praSticd geometry ; and not much 
more. As if this was an adequate qualification^ 
for conducting fuch magnificent works j as coft 
many thoufand pounds io execute. So that 
thefe things y infiead of being confiru5led by the 
rules of art ; they are too often done by fancy ^ 
without any true rhles. 

But in this there is no great wonder ^ confider^ 
ing how few people ftudy .this art ; and among 
thofe that do^ how jew are competent judges. 
For even among thofe that prefume to write 
about it^ it is jurprizing to fee what mijiakes 
they daily run into. One denies the compofition 
aud refolution of forces ; another cannot be 
fatisfied with fome of the mechanical powers^ 
not even fo fimple a thing as the wedge ; all 
owing to the wrong notions they have imbibed. 
And in confequence of this^ will be either con^ 
demning the art itfelf or criticifing on other 
writers^ whom they do not under/land. 

As to what I ha^e written on this fubjeSl % 
I have all along given the demonftrations of the 
fever al things I have handled ; and I expeB 
that /e? bemytefiy as to the truth or faljhood 
thereof. And by this tefi I leave them to be 
tried by any judicious j honefi reader ; who is a 
lover of truthy and a promoter offcience. * 

W* Emcrfom 
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DEFINITIONS. 



I. JifECHANICS is a fcience, which treatg 
of the forces, motions, velocities, and in 
general, of the actions of bodies upon one ano- 
ther. It teaches how to move any given weight 
with any given power ; how to contrive engines 
to raife great weights, or to perform any kind of 
motion. 

z. Body is the mafs or quantity of matter ^ an 
elaftic hody is that which yields to a ftroke, and. 
recovers its figure j^ain. But if not, it is called 
an unelaftic body. 

3. Denfity is the proportion of the quantity of 
matter in any body, to the quantity of matter in 
another body of the fame bignefs. 

4. Force is a power exerted on a body to move 
it. If it aft inftantaneoufly, it is called percuffion^ 
or impulfe. If conftantly, it is an accelerative force. 

5^. Velocity is a property of motion, by ^which a 
body paffes over a certain fpace in a certain time. 
And is greater or lefler, as it paffes over a greater 
or leffer fpace in a certain time, as fuppofe a iecond. 

6. Motion is a continual and fucceflive change of 
place. If the body moves equally, it is called 
equable or uniform moti$n. If it increafes, or decreafcs 
it is called accelerated or retarded motion^ When it 
is compared with fome body at reft, it is called 
A 4 abfolut^ 
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abfoluie motion. But when compared with othert 
in motion, it is called relative motion. 

7; DireBion of motion is the courfe or way the 
body tends, or the line it moves in. 

8. ^antity of motion, is the motion a body has, 
confidered both in regard to its velocity and quan- 
tity of matter. This is alfo called the Momentum 
of a body. 

9. Vis inertia y is the innate force of matter, by 
which it refifts any change, ftriving to preferve its 
prefent ftate of reft or motion. 

10. Gravity is that force wherewith a body en* 
deavours to fall downwaivis. It is called abfolute 
gravity in empty fpace ; and relative gravity when 
immerfed rn a fl\iid. 

11. S/>fr/jfr^r/7v/(7, is the greater or leffer weight 
. of bodies of the fame magnitude, or the proportion 

between their weights. This proceeds from the 
natural denfity of bodies. 

12. Center of gravity^ is a certain point of a 
body ; upon which, the body, when lufpended, 
will reft in any pofition. 

. 13. Center of motion^ is a fixed point about 
which a body moves. And the axis of motion \% a 
fixed line it moves about. 

14. Poiver and 'weighty when oppofed to one 
another, fignify the body that moves another, and 
the other which is moved. The body which be- 
gins and communicates motion is the piovjer ; and 
that which receives the motion, is the weight. 

15. Equilibrium is the balance of two or more 
forces, fo as to remain at refl:. 

16. Machine, or engine^ is any infl:rument to 
move bodies, made of levers, wheels, pullies, &c^ 

17. Mechanic powers, are the balance, lever, 
wheel, pulley, fcre'v^^ and wedge. 

18. Strefs is the efFeft any force has to break 
a beam, or any other body 5 and Jirength is thi^ 
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Tcfiftance it is able to make againfi ally {braining 
force. 

19. FriBion is the reflftance which a machine 
fuffers, by the parts rubbing againft one another. 

POSTULATA. 

r. That u fmall part of the furface of the earth 
may be looked upon as a plane. For though the 
earth be round, yet fuch a fmall part of it as we 
have any occafion to confider, does not fenfibly 
differ from a plane. 

2. That heavy bodies defcend in lines parallel 
JO one another. For though diey all tend to a 
point which is the center of the earth, yet that 
center is at fuch a diftance that thefe lines differ 
infenfibly from parallel lines. 

3. The fame body is of the fame weight in all 
places on or near the earth's furface. For the 
difference is not fenfible in the feveral places we 
can go to. 

4. Though all matter is rough, and all engines 
imperfeft ; yet, for the eafe of calculation, we 
mufl fuppofe all planes perfeftly even; all bodies 
perfeftly fmooth ; and all bodies and machines to 
move without fridion or refiflance; all lines flraight 
and inflexible, without weight or thickneisj cord$ 
extremely pliable, and fo on. 

AXIOMS. 

1. Every body endeavours to remain in its 
prefent flate, whether it be at reft, or moving 
uniformly in a right line. 

2. The alteration of motion by any external , 
force is always proportional to that force, and in 
direftion of the right line in which the force afts. 

3. Aftion and re-adion, between any two. 
bodies, are equal and contrary. 

V 4. The 
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4. The motion of any body i$ made up of die 
lum of die motions of aU the parts. * 

5. The weights of all bodies in the feme place^ 
are proportional to the quantities of matter thejr 
contain, without any regard to their figure. 

6. The vis inert U of any body, is proportional 
to the quantity of matter. 

7. Every body will defcend to the loweft place 
it can get to. 

8. Whatever fuftains a heavy body, bears alt 
the weight of it. 

9. Two equal forces afting againft one another, 
in contrary direftions, deftroy one anothers ef- 
feds. And unequal forces aft only with the dif^ 
ference of them. 

10. When a body is kept in equilibrio; the? 
contrary forces in any line of direction are equal. 

11. If a certain force geaerate any motion ; an 
equal force afting in a contrary dircdion, will 
deftroy as much motion in the fame time. 

12. If a body be adted on by any power in a 
^iven dircftion ; it is all one in what point of that 
lihe of dircftion, the power is applied. 

13. If a body is drawn by a rope, all the parts 
of the rope are equally ftretched. And the force 
in any part adts in direction of that part. And it 
is the fame thing whether the rope is drawn out 
at length, or goes over feveral pulliea^ 

14. If feveral forces at one end of a lever, a& 
againft feveral forces at the other end ; the lever, 
ads and is aded on in diredion of its length. 
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SECT. I. 

The General Lansos of Motion. 



PROP. I. 

CT'HE quantities of matter in all bodies j are in the 
compound ratio of their magnitudes and denfties. 

For (De£ 3.) in bodies of the fame magnitude, 
the quantities of matter will be as the denfities, 
Increafe the magnitude in any ratio, and the quah* 
tity of matter is increafed in the fame ratio. Con- 
fequendy the quantity of matter is in the com- 
pound rado of the denfity and magnitude. 

. Cor. I. In two fimilar bodies ^ the quantities of 
matter are as the denjities, and cubes of the diameters. 

For the magnimdes of bodies are as the cubes 
of the diameters. 

Cor. 2. The quantities of matter are as the mag- 
nitudes andftecific gravities. 

For (by 6ef 3. and 11.) the denfities of bodies 
are as their fpecific gravities. 

PROP. II. 

The quantities of motion in all moving bodies^ are 
in the compound ratio of the quantities of matter and 
the velocities. 

For if the velocities be equal, the quantities of 
motion will tnanifeftly be as the quantities of mat- 
ter. Increafe the velocity in any ratio, and the 
quantity of morion will be increafed in the fame 

rado. 
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ratio. Therefore it follows univerially, that the 
quantities of motion are in the compound ratio of 
the velocities and quantities of matter. 

Cor. Hence if the body bi the fame ^ the motion is 
as the velocity. And if the velocity be the fume^ the 
motion is as the body or quantity of matter^ 

PROP- III. 

In all bodies moving uniformly^ the fpaces defcribed^ 
are in the compound ratio of the velnittes and the time^ 
of their defcription. 

For in any moving body, the greater the velo- 
city, the greater is the fpace defcribed ; that is, the 
fpace will be as the vi&locity. And in twice or 
thrice the time, &€. the fpace will be twice or 
thrice as great ; that is, the foace wiB be increafed 
in proportion to the time. Therefore univerially 
the fpace is in the compoimd ratio of the velocity ,^. 
and the time of defcription. 

Cor. I, Tne time of defer ibing any fpace^ is as the 
fpace dWeElly and velocity reciprocally; or as the fpace 
divided by the velocity. And if the velocity be the 
fame^ the time is as the fpace. And if the fpace be 
the fame y the time is reciprocally as the velocity.. 

Cor. 2. Tihe velocity of a moving body, is as the 
fpace directly y and time reciprocally ; or as the fpace 
divided by the time. And if the time be thefamcy 
the velocity is as the fpace defcribed. And if the 
fpace be the fame ^ the velocity is reciprocally as the 
time of defcriptiotu 
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PROP. IV. 

The motion generated hy any momentary farcer or 
$y afingle impulfe^ is as the force that generates it. 

For if any force generates any quantity of mo- 
don ; double the force will produce double the 
motion; and treble the force, treble the motion, 
and fo on. If a body fbrikin^. another, gives it any 
motion, twice that body ftrikmg the fame, with the 
fame velocity, will give it twice the motion, and fo 
die motion generated in the other will be as the 
force of percuffion. ' ' 

': Got u Hence the, forces are in the' compound ratia 
^the velocities and quantities of matter. 

For (Prc^. 11.) the motions are as the quanti- 
ties of matter multiplied by the velocities. 

Cor. 2. Tihe vehcity generated, is as the force di^ 
reSly and quantity of matter reciprocally* There* 
fore if the bodies are equals the velocities are as the. 
farces. And if the forces are equals the velocities art 
reciprocally as the bodies. 

Gor. 3, The quantity of matter^ is as the force di-- 
reEtlyy and velocity reciprocally, jind therefore if the 
velocities be equals the bodies are as the forces. And 
if the forces be equals the bodies are reciprocally as 
the velocities-. • 

PROP. V. 

The quantity of motion' generated^ by a conjtant and 
uniform forccy is in the compound ratio of the force 
and time of aiding. 

For the motion generated in any given time will 
be proportional to tha force that generates it ; 

and' 
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and In twice that time, the motion will be double 
by the fame force 5^ and in thrice that time it will 
be treble ; and fo every part of time adds a new 
Guantity of motion equal to the firil ^ and there-* 
fore the whole motion, will be as the force, and 
the whole time of ading. 

Cor. I. 1*106 motion loft in any iime^ if in the com- 
pound ratio of the force and time* 

Cor. 2. The velocity generated (or deftroyed) in 
any timey is as the force and time direStly^ and quan- 
tity of matter reciprocally. The fame is true of thi 
increafe or decreafe of velocity* 

For the motion, that is (Prop. II.) the body 
multiplied by the velocity, is as the force and 
time. And therefore the velocity is as the fottfe 
and time diredUy, and the body reciprocally* - 

Cor. 3. Hence if the force he as the quantity of 
matter y the velocity is as the time. Or if the force 
and quantity of matter be givehy the velocity is as the 
time. 

And if the time and quantity of matter he given, 
the velocity is as' the force. 

And if the force ami time he given, the velocity 
is reciprocally as the matter • 

Cor. 4. The time is as the quantity of matter and 
velocity di)\e£flyy and the force reciprocally. Therefore^ 

If the force and velocity he given, the time is as 
the quantity of matter. 

Jj the quantity of matter and velocity he given^ 
the time is reciprocally as the force. 

Cor. 5. The force is as the quantity of matter and 
Velocity dire£lly, and the time reciprocally. Whence^ 

If the velocity is as the time, or if the velocity and 
time be given, then the force is as the quantity ofrnatter. 

And 
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And if the velocity and quantity of matter be given^ 
the force is reciprocally as the time. 

Cor- 6, The quantity, of matter is as the force and 
lime direSllyj and the velocity reciprocally. There-- 
Jorej if the force and time be giveny the quantity of 
matter is reciprocally as the velocity. 

Cor. 7. Hence alfo if the body be given^ the veto* 
city is in the compound ratio 0/ the force and time. 

And if the force be given^ the time is in the 
compound ratio of the matter and velocity ^ or as tic 
quantity of motion* 

PROP. VI. 

If a given body is urged by a conjlant and uniform 
forces the fpace defer ibed by the body from the be^ 
ginning of tie motiony will be as the force andfquarc 
cftbe time. 

Suppofe die time divided into an Infinite num- 
"ber of equal parts or moments. Then in each of 
thefe moments of time, the Ipace defcribed (Prop. 
III. Cor. 2.) will be as the velocity gained; that is, 
(by Cor. 7. Prop. V.) as the force and time from 
the beginning. And the flim of all the fpaces, 
or the whole fpace defcribed, will be as the force 
and the fum 6f aU the moments of time from the 
beginnii^* Therefore put / == the whole time, and 
the whole fpace defcribed, will be as the force and 
fum of the times i, 2, 3, 4, &c. to /. But the 
film of the arithmetic progreffion 1 + 2+3+4 
... to / =r ^ — ^ x / = -»//, becaufe / is infinite or 

confifts of an infinite number of moments. There- 
fore the whole fpace defcribed will be as the force 
and \tt\ that is, (becaufe i is a given quantity), 
as the force and the fquare of the time of defcription. 

Cor. 
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Cor. I. If a body is impelled by a confiant and 
uniform force I the fpace defcribed.from the beginning 
of the motion^ is as the velocity gained^ and the time 
cf moving. 

For the fpacc is as the force and fquare of the 
time, or an the force x time x time. But (Cor. 7. 
Prop. V.) the force x time is as the velocity ; 
therefore the fpace, which is as the force x time x 
time, is as the velocity x time- 

Cot. 2 . If a body urged by any confiant and mi" 
fbrm force, defer ibes any fpace ; // will defer ibe twic0' 
that fpace in the fame time, by the velocity acquired^ 

For the fum of all the fpaqps defcribed by that 
force, 1+2 + 3 ^^' ^^ ^» wasfhewn to be -Itt^ 
But the fum of all the Ipaces defcribed by the laft 
velocity, will be /+/+/ &c, to / terms, whofe 
fum is //. But // is double to 4[// j that is, the 
foace defcribed by the laft velocity, is double the 
ipace defcribed by the accelerating force* 

Cor. %r Univerfally^ in all bodies urged by any con-* 
fiant offd uniform forces , the J^ace defcribed is as the 
force and fquare of the time direSifyf and the quantity 
of matter reciprocally. 

For (Cor. i.) the fpace is as the time and ve- 
locity. But (Prop. V. Cor. 2.) the velocity is 
univerfally as the force and time direftljr, and 
quantity pf matter reciprocally. Therefore the 
ipace is as the fquare of the time and the force di- 
reftly, and matter reciprocally ; whence. 

Cor. 4. The produEt of the force and fquare of 
the time, is as the produSi of the body and fpace 
defcribed. 

' Cor. 5. The produB of the force and time, is as 
the produSt of the quantity of matter and velocity. 
For (Prop. V.) theprodu6t of the force and. 

time. 
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time, IS as the motion j that is, as the bocjy aad Fig. 
velocity* 

Cor. 6. 7%e produSl of the body, and /pare of 
the velocity y is as the produSl of the force and the 
/pace defcribed. 

For (Cor. 5.) the ptodu6t of the body and ve- 
locity, is as the force and time. Therefore, die 
body X velocity fquare, is as the force x time x 
velocity ; but time x velocity is as the (pace (by 
Prop. III.) ; therefore body x velocity fquare is as 
the force x fpace. 

Scholium* 
If any quantity or quantities are given, they mufl 
be left out. And fuch quantities as are propor- . 
tional to each other muft be left out. For exam- 
ple, if the quantity of matter be alw^P the fame j 
then (Cor. 3.) the fpace defcribed is as the force 
and fquare of the time. And if the matter be 
proportional to the force, as all bodies are in ref- 
peft to their gravity ; then (Cor. 6.) the fpace def- 
cribed is as the fquare of the velocity. Or if the 
i(pace defcribed be always proportional to the body; 
dien (Cor. 6.) rfie force is as the fquare of the 
velocity. A^ain, if the body be given, then (Cor, 
4.) the fpace is as the force and fquare of the time. 
And if both the quantity of matter and the force 
be given, the fpace defcribed is as the, fquare of 
the time. And fo of others. 

PROP. VII. 
If ABCD be a parallelogram ; and if a body at i. 
A, be aSed upon feperately by two forces, in the di^ 
regions AB and AC, which would caufe the bddy to be 
carried through thofpaces AB, AC, in the fame time^ 
Then both forces aElingat once, wilU^ufe the body to be 
earried through the djhgonal AD of the parallellogram. 

Let the line AC be fuppofed to move parallel to 
B . '. itfelfi 
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Fig. itfcilf ; whllft the body at the fame time movei 
I. from A, along the line AG or hgj and comes to d 
at the fame inftant, that AC comes to bg." Then . 
fince the lines AB, AC, ar^ defcribed in the lame 
time; and Ah, A^, are alfo defcribed in the fame 
time. Therefore, as the motions arc uniform, it , 
win be. A* :bd::AB:BD; and therefore A^/D 
is a ftraight line, coinciding with the diagonal of 
the parallelogram. 

Cor. I. The three forces in the direBions AB, AC, 
AD, are refpeftively as the lines AB, AC, AD. 

Cor. 2. Any Jingle force AD denoted by the diagO'^ 
nal of a parallelogram^ is eqiiivaknt to two forces 
denoted by the fides AB, AC. 

Cor. 3. And therefore any fingle force AD may be 
refolved into two forces ^ an infinite number of ways, 
by drawing any two lines AB, BD, for their quan^ 
titles and direStions. 

Scholium. 

This praftice of finding two forces equivalent to 
one, or dividing one force into two ; is called the 
compofition and refolution of forces. 

PROP. VIII. 

a. If three forces. A, B, C, keep one another if^ 
equiliirio ; they will he proportional to three fides of a 
triangk, drawn parallel to their feveral direSions, 
DI, CI, CD. 

Produce AD to I, and BD to H, and compleat 
the parallelogram DICH ; then (Prop. VII.) the 
force in direftion DC, is equal to .the forces DH, 
DI, in the diredions DH, DI. Take away the 
force DQ and putting the forces DH, DI equal 

thereto i 
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thereto ; and the equilibrium will ftill iemaitt. Fig, 
'Therefore (Ax. 10.) DI is equal to the force A 2. 
oppofite to it; and DH or CI equal to its oppofite 
force B. And as CD reprefents the force C, the ^ 
three forces A, B, and C, will be to one another as 
DI, CI, and CD. 

. Cor. I. Hence if three forces oBing dgainfi one 
another J keep each ether in equilibrio ; thefe forces 
iviU be refpeSivefy as the three Jides of a triangle 
drawn perpendicular to their, lines of direction ; or 
making any given angle with them, on the fame fide. 
For this triangle will be fimilar to .a triangle 
whofe fides are parallel to the lines of direction. 

Cor. 2. If three a£live fofces Aj B, C, keep one 
another in equilibrio ; they will be refpeElively as tH^ 
Jines of the angles ^ which their lines of direSlidn pafs '-^ » 
through. 

For A, B, C are as DI, CI, CD ; ^ that is, as 
S.DCT, S.CDI, and S.DIC. But S.DCI=S.CDH 
=S.CDB. And S.CDI=S.CDA. Alfo S.DIC 
=S.BDI=SBDA. 

Cor. 3. If ever fo many forces aBing againft one 
another y are kept in equilibrio^ by thefe a£tions ; they 
Piay be all reduced to two equal and oppofite ones. 

For any two forces may, by compofition, be re- 
duced to one force a(5ting in the fame plane. And 
this laft force, and any other may likewife be re- 
duced to one force afting in the plane of thefe j 
and fo on, till they all be reduced at laft to the 
aftion of two equal and oppofite ones. 

PROP. IX. 

If a body impingJes or a£ls againft any plain furface; 3. 
it exerts its force in a line perpendicular to that furface. 

Let the body A moving in direction AB, with a 
given velocity, impinge on the fmooth plain FG at 

Ba the 
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Fig. the point B. Draw AC parallel, and BC perpcfl- 

3. dicular to FG ; and let AB reprefent the lOfGe of 

. the moving body. The force AB is, by die refo- 

lution of forces, equivalent to AC and CB. The 

force AC is parallel to the plain, and therefore has 

no effedt upon it ; and therefore the furface ' FG 

is only a6ted upon by the force CB, in a direftion 

perpendicular to the furface FG. 

Cor. I. If a body impinges upon another bod^witb 
a given velocity i the quantity of the Jlroke is as thi 
fine of the angle of incidence. 

For the abfolute force is AB, and the force 
afting on die furface FG is CB. But AB : CB : : 
rad. : SX:AB or ABF. 

Cor 2. If an elajiic body A impinges upon a hard 
or elaftic plane FG ; the angle of refleSlion will b§ 
equal to the angle of incidence. 

For if AD be parallel to FG ; the modon of A 
in direftion AD parallel to the plane, is not at all 
changed by the ftroKe. And by the elafticity of 
one or both bodies, the body A is refledted back 
to AD in the fame time it moved from A to B ; 
let itpafstoD; then will AC=CD, being def- 
cribed in equal times j confequendy the angle 
ABC = angle CBD; and therefore the angl« 
DBG = angle ABF. 

Cor. 3. If a non-elaflic body flrikes another non^ 
elaftic body, it lofes but half the motion , that it would 
lofcy if the bodies were elaftic. 

For non-elaftic bodies only flop, without re- 
cedeing from one another; but elaftic bodies 
recede with the fiune velocity* 
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Fig. 
PROP- X. ^ 

^he fum of the motions of tjjoo or more lodies^ 
in any dmUion towards the fame partj cannot be 
changed by any aSlion of the bodies upon each other. 

Here I reckon progreffive motions affirmative ; ' 
and regreffive ones negative, and to be dedufted 
out of the reft to get the fum. 

1. If two bodies move the fame way ; fince ac- 
tion and re-aftion are equal and contrary, what one 
body gains the other lofes ;' and the fum remains 
the fame as before. And the cafe is the fame, if 
there were pnore bodies. 

2. If bodies ftrike one another obliquely ; they 
will a(5t on one another in a line perpendicular to 
the furface adted on. And therefore by the law of 
adion and re-aftion there is no change made in 
that direftion. 

3. And in a direftion parallel to the ftriking 
furface, there is no action of the bodies, therefore 
the motion remains the fame in that direAion. 
Whence the motions wiU remain die lame in any 
one line of dire<Stion. 

Cor. I. Motion can neither be increafei nor de- 
creafedj confidered in any one direBion; but muft 
remain invariably the fame for ever. 

This follows plainly from this Prop, for what 
motion is gained to one (by addition) is loft to 
another body (by fubtraftion) ; and fo the totaj 
fum remains the fame as before. 

Scholium. 

This Prop, does not include or meddle with fuch 

motions as are eftimated in all direftions. For 

upon this fuppofition, motion may be increafed or 

JB 3 decreafe^ 
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■Fig. decreafcd an infinite number of ways. For example, 
if two equal and non-elaftic bodies, with e^uai 
velocities, meet one another ; both their motions 
are deftxoyed by the (broke. Here at the beginning 
of the motion, they had both of them a certain 
quantity of motion, but to be taken in contrary 
diredionsi but after the flxoke they had none. 

•PROP. XL 

The motion of bodies included in a given fpace^ is 
the Jdmej whether that /pace Jlands Jlill; or moves 
uniformly in a right line. 

For if a body be moving in a right line, and any 
force be equally impreffed bodi upon the body and 
the line it moves in ; this will make no alteration 
in the n^otion of the body along the right line. 
And for the fame reafon, the motions of any num- 
ber of bodies in their feveral diredtions will ftill re- 
main the fame ; and their motions among themfelves 
will continue the fame,' whether the including fpace 
is at reft, or moves uniformly forward. And fince 
the motions of the bodies among themfelves 5 that 
is, their relative motions remain the fame, whether 
the fpace including them be at reft, or has any 
tmiform motion. Therefore their mutual adions 
upon pne another, muft alfo remain the fame in 
bptli cafes. 
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SECT. 11. 

Tie perpendicular defcent of heavy bo^ 
dies^ their defcent upon inclined Planes^ 
and in Curve Surfaces. The Motion 
of Pendulums. 
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Cf^HE vehcities of bodies ^ falling freely by their own 
weighty are as the times of their falUng from reft. 

For fince the force of gravity is the fame in all 
places near the earth's furface (by Poft. 3.) and 
this is the force by which bodies defcend. There- 
fore the falling body is urged by a force which afts 
conflantly and equally ; and therefore (by Cor. 3^ 
Prop. V.) the velocity generated in the falling 
body in any time, is as the time of falling. 

Cor. I. If a body be thrown direEtly upwards with 
the fame velocity it falls with;^ it will lofe all its 
motion in the fame time. 

For the fame a6tive force will dellroy as much 
motion in any time, as it can generate in the fame 
time. 

Cpr. 2. Bodies depending or afcending gain or lofe 
equal velocities in equal times. . 

PROP. XIII. 

In bodies falling freely by their own weight ; the 
fpaces defcribed in falling from refty are as thefquares 
of the times of falling. 

For lince gravity is fuppofed to be the fame in 

all places near the earth. Therefore the falling 

B4 body 
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Fig. body will be afted on by a force which is con- 
ftantly the lame; and therefore (by Prop. VL) the 
(paces defcribed, from the beginning of the mo- 
tion, or. fince their falling from reft, will be as the 
fquares of the times of falling. 

Cor. I. TToe /paces defcribed by falling bodies, are 
As the fquares of the velocities. 

For (Prop. XII.) the velocities are as the times 
of falling. 

Cor. 2. l!he fpaces defcribed by falling bodies ^ are 
in the compound ratio of the timeSj and the velocities 
acquired by fallings 

Cor, %^ If a body falls through any fpace^ and 
move afterwards with the velocity gained in fallings 
it will defer ibe twice thatfpace in the time of its falling. 

Cor. 4. A body projeBed upward with the velocity 
it gained in fallings will afcend to the fame height it 
fell from. - 

Scholium. 

All thefe things would be true if it was not for 
the refiftance of the air, which will retard their 
motion a little. In very fwift motions, the refif- 
tance of the air has a very great efFedt in deftroy- 
ing the motions of bodies. 

PROP. XIV. 

4. If a heavy body W be fuflained upon an inclined 
plane. AC, by a power F aEling in direBion WF pa* 
rallei to the plane ; and if AB be parallel to the hori^ 
2on and BC 'perp. to it. ^hen if th^e length AC 
denotes the weight of the body^ the height CB will 
denote the power at F which fufains it, and the bafi 
AB the preffure againji the plane* 

Draw BD perpendicular to AC, then CB will be 
the direction of gravity, DC parallel to WF will 

be 
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be the dire<9:ion of the force at F, and DB the di- Fig. 
redipn of the preffure (by Prop. IX.) Therefore 4, 
(by Prop. VIII.) the weight of the body, the 
power at F, and the preffure; will be refpedtively 
as BC, CD and DB. But die triangles ABC, BDC 
are fimilar, and therefore BC, CD and DB are 
refpedively as AC, CB and BA. Therefore the 
weight, power and preffure, are as the lines AC, 
CB and AB, 

Cor. I. The weight of the body y the power ¥ that 
fujlains it on the planey and the prejfure againft the 
plane; are refpeclively as fadius, the fine and cofne 
of the planes elevation ahorue the horizon. 

For AC, CB and AB are to one another, as 
radius, fine of CAB, and fine of ACB. 

Cor. 2. The power that urges a body W dorwn the 
■ ■ CB 

inclined plane is =z-^ x weight of W. ' Hence, 

Cor. Z* If a prifmatic bocfy whofe length is AC 
lie upon the thclined plane AC ; // is urged down the 
plane with a force equal to the weight of the prifm 
of the length CB. 

Cor. 4. If there be two planes of the fame height ^ 
and two bodies be laid on them proportional to the 
lengths of thefe planes ; the tendency dorwn the planes 
Will be equal in both bodies* 

PROP. XV. 

J/ AC be an inclined plane^ AB the horizon, BC 5., 
perp. to AB. And if W be a heavy body upon the 
planey which is kept there by the power P aSling in 
direSlion WP. Draw BDE perp. to WP. Then 
the weight W, the power P, the preffure againjl the 
plane; will be refpe£lively as AB, DB and AD. 

For AB being a horizontal plane is perpendi- 
cular to the ^dion of gravity ; and BD is perp, to 

the 
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Fig, the direftion of the power P ; and AD is ther 
^. plane, which is perp. to the direftion of the pref- 
lure againft that plane. Therefore (Cor. i. Prop. 
VIII.) the weight of the body, the power P, and 
the preflure ; are as AB, BD and AD. And if 
the direftion of the power WP be under the plane, 
the proportion will be the fame, as long as BD is 
perpendicular to WP. 

Cor. I. The weight of the hodyWy is to the power 
V that fujiains it : : as cojine of the angle oftra6tioK 
CWP : to the fine of the plane's elevation CAB. 

For the weight : power : : AB : BD ; : S.ADB 
or WDE : S.BAD : : cof. DWE or CWP : S.BAC, 
where the angle CWP made by the plane and di- 
reftion of the power is called the angle of traftioir.* 

Cor. 2. Hence it is the fame thing as to the power 
and weighty whether the line of direBion is above or 
belmt} the plane y provided th^ angle of traElion be the 
fame. For an equal power will Juftain riie weight in 
both cafes. 

' Cor. 3. The weight of the body : is to the prejfurt^ 
againft the plane : : as the cofine of the angle of trac- 
tion CWP : to the cofine of BNP, the direSlion of 
the power above the horizon. 

For the weight W : preffure : : AB : AD : : 
S.ADB : S.ABD : : S.ADE : : SNBE : : cof. 
EWD or PWC 2 cof. BNP. 

Cor. 4. Hence the prejfure againft the plane is 
greater when the direction of the power is beUrw the 
plane J the weight remaining the Jame. 

Scholium. 

Although the power has the fame proportion to 
the weight, when the angle of traftion is the fame; 
whether the direftion of the power beubove or 

below 
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below the plane. Yet, fince the preffure upon the Fig. 
plane is greater, when the line of direftion is 5. 
below the plane. Therefore in pradtice, when a 
weight is to be drawn up hill, if it, is to be done 
by a power whofe direftion is below the plane, 
the greater preffure in this cafe will make the car- 
riage fink deeper into the earth, &c. and for that 
reafon will require a greater power to drkw it up, 
than when the line of direftion i? above the plane,. 

PROP. XVI. 

If a weight W upon an inclined plane AC, be in 6. , 
tquilibrio with another weight P hanging freely ; then 
if they be fet a moving^ their perpendicular velocities 
in that place y will be reciprocally as th^ir quantities of 
matter. * 

X Take WA a very fmaJl line upon the plane AC; 

draw AB parallel to the horizon, and BC perp. to 
it. Draw AF, and WR, BE perpendicular to it; 

^ and WT, D V perp. to AB. Let W defcend through 

the fmall line WA upon the plane, then P will 
afcend a hfeight equal to AR perpendicularly ; and 
WT will be the perpendicular defcent of W. The 
triangles AWR and ADE are fimilar ; and like- 
wife the triangles AWT and ADV. Therefore 
WT : DV : : AW : : AD : : WR : DE. And 
alternately, .WT : WR : : DV : DE ; and WR : 
AR : : DE : AE ; therefore WT : AR : : DV ; 
AE : : (by the fimilar triangles DBV and AEB) 
DB : AB : : (Prop. XV.) power P : weight W; 

Cor. I. If any two bodies^ be in equilibrio upon two 
inclined planes ; their perpendicular velocities will b$ 
reciprocally as the bodies. 

Cor. 2. If two bodies fuflain each other in equili-^ 
' brio, on any planes ; tbeproduEt of one body x by its 
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Wig, p^i'p* 'i^^locUh i^ ^i^^ ^^ the produS of the other 
^. body X by its perp. velocity* 

PROP. XVII. 

7. If a heavy body runs down an inclined plane CA ; 
the velocity it acquires in any time, moving from rejl i 
is to the velocity acquired by a body falling ptrpendi- 
cularly in the fame time-y as the height of the plane CB» 
to its length CA. 

The force by which a body endeavours to defcend 
on an inclined plane, is to its weight or the force 
of gravity ; as CB to CA (by Prop. XIV.) And 
^ thefe forces always remain the fame, therefore 
(Cor. 2. Prop. V.) the velocities generated will be 
as thefe forces, and the times of afting, direftly ; 
and the bodies reciprocally. And fince the times 
of adting, and the bodies are the fame in both 
cafes, the velocities generated will be as thefe 
forces ; that is, as the height of the plane CB to 
its length CA. ' 

Cor. I. The velocity acquired by a body running 
dffivn an inclined plane y is as the time of its moving 
from reft* 

Cor. %* If a body is thrown up an inclined plants 
vjith the velocity it acquired in defcending ; it will 
lofe all its motion in the fame time* 

PROP. XVIII. 

7. If a heavy body defends down an inclined plane 
CA : thefpace it defcribes from the beginning of the 
motion^ is to thefpace defcribed by a body falling per- 
pendicularly in the fame time ; as the height of the 
plane CB, to its length CA. 

For the force urging the body down the plane is 
to the force of its gravity, as CB to CA (by Prop. 

XIV.) 



t 
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3tlV.) which forces remain conftantly the fame. Fig. 
And fince (Prop. XVII.) the velocities generated 7. 
in equal times on the plane, and in the perpendi- 
cular, are conftantly as CB to CA; the Imall par- 
ticles of (pace defcribed with thefe velocities in 
all the infinitely fmall portions of time, will ftill 
be in the fame ratio ; and therefore the (urns of 
all thefe fmall {paces, or the whole fpaces defcribed 
from the beginning, will be in the fame conftant 
ratio of CB to C A. -. 

Con !• Thejpace defcribed by a body falling down 
4in inclined plane j in a given time^ is as the fine of 
the planers elevation^ 

For if CB be given, and alfo the perp. defcent; 
that fpace will be reciprocally as CA, or direiStly 
as S.CAB. 

Cor. 2. ^he fpaces defcribed by a body defcending 
from rejij down an inclined plane, are as the fquare^ 
of the times. 

Cor. 3. If BD be drawn perp* to the plane CA j 
then in the time a body falls perpendicularly through 
the height CB, another body will defcend through th$ 
fpace CD upon the plane. 

For by fimilar triangles CA. : CB : : C5 : CD. 

PROP, XIX. 

If AC // an inclined plane y the time of a body^s 7, 
defcending thraagh the plane CA, is to the time of fall- 
ing perpendicularly through the height of the plane CB, 
as the length of the plane CA to the height CB, 

For if BD is perp, to CA, then (Cor. 2. Prop. 
XVIII.) foace CD : fpace CA : : fquare of the 
time in CD : fquare of the time in C A : : that is, 
as the fquare of the time of defcending perpendi- 
cularly 
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Fig. cularly in CB (Cor. 3. laft) : fquare of the time ill 

7. CA. But CD : CA : : CB* : CA*. Therefore 

CB* : CA* : fquare of the time in CB : fquare of 

the time in CA. And CB 2 CA 2 2 time in CB : 

time in CA, 

Cor. I* If a body hi thrown upwards on the plane 
ivith the velocity acquired in defcending j // ivill in 
an equal time afcend to the fame height. 

Cor. 2. The times wherein different planes y of the 
■ fame height ^ are paffed over ; are as the lengths of the 
planes. 

Let the planes be CA, CF. Then time in CA t 
time in CB 2 2 CA 2 CB. And the time in CB : 
time in CF 2 : CB 2 CF. Therefore, ex equoy time^ 
in AC 2 time in CF 2 2 CA 2 CF. 

PROP- XX. 

8. if a body falls down an inclined plane y V/ acquired 
the fame velocity as a body falling perpendicularly 
through the height of the plane. 

Let the body run down the plane CA whofi; 
height is CB. Draw DF parallel to AB, and infi- 
nitely near it. Then the velocities in DA and FB, 
may be looked upon as uniform. Now (Prop. 
XIX.) the times of defcribing CA and CB, will be 
as C A and CB. Likewife the times ol defcribing 
CD and CF, will be as CD and CF; that is, as 
CA and CB. And by divilion, the difference of 
the times, or the times of defcribing DA and FB, 
will alfo be as CA and CB; that is, as DA and, 
FB. But (from Prop. III.) the velocities are ecjual 
when the fpaces arenas the times of defcriptioOr 
Therefore velocity at A is equal to the velocity 
' at B. 

Cor* 
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Cor. !• The velocities acquired, by bodies JefcenJing Fig. 
en any planes y from the fame height to \ the fame 8. 
horizontal line,* are equal. 

Cor. 2. If the' velocities be equal at any two equal 
altitudes D, F ; they will be equal at aU other equal 
altitudes A, B* 

Cor. '3. Hence alfo, if feveral bodies be moving lit, - 
different directions, through anyfpace contained betwem 
two parallel planes ; and be acted on by any force^ 
which is equal at equal diflances from either plane. 
'Then if their velocities be equal at entering that 
fpace; they willalfo be equal at emerging out of it. 

For dividing that fpace into infinitely fmall 
parts by parallel planes. Then the force between 
any two planes may be fuppofed tmiform ; and 
fuppofing DF, AB to repretent two of thefe planes, 
then (by Cor. 2.) the velocities at D and F being 
equal ; die velocities at A and B will be equal ; 
that is, the velocities at entering the firft part of 
fpace being equal, the velocities at emerging out 
of It, or at entering the fecond fpace will be equal. 
And for the fame reafon the velocities at entering 
the fecond (pace being equal, thofe at emerging 
out of it into the thirds will be equal. And con- 
fequendy the velocities at entering into, and 
emerging out of the third, fourdi, fifth, &c# to 
ihe laft will be equal refpedively. 



PROP. XXL 

If a body falls from the fame hight, through any 
number of contiguous planes ,A^, BC, CD; // will 
at lafi gain the fame velocity as a body falling per- 
^ndicularly from the fame height. 

Let FH be a horizontal line, FD perp. to it* 

Produce the planes BC, DC to G and H. Then 

' V (Cor. 



9* 
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Fig. (Cor. I. Prop. XX.) the velocity at B is th6 fame 
5. whether the body defcend through AB or GB. 
And therefore the velocity at C will be the fame, 
whether the body defcends through ABC or through 
GC, and this is the fame as if it had defcended 
through HC. And confequendy it will have the 
fame velocity at D, in defcending through the 
planes A BCD, as in defcending through the plane 
HD i that is, (Prop. XX.) as it has in defcending 
through the perpendicular FD. 

Cor. !• Hence a body defcending along any curve 
furface^ ivill acquire the fame velocity, as if it fell 
perpendicularly through the fame height. 

For let the number of planes be increafed, and 
their length diminiftied ad infinitumj and then 
ABCD will become a curve. And the velocity 
acquired by defcending through thefe infinite planes; 
that is, through the cur\'e A§CD, will be the {amc 
as in falling perpendicularly through FD. 

Cor. z.Ifa body defcends in a curve , and anothef 
defcends perpendicularly from the fame height. Their 
velocities will he equal at all equal altitudes* 

Cor. $» If a body J after its defcent in a curve ^ 
Jhould be directed upwards with the velocity it bad" 
gained; it will afcend to the f dine height from which , 
, it fell. 

For fince gravity afts with the fame force whe- 
ther the body afcends or defcends, it will deftroy 
the velocity in the afcent, in the fame time it did 
generate it in the defcent* 

Cor. 4. The velocity of a body defcending in any 
curve, is as the fquare root of the height fallen from. 

For it is the fame as in falling perpendicularly ; 
and in falling perpendicularly, it is as the fquarc 
root of the heights 

^ Cor. 
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Cor. ^. If a bodyy in moving through attyfpace Fig. 
ED, he aBed on uniformly by any for€e ; its velocity 5, 
at emerging out of it at D, wiU be equal to thefquare 
root of the fum of the fquares of the velocity at E 
in entering of it, and of the velocity acquired in falling 
from reft through that fpace ED. And this holds, 
whether the body moves perpendicularly or obliquely. 

For let the body enter the fpace ED at E, with 
tjie velocity acquired in falling through FE. Then 
(Prop. XIII. Cor, i.) the fquare of the velocity at 
E will be as FE ; and the fquare of the velocity at 
D, as FD ; and the fquare of' the velocity at D 
Ming from E, will be as ED. But FD = FE 
+ ED; therefore the fquare of the velocity at 
D (falling through FD) = fquare of the velocity at 
E + fquare of me velocity at D (falling through 
ED.) And (Cor. i. of this Prop.) the velocity 
will be the fame whether the body defcends per* 
pendicularly or obliquely. 

PROP. XXII. 

The times of bodies defcending through two fimilar 10. 
parts of fimilar curves, placed alike, are as the fquare 
roots of their lengths. 

Let ABCD and abed be two fimilar curves, and 
fuppofe BC and be to be infinitely fmall, and fimi- 
lar to the whole; that is, fo that BC : ^c : : AB : 
ab. Draw FA parallel to the horizon, and HB, 
hb perp. to it. Then if two bodies defcend from 
A and a (Cor. 4. Prop. XXI.) the velocities at B 
and b will be as \/HB and sfhb -, that is, as -/AB 
and '^ah, becaufe AB, ab are fimilar parts. 
Therefore (Prop. III. Cor. i.) the times ot def- 

cribing BC and be, are as ■ , and -f-, ; that is, 

C as 
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Fig. as -^ and ■^, or as v/AB and ^ah^ that is, 

as V'AD and ^^ad^ becaufc the curves are fijtni- 
larly divided in B and b. Aftei^ the iame manner 
the times of defcribing any other two fimilar parta 
as BC, hc^ will be as ^/AD and */ad. Therefi5rc 
by compoiition the times of defcribing all the BC's, 
^nd all the W% will be as -/AD and »Jad. That 
i?, the time of defcribing the curve AD to the 
time of defcribing the curve ad^ is as ^AD to 
^ad. 

Cor. If two bodies defcend through two Jimilar 
curves a6D, and abd-, the axes of the curves FD> ¥d 
are as thefquares of the times of their defcending. 

For v/FD : \/¥d : : v/AD : vQ : : time of 
defcending through ABD : time of defcending 
through abd. And FD, F^, are as the fquares of 
the times. 

PROP. XXIII. ^ 

II. A body will defcend through any chord of a circle ^ 
in the fame time that another defends perpendicularly 
through the diameter. 

Draw the diameter AB perpendicular to the. 
horizon, and the chords CA, CB. Then fince BC 
is perpendicular to AC, therefore (Prop. XVIf I. 
Cor. 3.) the time of defcending through the chord 
AC is equal to the time of falling through AB. 

Draw CD parallel to AB, and DB parallel to 
CA, then is CD equal to AB. . And by reafon of 
the parallels, the angle DBC =: angle BCA = a. 
right angle. Then iince DB is perp. to.CB, there- 
fore (Cor. 3. Prop. XVIII.) a body will defcend 
through the inclined plane CB, in the fame time 
that another falls through CD, or, which is the. 
fame thing, through its equal AB. 

Cor. 
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Car. I . Htnce the times of deJctnUnT tbrtmgb all Fig, 
the chords of a circk drawn from A or B, are equal xi. 
among tbemfehes. 

Cqx. 2. The velocity grained by falling through thf 
chord CB, is as its length CB. 

For the velocity gained in fallijig through CB 
is the fame as is gained by falling through EB; 
and that velocity is to the velocity gainjed by 
falling through AB, as \/BE to \/AB (by Cor- i. 
Prop. XIII.) ; that is, as BC to BA* Therefore 
if the given velocity in falling down AB be repre- 
fented by AB, the velocity gained in falling down 
CB will be reprefented by CB y a?^d fo that in any 
Qtber chords by its length. 

PROP. XXIV. 

If a pendulum vibrates in the fmqU arch of a circle^ 12. 
the time of one vibration^ is to the time of a bodys^ 
falling perpendicularly through half the length of 
the pendulum I as the circumference of a circle ^ to the 
diameter. 

If a pendulum fufpended by a thread, &c. be 
made to vibrate in any curve ; it is the fame thing 
as if it defcended down a^fmooth polifhed body 
made in the form of that curve. For the motions, 
velocities, . and times of moving will be the fame 
in both. 

Let OD or OE be the pendulum vibrating in the* ^ 

arch ADC, whofe radius is OD. Let OD be perp, 
to the horizon, and take the arch E^ infinitely- 
Ihiall, and draw ABC, EFG, efg^ perp. to OD ; 
and draw the chord AD. About BD ^efcribe the 
femicircle BGD. Draw er and Gs perp. to EG. 

Put / = time of defcending through the diameter 

20D,or through the chord AD. Then the velocities 

C 2 gained 
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Fig. gained by fiJling through 2OD, and by the pendu- 
12. lum's defcending through the arch AE, will be as 
i^/zOD and '/BF. And the fpace defcribed in 
die time /^ after the &11 through 2OD, is 4OD. But 
the times are as the Ipaces, divided by the veloci- 
ties. Therefore, ... ■ or z^/zOD : t (time of 
v/aOD 

Eg 
its defcription) : : -p. : time of defcribing Ee 

tx Ee 

~2\/20DxBF* 

But by the fimilar triangles OEF, Eer ; and 

E F 
KGF, Gfj; we {hall have ^^xEe = er = Ff 

^ FG ^ „„ ^ ODxFG 

^^'^KD^*^^' Whence Eg = j^p^^p X 

Gf. Therefore the time of defcribing Ee = 
txODxFGxGg 

2KD X EFv/BF X 2OD" 



/ X OD X v^BF X FD x G^ 



2KDv/BF X n/DO + OFxFD x>/7op 
/ X v/OD X G^? / X \/20D 



2KDxv/DO + OFxv^2 4KDxv/DO + OF 

X Gp; = . X Gr. But DF, 

^ 2BDxn/20D-DF ^ 

in its mean quantity for all the arches Gg, is nearly 

equal to DK. Therefore the time of defcribing 

/xy /IO D . 
Ef= — ^ / '^ ^^^ xGg. Whence the tmie 
2BDV/2OD-DK * 

of defcribing the arch AED= . = 

^ 2BDV/2OD-DK 

X BGD. And the time of defcribing the whole 

arch ADC, or the time of one ofcmation is = 
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^x\/aOD „^_ , Fig. 

.BDv/ aOP-DK^ '^^^- But.wlicn die arch ,,. 
ADC is exceeding finall, DK v^nifhes, and then 
the tim e of oi Tcillation in a very ihiall arch is = 

/xv/aOD_|,^^_,.„2BGD B^^if, 
aBDx/aOD BD 

be the time of defcending through 2OD, it is the 
time of defcending through 4OD. And therefore 
BD the diameter, is to 2BGD the circumference ; 
as the time of Ming through half die length of 
the pendulum, to the rime of one vibration. 

Cor. I. In a finall arch AED^ the time of def- 
cending through the chord AD, h to the time Qf def^ 
tending through the arch AED ; as the diameter 
BD, to \ the circumference. 

For the time of defcending through the arch 

AED = / x^^^lJ » therefore BD : ^BGD : : / : 
time in AED. 

Cor. 2. All the vibrations of the fame pendulum ^ 
in arches not very large^ are performed nearly in the 
fame time. 

Cor 3. TjTKD he bifeEled in L, andT he = 
time of vibration in a very Jmall arch. Then T + 

KL ^ r ' 

t)QiQir ^ ^ ^^^^ ^^ ^^^ ^^^^ ^J vibration in any 

arch ADC, nearly. 

For we found the time of viharation in ADC = 
/xBGD 2OD _ 2OD 

BD ^ AOD-DK"" ^ ^OD+OK' 
and the three lines DO + OK, DO + pL, and 
DO -f- OD are in arithmetical progreflion ; but 
fince KD is very finall, they are nearly in geometri- 

C3 cal 
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Fig. , -. . aOD DO+OL 

12° cal progrcffidh; whence ^ DO + OK '^ DO-t.Or 

Therefore the time of vibration =Tx vyv ^^ 



DO + OK ~ ; DO+OK- 

Cor. 4. Hence a falling body will defcend thr&ugh 
ajface of id feet and i incby in afecond of time. 
For by oofervation, a pendulum 39.13 inches 

BGD 

long will fwing feconds. And / x ^^ = t fecond^ 

and K7^ = fj or 7" = time of failing through 

A 

% y 39. 1 3* Whence (Prop. XIIL) rj- : 2 x 

39.13 : : I* : ^^^ x 3. 1416* =5193.096 inches 
2 

= 16.09 ^^^^• 

Cor. 5. STfe^ j5^^^^ defcribed by a falling body in 
the time of one vibration : is to half the length of 
the pendulum : : as the fquare of the circuniference 
: to the fquare of the diameter. 

For the fpaces being as the fquares of the tirties, 
the foace fallen : \ length of the pendulum : : as 
the fquare of the time of vibration : to the fquare 
of the time of falling through \ length or the 
pendulum : : (by this Prop.) as the fquare of the 
circumference : to the fquare of flie diameter. 

PROP. XXV. 

^e lengths of two pendulums ^ defcribing Jtmilar 
arvhesy are as the fquares of the times of vibration. 

For (Prop. XXII.) the times of defcending 
through two finiilar curves, are as the fquare roots 
of the lengths of the curves; that is, as the fquare 

roots 
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roots of the tehgths of the pendulum, their centers Fig. 
being alike fituated. Therefore the lengths of 
toe penduluriis ^re as the fquares of the times of 
vilAating. 

Cor. I. The times of vibration of pendulums in 
fmaU arches if circles^ are as the fquare roots of the 
lengths of the pendulums. 

For if the arches are fimilar^ the times of vi- 
bration are in that proportion. And (Prop. XXIV. 
Cor. 2.) if the arches ai'e fmall, though not 
fimilar, the vibration will be the fame as before. 

Cor. 2, The velocity of a pendulum at its lirweft 
pointy is as the chord of the arch it defcends through. 

For the velocity at the lowed point is equal to 
the velocity gained in defcending through the 
chord; for they are both of them the fame as a 
body acquires by falling through their common 
altitude. And (Prop. XXIII, Cor. 2.) the velocity 
gained in falling through the chord, is as the length 
of the chord. Thererore the velocities of a pen- 
dulum in different arches, are in the fame ratio. 

PROP. XXVI. 

Pendulums of the fame length vibrate in the fame 
time, Tvhether they be heavier or lighter. 

For let the two pendulums P, p, be of the 
fame length ; they will each of them fall through 
half the length of the pendulum in the fame time. 
For (Cor. 2. Prop. V.) the velocity generated in 
any given time, is as the force direftly and matter 
reciprocally. But in the two pendulums, the forces 
that generate their motions, are their weights, 
which are as their quantities of matter. Whence 
we have the velocity of P, to the velocity of ^; as 
P ^ 

5" to — or as I to i ; and therefore equal veloci- 
ties are generated in the fame time. Confcquently, 
C 4 equal 
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Fig. equal fpaces will be defcribed in the fame time^ 
and therefore they will fall through half the 
length of one of them in an equal time. And 
therefore (Prop. XXIV.) their vibrations will be 
performed in the fame time. 

Cor. Hgnce all bodies^ whether greater or leffer^ 
heavier or lighter ^ near the eartVsfurfacej will fall 
through ejfual fpaces in equal times; abating the re- 
fjtance of the air. 

Becaufe they are as much retarded by their 
matter, as accelerated by their weight. The 
Weight and the matter being exaftly proportional 
to one another. 

PROP. XXVII. 

7he lengths of pendulums vibrating in the fame time, 
in different places of the world, will be as th€ forces 
of gravity*. i 

For (by Prop. V. Cor. 2.) the volocity generated 
in any time is as the force of gravity direftly, and 
the quantity erf" matter reciprocally. And the mat- 
ter being fuppofed the fame in both pendulums, 
the velocity is as the force of gravity ; and the 
fpace pafied through in a given time, will be as 
the velocity; that is, as the gravity. Therefore, 
if any two fpaces be defcended through in any 
time, and two pendulums be made, whofe lengths 
are double thefe fpaces; thefe pendulums (by 
Prop. XXIV,) will vibrate in equal times; there- 
fore the lengths of rbe pendulums, being as the 
fpaces fallen through in equal times, will be as 
the forces of gravity. 

Cor. I. The times wherein pendulums of the fame 
length will vibrate, by different forces of gravity, 
are reciprocally as the/quare roots of the forces. 

For (Cor. 2. Prop. V.) when the matter is given, 
the velocity generated is as the force x by the time. 

And 
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And (Prop. VI.) the fpacc defcended throtigh by Fig* 
any force, is as the force and fquare of the time. 
Let thefe fpaces be the lengths of the pendulums. 
Then the lengths of the pendulums are as the forces 
and the fquares of the times of falling through 
them. But (Prop. XXIV.) the times of falling 
through them are in a given ratio to the times of 
vibration; whence the lengths of pendulums are 
as the forces and the fquares of the times of vi- 
bration; therefore when the lengths are given, 
the forces will be reciprocally as the fquares of 
the times; and the times of vibration reciprocally 
as the fquare roots oJF the forces. 

Cor. 2. The lengths of pendulums in different 
places^ are as the forces of gravity y dnd the fquares^ 
of the times of vibration. 

This is proved under Cor. i. Hence, 

. Cor. 3. I'he times wherein pendulums^ of any lengthy 
perform their ofcillations ; are as the fquare roots of 
their lengths direEHy^ and the fquare roots of the gra^ 
vitating forces reciprocally. 

Cor. 4. The forces of gravity in different places ^ 
are as the lengths of pendulums direStly^ and the 
fquares of the times of vibration reciprocally. 

PROP. XXVIIL Prob. 

To find the length of a pendulum ^ that fhall make 
any number of vibrations in a given time. 

. Reduce the given time into feconds, then fay, 
as the fquare of the number of vibrations given : 
to the fquare of this number of feconds : : fo is 
•39.13 : to the length of the pendulum fought, in 
inches. 

Ex. Suppofc it makes 50 vibrations in a minute ; 
Jiere a minute is = 60 feconds ; then. 

As ^500 (the fquare of 50) : 3600 (the fquare 

of 
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F»g« r^ \ . . 1 3600x30.15 

^ of 60) :: 39.13 : to the length =- ^^—^ 

s= =56-34 inches, the length required. 

If it be required to find a pendulum that flial! 
vibrate fuch a number of times in a minute; you 
need only divide 140868, by the fquare of the 
number of vibrations given, and the quotient will 
be the length of the pendulum. 

This praftice is deduced from Prop. XXV. for 
let p be the length of the pendulum, n the num- 
ber of vibrations, t the time they are to be pcr- 

P 
formed in. Then 39.13 : i * : : ^ : — - — = fquare 

of the time of one vibration, and 4/—^ — =2 

39-13 
time of one vibration ; then if / be divided by 

• i/--^ — it will give n; that is, tjJ ■=;r, 
39-13 ^ . P 

whence ^/ x 39-T3 = nnpj and nn : tt :: 39.13 : p. 
If the pendulum is a thread with a little ball 
at it, then the diftance between the point of fuf- 
penfiot and the center of the ball is efteemed the 
length of the pendulum. But if the ball be large, 
fay as the diftance between the point of fufpenfion, 
and the center of the ballj is to the radius of the 
ball ; fo the radius of the ball to a third propor- 
tional. Set ^ of this from the center of the ball 
downward, gives the center of ofcillation. Then 
the whole diftance from the point of fufpenfion 
to this center of ofcillation, is the true length of 
the pendulum. 
13. . If the bob of the pendulum be not a whole 
fphere, but a thin fegment of a fphere, as AB, as 
in muft clocks; then to find the center of ofcilk- 
tion, fay as the diftance between the point of fuf- 
penfion, and the middle of the bob, is to half the 

breadth 
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breadth of the bob ; fo half the breadth of the Fig. 
bob, to a third proportional. Set one third of 
this length from the middle of the bob downwards, 
giVeis the center of ofciliation. Then the diftancfc 
between the centers of fufpenfion tod ofciliation, 
is the cxa6t length of the pendulum. 

PROP. XXIX. Prob. 

Having the length of a penduJum given^; to find 
how many vibrations it Jhall make in any given time. 

Reduce the time ^ven into feconds, and the 
pendulum's length into inches; fhen fay, as the 
given length of the pendulum : to 39*13 : : fo is 
"the fquare of the time given : to the fquare oT 
the number of vibrations, whofe fquare root is 
the number fought. 

Example. Suppofc the length of the pendultim 
is 56.34 inches> to find how often it will vibrate 
in a minute. 

I minute - 60 feconds. Then 56.34 (the 

length of the pendulum) : 39.13 :: 3600 (the 

iquare of 60) : to the fquare of the number of vi- 

- . 2600 X ^o.iq 140868 * 

branons =^^-^ — ^y =— r =2500, and 

56-34 56.34 ^ 

^2500 = 50= the 'number of vibrations foughti. 

If the time given be a minute, you need cwily 
divide 140868 bv the length, and extraft the root 
of the quotient for. the number of vibrations. 

This is the reverfe of the laft problem, therefore, 
fuppoling as before in that problem, we have // x 
39.13 = nnpi therefore/? : 39.13 ::// : nn. 

They that would fee a further account of the 
motions of bodies upon inclined planes, the vibra- 
tions of pendulumsf, and tlie motion of projectiles; 
inay confult my large book of Mechanics, wherfc 
they will cneet' with full fotisfaftion. 

•SECT. 
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SECT. III. 

Of the Center of Gravity ; the equili* 
hrium of beams of timber ; the di-^ 
reSiions and quantities of the forces 
neceffary to fuftain them. 



PROP- XXX. 

A BODY cannot defcend or fall downwards^ except 
only when it is in fucb a pofitioUy that by its 
motion^ its center of gravity defcends. 

14. Let the body A (land upon the horizontal plane 
BK, and let C be its tenter of gravity; draw CD 
perpendicular to the plane B^, And let the body 
be fufpended at the point C, upon the perpendicu- 
lar line CD. Then (def. 12) it will remain un- 
moved upon the line CD. And as CD is pcrp. 
to the horizon, it has no inclination to move one 
way more than another, therefore it will move no 
way but remain at reft. Take away the line CD, 
and let the body be fupported by the line BC; if 
BC be fixed, the body will remain at reft on the 
line BC. But if BC be movable about B, the 
body fufpended at C, will endeavour to move 
with its center of gravity downwards along the 
arch CE, about B as a center, towards N. And 
for the fame reafon the body will endeavour to 
fall the contrary way, moving about the point 
N; I fay, this will be the cafe when CD is 
fituated between B and N. But thefe two motions 
being contrary to one another, will hinder each 
other's effeds; and the body will be fuftained 
without falling. 

Again, 



Seft.III. CENTER OF GRAVITY. 45 

Again, let the body F be fufpcnded with its cen- Fig* 
ter of gravity I upon the perpendicular IH. As 14. 
this line has no inclination to move to aay fide, it 
will therefore remain at reft. Take away the line 
IH, and let the center of gravity I be lufpendcd 
on the line IG, then the body will endeavour to 
defcend along the arch IK, for the higheft point 
of the arch is in the perpendicular erefted at G. 
For the fame reafon if the body be fufpended on 
the line OI, it will endeavour to defcend towards 
K, about the center O ; now as both thefe motions 
tend the fame way, and there is nothing to oppoic 
them; the body muft fall towards K. In both 
thefe cafes it is plain, that when the center of 
gravity by its motion, defcends, the body will fall; 
butifnot,thebody will befupported withoutfalling*. 

Cor. I. If a bodyjiands upon a plane y and a line be 
drawn from the center of gravity perpendicular to the 
horizon ; if this line fall within the bafe on which the 
bodyjiands^ it will be fupported without falling. But 
if the perpendicular falls without the baje^ the body 
willfalL 

For when the perpendicular falls within the bafe, 
the body can be moved no manner of way, but the 
center of gravity will rife. And when the per- 
pendicular falls without the bafe, towards any 
fide; if the body be moved towards that fide, the 
center of gravity defcends ; and therefore the 
body will fall that way. 

Cor. 2. If a perpendicular drawn from the center 
ef gravity perp. to the horizon^ fall upon the extremity 
of ^the bafe^ the body mayjiand; but the leajl force, 
whatever y will caufe it to fall that way. And the 
nearer the perp. is to any fide, the eajier it will be 
made to fally or is fooneft thruft over. And the 
nearer the perp. is to the middle of the bafe^ the firmer 
the body Jlands. 

Cor. 
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Fig» Cot. 3, H^nf^ if the center cfgr4vity of a hojg be 

X4. fi^ported^ the whole body isjupporte^. And the placf 

pf the center of grceuity fnujl be darned the place of 

the bcdy ; and is always in a line drawn perpendicuhr 

tp the horizon, tl^oHgb the center i^f gravity^ 

Gor. 4. Hence all the naturaf- anions ofanimalf 
nay be accounted for fi om the proper tiis (f the center 
of gravity. 

When a man endeavours to walk, he ftretches 
out his hind leg, and beods the kn^e of hi$ fope 
leg, by which means his bodv is thruft forward, 
aiKl the center of gravity or his body is movecj 
forward beyond his feet; .then to prevent hw 
falling, he immediately takes up his hind foot, 
and places it forward beyond the center of gravity ; 
then he thrufts himfelf forwaid, by his leg which 
now is the hindmoft, till his center of gravity he 
beyond his fore foot, and then he fets his hind 
foot forward again ; and thus he continues walking 
as long as he pleafes. 

In Sanding, a man having his feet clofc toge- 
ther cannot ftand fo firmly, as when they are at 
fomc diftance ; for the greater the bafe, the firmer 
the body will {land ; therefore a globe is eafily 
moved upon a plane, and a needle cannot ftand 
upon its point, any otherwife than by fticking 
it into the plane. 

When a man is feated in a chair, he cannot 
rife till he thrufts his body forward, and draws 
his feet backward, till the center of gravity of 
his body be before his feet; or at leaft upon 
them ; and to prevent falling forward, he fets 
one of his feet forward, and then he can ftand, 
or ftep forward as he pleafes. 

All other animals walk by the fame rules; firft 
fctting one foot forward, that way the center of 
gravity leans, and then another. 

In 
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In walking up a hill, a man bends his body Fig. 
focward, that the center o£ gravity may lie forward 
of his feet j and by that means he prevents his 
falling backwards. 

In carrying a burthen, a. man ajways leans the 
contrary way that the burthen lies ; lo that the 
center of gravity, of the whole of his body and 
the burthen, may fall upon his feet. 

A fowl going over an olpftacle, t;hnifts his head^ 
forward, by that means moving the center of gra- 
vity of his whole body forwards; fo that by 
fetting one foot upon the obftacle, he can the 
more eafily get over it. 

PROP. XXXI. 

In any two bodies A, B, tjye common center ^15. 
gravity C, divides the line joining their centers^ inta 
two parts y which are reciprocally as the bodies i AC : 
BC : : B : A. 

Let the line ACB be fuppofed an inflexible 
lever ; and let the lever and bodies be fufpended 
on the point C. Then let the bodies be made to. 
vibrate about the immovable point C ; then will 
A and B defcribe two arches of circles about the 
center C, and thefe arches will be as the velocities 
of the bodies, and. thefe arches are alfo as the radii 
of the circles AC and BC. Therefore their velo- 
cities are as the radiL Whence, velocity of A : 
velocity of B : : AC : CB : : (by fuppofition) B 
: A. Therefore A x velocity of A = B x velocity 
of B. Whence (Prop. IL) the quantities of mo- 
tion of the bodies A and B are equal, and (Ax. 9.) 
therefore they cannot move one another, but muft 
remain at reft; and confequently (def. 12.) C is 
the center of gravity of A and B* 

' Cor. 
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Fig. Cor. I. TheproduSls of each body multiplied by itt 
15. diftance from the common center of grdruity^ are equal. 
CAxA = CBxB. 

Cor. i»Ifa weight he laid upon C, a point of the 
inflexible lever AB, which is fupported at A.andB; 
theprejure at A to the preffure at B, will be as CB 
to (J A. 

For let the bodies A, B, be both placed in C ; 
then (Cor. 3. Prop. XXX.) fince it is the fame 
thing whether the bodies be at A and B, or both 
of them at C, their center of gravity; therefore the 
preflures at A and B will be the fame in both cafes. 
But when they are at A and B, upon the lever 
ACB, their preffures are A. and B, being the fame 
with the weights ; therefore when they are both at 
C, the preflures at A and B will ftill be A and B. 
Therefore (Cor. i.) fince it is CAxA = CBx 
B; therefore CA : CB : : B : A : : prefllyre at B 
: preflure at A. 

PROP. XXXII. 

15, If there he three or more bodies ^ and if a line be 
drawn from one body E to the center of gravity of 
the reft C. Then the center of gravity of all the 
bodies divides the line CE, in two parts in D, which 
are reciprocally as the body E to the fum of all the 
other bodies. CD : DE ': : E : A + B 6fr. 

For fuppofe AB and CE to be two inflexible 
lines; and let the body W = A + B &c. and let 
W be placed in the center of gravity C. Then 
by the lafl: Prop. CD : DE : : E : Wor A + B &c. 

Cor. The body E x DE the cUftancefrom the com- 
mon center of gravity^ is equal to the fum of the 
bodies A + B &fr. x hy DC the diftance of their 
center from the common center of gravity. 

PROP- 
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PROP. xxxm. ^^^ 

If A, Bi he two bodies, C their center of gravity. 16. 
F any point in the line AB. Then will FA x A + 
FBxB = FCxA + B. 

For ( Con i. Pro p, XX XL) CA x A =£ CB x B^ 
that is, FA-FCxA = FC-FBxB; whence, 
by tranfpofition FA x A + FB xB=:FC x A + B: 

Cor. Hence the bodies A and "& have the fame force 
to turn J he lever AF about the point F, as if they 
were both placed in C, their center of gravity. 

PROP. XXXIV. 

If fever al bodies^ A, B,. E &fr. be placed on an 17. 
inflexible jlraight lever ; and if D be their common 
center of gravity i and if F be any point in the line 
A E, //&g«FAxA + FBxB + FExE fefc, =FD 

xA + B + E&f^. 
For if A + B = W, then FA x A + FB x 

B + FE X E = FC x A 4- B + FE X E = FC 
X W + FE x E== (Pro p. XXXIII.) FD x 

W + E = FD X A + B + E, in the three bodies 
A, B, E. And after the fame manner, if there 
be four bodies, put W=A-fB + E, and it will 
be proved the fame way, that the fum of all the 
produfts, FA x A + FB x B &c. = diftance of 
the common center of gravity, x by all the four. 
And fo on for more bodies. 

Cor. The fame Prep, will hold good, when the 
Mdies ar€ not in the line AF, but any where in the 
perpendiculars pajing through the points A, B, E i^c. 

D PROP.^ 
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^^' PROP- XXXV. 

ly. If there he any number of bodies A, B, E, &?/*• 
either placed in the line AF, or any ivdy in the per-' 
pendiculars pajjing through A, B, E# And if U be 
the center of gravity of all the bodies j and F be any 
point in the line Ar . Then the diftance of the center 

. ^^ FAxA+FBxB+FExE 
ofgravtty FD= aTbTE • 

For whether the bodies be in the points A, B, 
E, or in the perpendiculars, it will be (by Prop. 
XXXIV. and CorQ diat F A x A4-FB x B-t- 

FE X E = FD X A + B + E. Whence FD = 
AxFA+BxFB+ExFE . ^„, 
A . p , £ =lum of all the pro- 

du<fts of each body multiplied by its diftance, 
divided by the fum of the bodies. 

Cor. I. If a Jingle body only was placed on the 
lever AF ; then the dijance of the center of gravity 
of that body is equal to the fum of the produSls of all 
the particles of the body, each multiplied by its dif- 
tance from a given point F, ayid divided by the body. 

For if A, B, E &c. are feveral particles of t£^e 
body, then A + B + E &c. = the body; and 
AxFA + BxFB-t-ExFE 

~ body 

Cor. 2. If there be feveral bodies A, B, E, &fr. 

placed upon the lever AF. They a£t with the fame 

force in turning the lever about any given point F, as 

• if tbey were all placed in D the common center of 

gravity of all the bodies. 

Scholium. 

If ^^y of ^he bodies be placed on the contrary fide 
of F, their rejpe^ive products will be negative. 

For 
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For they aft the contrary way in turning the Fig* 
lever abouti 17, 

PROP, xxxvi- 

If fin^rat bodies A, B^ E, G, H, ie placed on t8» 
ibe lever AH, and F .be the center of gravity of all 
their weights. Then FA x A + FB x B + FE x E 
= FGxG + FHxH. 

For let the lever be fufpended on tke povat F, 
then the two ends will hi in equilibrio, as F is the 
center of gravity; Let D be the center of gravity 
of A, B, E ; and I the center of gravity of G^ 
H. Then (Cor* Prop. XXXIII.). it is the fame 
thing whether the bodies on One fide be placed at 
A, B, E, or all of them in the point D* And 
Whedier diofe at the other end be placed at G, H; 
or all of them at I. But fince F is the center of 
gravity^ DF x A + B + E - FI x G + H, and 
therefore Ax AF + B xBF + ExEF = G xGF. 
+ H xHF (by Prop. XXXIV.) 

Cor. I. If feveral bodies A, B, E, G, H, U 
placed on an inflexible lever y and if Ax F A -f B x 
FB + ExFE=GxFG + HxFH. Then F is 
the center of gravity of all the bodies. 

For no other pomt will anfwer the equation* 

Cor. 1. If feveral bodies A, B, JE, G, H, he 
placed upon a kver AH, or fufpended at thefe points 
h ropes; tf»</ // A xFA + BxFB + E xFE = 
G X FG +H X FH } they will be in equilibrio upon ^ 
the point ¥. y^'- 

This appears by Def. 12, and F is center of ^ 
gravity. • 



D 2 PROP. 
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*^* PROP. XXXVII. 

19. If a heav) body AB, fujpended by two rfes AC, 
BD, remains at reft; a right line perpendicular to the 
borizoHy paffing through the interfeBion F of the 
ropes ;. will alfo pajs through the center of gravity 
G, of the body. 

If AC and BD be produced to F where they 
interfeft ; then (Ax. 1 2 ) it is the fame thing whether 
the force acting in direftion AC be applied to C 
, or F; and whether the force afting in direction BD 
be applied to the point D or F. Suppofe then that 
they both aft at F, and then it is the lame thing, 
as if the body was fulpended at F by the two ftrings 
AF, BF. And fince the body is at reft, therefcwe 
(Ax.. 7.) the body, that is, the center of gravity 
G, is at the loweft place it can get ; and therefore 
is in the plumb line FG. For if the body be made 
to vibrate, the center of gravity G will defcribc 
an arch of a circle^ of which G (being in the 
perp. FG) is the loweft point. 

Cor. I. Hence if GN be drawn parallel to AC 5 
then the weight of the body, the forces aSling at C 
andDj are refpeSlively as FG, GN, /J«£/FN. 

This is evident by Prop. VIII. 

Cor. 2. If a heavy body AB, befupported by two 
planes, IKL, and EHG, at UandY^^ and HF and 
KF be drawn perpendicular to thefe planes; and if 
FG be dranvnfrom the inter feBion F, perp. to the 
horizon J it willpafs through the center of gravity G, 
of the body. 

Foi; fince the body is fuftained by thefe planes^^^ 
therefore the planes re-aft againft the body (by 
Prop. IX.) in the directions HF, KF perpendicu>- 
lar to thefe planes. Therefore it is the fame thing 

as 
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as if the body was fuftained by the two ropes HF, Fig. 
ICF. Fof the diredtion and quantities of* the 19. 
forces, ading at H and K are the fame in both 
cafes. And further, if the body be made to vi- 
brate round F, the points H, K will fiefcribe two 
arches of circles, coinciding with the touching 
planes at H, K ; therefore moving the body up 
and down the planes, will be juft the fame thing, 
as making it vibrate in the ropes, HF and KE; 
and confequefltly, the body can reft in neither cafe, 
but when the center of gravity G is in the perpen- 
dicular FG, 

f ' ScHdLIUM. 

^ Jf any body (hould deny the truth of this Prop, 

or its corollaries, againft the cleareft force of de- 
monftration. It lies upon them to fhew where the 
demojaftration fails, or what ftep or fteps thereof do 
not hold good, or are not truly deduced from the 
foregoing. If they cannot do this^ what other rea- 

f fons they may aflign, can lignify nothing at all to 

the purpofe. And if (uch perfon, ignorant of the 
laws of nature, and the refolutioh of forces, would 
objeft againft this practice, of fubftituting planes 
perpendicular to the lines or cords fuftaining any 
weights, inftead of thefe cords, let him firft i:ead 
Sir /• Newion's Principia^ Cor. 2. to the laws of 

I nature, where he will lee this practice exemplified, 

and then make his objefti'ons. 

And for the fake of fuch perfons as underftand 
not ho\v to apply the method of compofition and 
refolution of forces, I (hall add a few problems to 
prevent their being mifled by the rafli judgment of 
lome people, who haying brought out falfe folu- 
tions to tome problems by their own ill manage- 
ment, condemn the method as erroneous ; when 
the feulr jeally lies In their own igaorance, and not 
^t ^ in tiie method itfelf. 

D 3 PROP. 
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Fig. PROP. XXXVIIL ?rob. 

*^' To determine the pofition of a heam CD, movable 
about the end C, andfujlained by a given weight Q^ 
hanging at a rape QAD, which goes wer a pulley at 
A, and is fixed to the other end jy. 

Draw AF, CK parallel to the horizon, FDB 
perp. to it, and KD perp« to CD ; and let G b^ 
the center of gravity, w = weight of the beam. 
Then if the beam was to lie h(mzontaUy (Prop* 
XXXI. Cor. a.) it would be GC ; QD : : preffure 
at D : preffure at C ; and GC : CD : : preffure at 

GC 
D : TV J whence the preffure at D=r^ ^* ^^ 

rizontally. And (Prop. XIV.) CD : CE : : 

GC CExCG 

<E15 ^ • — CD* — ^ '^ preffure in direftion DK* 

Produce AD to O, and draw OI parallel to CD. 

Then the beam is fuftained by three forces in the 

direaions OD, DI and lO; and DI : DO : : S JOD 

er ODC or ADC ; rad^ whence S.ADC : rad. : : 

CExCG , rad.xCExCG 

— CD^-^^'fo^^^I^^^'^Q.= S.ADCxCD*^ 

CExCG 
w. Therefore -a; : Qj : S.ADC : rad. x — pgi — ' 

^ . .^^ C G ^ ^T^^ , n rad. X CE 
1 : S.ADC : ;^ xS^FDC, becaule — prx — =s 

S,EDC or FDC. 

PROP, XXXIX, Prob. 

% I . Let the beam ED, hefujiained by the weights P, Q^ 

by means of the ropes I>CP, EAQj going over the 

puUies C, A, in the horizontal line AC. To find the 

pofition of the beam; having the weights P, Q^ given. 

One Way. 
Let G be the center of gravity of the beam« 
Through D, E, draw HDS, FER perpendicular to 

AC. 
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AC. Then (Cor. 2. Prop. VIII.) S.EDS : P the Fig. 

tenfion of the thread CD : : S.CDS or CDH : ai. 

SCDH 

g^pg K P the tenfion of DE. Alfo,. S.DER or 

S AEF 
EDS : Q^: : S.AER or AEF : seDS ^Q^^^^ 

tenfion of DE in, a contrary direftion. Then as 
the beam is in equilibrio, thefe forces or tenfions 

^. ^ . r S.CDH ^ , 

balance one another ; ther^ore ^ pyxg x P =i 

S AEF 

g^pg X Q^ Then P : Q^: : S.AEF : S.CDH; 

which may be otherwife exprefled, for AE : rad : : 

A F 

AF : S.AEF=^^ X radj and DC : rad : : HC : 

HC A F 

g^xrad = S.HDC. V^encc P : C^: : ^ : 

CH AF AE 

cd^'hc'dc' 

Second fVay. 

Let R, S, be the perpendicular preflures of the • 

ends E, D ; w = weight of the beahi. Then 

DG EG 

(Cor. 2. Prop. XXXI.) R = jg^ w, and S = xg^ w. 

DP 
And (Cor. 2. Prop. VIIL) S.AED : R or ^ w : : 

^ *^^ n rw^Tn *S.AEFxDG ^ ^ 

S. AEF : tenfion of DE = ^ Agp — gn ^* ^^^ 

S.CDE : S or ^q w : : S.CDH : contrary tenfion 

^•^^ S.CDH X EG ... . 

orDE=^rp7=r=r--r=rFr -It;, and thefe two forces 
S.CDE x£D 

rTM7u- 1 1. S.AEFxDG 

©I DE being equal, we have ^ ^^^^ — ED*^ "^ 

D 4 S.CDH 
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Fig. S.CDHxEG , S.AEFxPG &CDHxEG 

ai. S,CDfi X ED^'*^ S.AED =" S.CDE ' 

•.^ *x^ S.AEF S.CDH _ -_._ 

Whence EG : DG i : o aED * S Ct)£ * * °'^"'^^ 

xS.CDE: S.CDH xS.AEa 
Third fTay. 

S EDS 
S.CDE : S.EDS : : S f P = ^qdE ^ ^' ^^ 

S.AED : S.RED : : R : |455r=Q:^ ThenP : 

S.AED ^ 

EG 
S.CDE X R : : (kft method) S.AED x g^ w : 

S.CDE xg^ w : : S.AEDxEG : S.CDE xDG. 

And S.AED : S.CDE : : PxDG : QxEG. 

Fourth Way. , 

Draw Cm, Fn parallel to DE, and FE, HD 

peip. to the horizon. Then by the refolution of 

T*)ttt 
forces, CD : Dm : : P : ttt^P = perpendicular 

EF 
force at D; and'«E : EF : ; Q^: — g- Q = peipen- 

dicular force at E. Therefore EG : GD : : -^ P: 

. EFq..S£DE SJ«E 

»E ^- • S.C«D ""^^ • S-wFE"*^* • &.v^ucx 
P : S.AED X (^ For S.CwD = S.WDE = S.FED 
= S.«FE, That is, EG : GD : : S.CDE xP : 
S.AED xQ;^ As in the third way. 

Fifth Way. 
Let R, S be the jjerpendicular wei^ts ©f the 
ends E, D; or which is the fame, the tenfions of the 

' perpendicular 
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perpendicular rppcs, FE, HD. By the refolutioa Fig. 
of forces, if C;», ¥n be parallel to DE. The force 
FE or R is QquivaleAt t^ E«, Pn ; and the force 
Tim or S, to DC„ mC ; therefore EF : F« : : R : 

-=— R= force at E in direction Fn. And Dm : 
FE 

mC 
imC ; : S : — tt S = force at D in direftion mCm But 

,the beam being in equilibrio, thefe two oppolite 

Pn fnC 

forces muft be equal ; therefore ^^ R = — gj- S; 

mC IPn^ S.CDH S.AEF 
Whence R : S : : 'j^ : ^^ : : ^^^^ : g.AED 

: : S. AED x S.CDH : S. AEP x S-CDE. But (Corl 
«. Prop. XXXI.) R : S : : DG : EG. Whence 
DG : EG : : S.AED x S.CDH : S.AEFxS.CDE ; 

the fame as by the ^d method. And the fame 
thing likewife follows from the i ft and 4th method - 
togedier. 

From thefe feveral ways of proceeding, it is 
evident, that which ever way we take, tlie prpcefe 
if righdy managed always brings us to the fame 
conclufion ; and it comes to the lame thing which 
way we ufe, fo that we proceed in a proper manner. 
And this among other things, fhews the great ufe 
and extent of that noble theory of the compofition 
and refolution of forces. 

What is calculated above is concerning the an- 
gles,orthepofition of the feveral lines to oneanother, 
depending on the feveral forces. Then in regard to 
the weight o£ the beam, put it =w, then DC i 

Dm::Y: ^^ = S, and EniEF: : Qj ^CL 

= R. And w=?=R + S= ^P+-^Q^, an 

equation (hewing the relation of the weights to 
one another* 

Sixib 
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Produce AE, CD to B, and from B draw BGO 
through the center of gravity; which (by Prop. 
XXX VII.) will be perp. to AC, and therefore 
parallel to EF, DH. Then the angle EBG = AEF, 
and DBG = CDH. Then EB : BD : : S.BDE or 
CDE : S.BED or AED, and (Trigonom. B. II. 
Prop. V. Cor. i.) EG : GD : : EBxS.EBG : BD>c 
S.DBG : : EB X S. AEF : BD x S.CDH : : S-CDE x 
S.AEF : S.AEDx S.CDH ; the fame as by the 2d 
way. Whence all the reft wDl be had as before. 

Cor. // will he exactly the fame thing, whether 
the weights P, Q^ remain, or thefrings AE, CD» 
be fixed in that pofition to two tacks, any way in 
thtfe lines. And tf a beam ED, hang upon two 
tacks Ay C, by ropes fixed there I it makes no dif^ 
ference, if you put 'two pullies infiead of the tacks^ 
for the ropes to go over, and then hang on weights 
Q^ P^ equal to the tenfions of the firings AE, CD. 

For in Both cafes, the forces or the tenfions of 
the ftrings, and their diredtions, remain the fame. 
And there is nothing elfe to make a difference in 
the fituation of the beam. 

ScHOtlUM. 

Every one that knows any thing of mechanical 
principles willeafilyunderftand, that if any forces, 
which keep a body at reft , be refolved into others, 
to have the fame eifFedt ; the contrary forces, or 
thofe direftly oppofite, muft aft againft a fingle 
point; or elfe the equilibrium will be deftroyed. 
. And therefgre in the prefent Prop, fuppofe any one 
fhould divide the forces, CD, AE, into the two HD, 
DY, andFE, EX, one perpendicular, the other 
parallel to the horizon. The forces HD, EF, will 
indeed balance the force of gravity at D and E, to 

which 
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which they arc diredtly oppofite. And dierefore Fig. 
the beam will remain unmoved by thefe. But the zu 
equal forces DY, EX, being parallel, never meet in 
a point; but afting obliquely on the beam, one of 
tli^m drawing at D in direction DY, a^id the other 
at E in direction EX, the effeft will be, that they 
will turn the beam ED about the center of gravi* 
ty G, Therefore to prevent this, the forces DY, 
EX, mull be fubdivided ; that is, they muft be 
refolved into others, one whereof is perp. to the 
horizon, the other parallel to ED. 1 hen gravity 
will balance thefe perp. to the horizon, and the 
others, being equal and oppofite, afting in the line 
EGD, a6k equally againft any of the points D, G, 
or E. And fo the beam will remain at reft. But 
this is much better done at once at the firfl:, by di- 
viding DC, EF, each into two forces, one perp. to 
the horizon, the other parallel to the beam ED^ 
And then the oppofite forces will exaftly balance 
one another, and the beam remain unmoved.. 

PROP- XL. Prob. 

To find the pqfition of the heamlBJ^y hanging by %%. 
the rope EBD, whefe ends are fqftened at E ai^d D, 
mi goes o^er a pulley fixed at B. 

Let G be the center of gravity of the beam, then 
(Prop. XXXVII.) BG will be perp. to the horizop. 
Then as the cord runs freely about the pulley p ; 
therefore (Ax, 13.) the tenfion of the parts of the 
rope EB, BD a,re equ^ ;o one another, fuppofe 
= T. By the refolution of forces, the force EB 
is equivalent to EG, GB; and DB to DG, GB. 

Therefore BE : EG : j T ; ^ T = force in direc^ 

tlQuEQ, AAdBP:DG:;T:^T = forceIn 

diredioa 
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Fig. direftion DG, which is equal ^4 Qtwofite to lim 

"• in EG ; therefore ^g T = gg T. Whence EG : 

EB : : DG : DB. And therefore BG bifeas tha 
angle EBD. 

Cor. Hence ED ijfring EBD : : EG : EB thf 

eirt EB of the firing : : andfo GD : DB the part 
B of the firing. 

Scholium. 

If GD be lefs than GE, then the center of gra- 
vity G, will be loweft, when the beam hangs per- 
pendicular with the end D downward. And in ma- 
' ny cafes it will be higheft, when it hangs perpen- 
dicular, with the end E downward. 

PROP. XLI. Prob. 

z^. There is a beam BC hanging by a pin at C, and 
lying upon the wall BE; to find the forces or prejfures 
at the points B, and C, and their dire£lions> 

Produce BC to K, fo that CK may be equal to 
GB. Draw BA parallel, and CL perpendicular, to 
the horizon; and draw BL, CN, KI perp. to 
BCK. Through the center of gravity G, draw GF 
parallel to CL. By Prop. XIV. if a body lies 
upon an inclined plane, as BC ; its weight, its 
inclination down the plane, and preffure againft it, 
are as BC, CA and AB ; that is, as CL, CB and 
BL. Therefore if CL reprefent the weight of the 
body, CB will be the force of urging; it down the 
plane, and BL the total preffure agamft the plane. 
And fince GF is parallel to CL, BL is divided in 
F, iA the fame ratio, as BC is divided in G. And 
therefore (Cor. 2. Prop. XXXI.) BF will be the 
part of the preffure adl^ng at C, and FL the part 
ading at B. Make CN equal to BF, and compleat 

the 
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tte pardkiogwm CNiK:, and draw CI. Then Fig. 
tincc BC or CK is die force in direftion CK, and 23. 
CN the force in direftion CN ; then by compofi- 
tion, CI will be the fingle force by which C is fuf- 
tained, and CI its direftion. But the triangles 
CKI, CBF are fimilar and equal, andCI = CF, 
and in the faixie r^ht line ; therefore CF is the 
quantity and diredion of the force ading at C t^ 
(uftain it. Therefore the weight 6f the body, the 
preffure at B, and the force at C ; are relpeftively 
as CL, FL, and CF. 

Cor. I. Produce FG to interfeR CN in H; then 
the weight of the body, the prejfure at B, and the 
force aBing at C ; are refpeStively as UJ?, HC, and 
CF. 

For in the parallelogram CLFH, HF:=CL, 
iuidHC = FL. 

Cor. 2. If the beam was jttpported by a pin at B, 
and laid upon the wall AC ; the like conjlruction mufi 
he made at B, as has been done at C, and then the 
forces and dire^ions will be had. 

Cor. 3, If a line perp. to the horizon be drawn 
through F, where the direStion of the forces CF, and 
BF meet; it pajfes through G the center of gravity of 

the beam. . 

Cor. 4. It is all one whether the beam isfiijlained 
hy the pin C and the wall BE, or by two ropes CI, • 
BP acting in the direHions FC, FB, and with thg 
forces CF, FL. , 

Scholium. 

The proportions and direftions of the forces here 
found, are the fame as in Prop. LXIV. of my lar^ 
book of Mechanics, and obtained here by a dif- 
ferent method. The principles here ufed are in- 
difputable J and the •principle made ufe of in that 

LXIV. 
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Fig. LXIV. Prop, is here dcmonflxated in the thittl 

23. Cor. fo that the reader may depend upon the 
truth of them aU^ 

PROP- XLII. Prob. 

24. BC is a heavy beam fupported upon two pofts KB, 
LC ; to find the pofition of the pofts y that the beam 
may reft in equilibrio. 

Let G be the centef of gravity ; draw BA pa^ 
rallelto the horizon, and BF, GD, CAN perpendi* 
cular to it. Then (Prop. XXXI. Cor. 2.) if BC 
be the weight of the body, CG will be the part of^ 
the weight afting at B, and BG the weight at C. 
Therefore make CN = BG, and BF = GC; and 
from N and F, draw NI, FK, parallel to BC; and 
make NI-FK, of any length, and lying con- 
trary ways. Then draw IC and KB, which witt 
be the pofition of the pofts required. 

For BP is the weight upon B ; and CN, that 
upon C, which forces being in ditedibn of th6 
Imes BF, CN, the beam will remain at reft by 
thefe forces. And the forces NI, FK, in direftion 
BC, being equal and contrary, will alfo keep the 
beam in equilibrio, therefore the forces KB, IC, 
compounded of the others, will alfo keep the beam 
in equilibrio, ading in the dire<5tions KB, IC, or 
MB, LC. 

Cor. I, Hence if, DG be produced, it tvill pafs 
through the interfehion H, of the lines LC, MB. 

,For the triangles INC, CGH are fimilar; there- 
fore IN J NC : : CG : GH, the interfeftion with 
CL. Alfo the triangles KFB, BGH are fimilar } 
therefore KF : BG :.: BF : GH die interfedion 
with MB, which muft needs be the lame as the 
other, fince the three firft terms of the proportion 
are the fame; for KF = NI, BG = NC, and 
BF = CG. 

Cor. 
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Cor. ^.Ifa line be drawn through the center o/Fi^ 
gravity G, of the beam, perpendicular to'the horizon; 24. 
and from any point H in that line, (above or below 
G) the lines HBK and HCM be drawn ; then the 
props BM and CL will/uftain the beam in equtltbrto. 

Cor. 3. If GO be drawn parallel to HC; then the 
-weight of the beam, the prejfure at C, and ^^ruftcr 
prejure at B; are refpeSlively as HG, OG, tf«JHO, 
and in thefe directions. 

Cor. 4. It is all one for maintaining the equUi- 
briumy whether the beamBC befupported by two pop 
or props MB, LC; or by two ropes BH, CH; or 
by two planes perpendicular to thefe ropes at B and C. 

For m all thefe cafes the forces and direftions 
are the fame; and there is nothing elfe concerned, 
but the forces and directions. 

Scholium. 

It does not always happen that the center of 
gravity is at .the loweft place it can get, to make 
an equilibrium. For here if the beam BC be fup- 
ported by the pofts MB, LC ; the center of gra- 
vity is at the higheft it can get; and being in that 
pofition, it has no inclination to move one way 
more than another, and therefore it is as truly in 
. equilibrio, as if it was at the loweft point. It is true, 
any the leaft force will deftroy that equilibrium, 
and then if the beam and polls be movable about 
the angles M, B, C, L, which is all along fuppofed, 
Ae beam will defcend till it is below the points M, 
L, and gain fuch a pofition as defcribed in Prop. 
XXXIX. and its Cor. fuppofing the ropes fixed at 
A, C (fig. 21.); and then G will be at the loweft 
point, and will come to an equilibrium again. In 
planes the center of gravity G piay be eitlier at its 
liigheft or loweft point. And there are cafes, when 

the 
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Fig. the center of gravity is neither at its higheft nor 
24. loweft, as may happen in the cafe of Prop. XL, 
fo that they who who contend, that in cafe of an 
equilibrmm, the center of gravity muft always be 
-at the low^It place, are much miftaken, and know 
little about the principles of mechanics, or the 
nature of things. 

Thofe that want to fee more variety about the 
motion of bodies, on inclined planes ; the preflure, 
and direftion of the preflure of beams of timber ; 
centers of .gravity, and alfo the centers of ofcillation 
and percuffion, &c. may confult my large bode 
of Mechanics. 
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TZif Mechanic Powers; the Strength 
and Strefs of Timber. 



PROP. XLIII. 

TN a balance y where the arms are of equal length; 
if two equal weights be fufpended at the ends, they 
'^ill be in equilibrio. 

The balance is a ftraight inflexible rod or 25. 
beam, turning about a fixed point or axle in the 
middle of it; to be loaded at each end with 
weights fufpended there. 

Let AB be the beam or lever^i C the middle 
point or center of motion ; D, E the weights 
hanging at the ends A and B. Then let the beam 
and the weights, or the whole machine, be fuf- 
pended at C. And fuppofe the beam and the 
weights be turned about upon the center C ,* then 
the points A, B being equidiftant from C will 
defcribe equal arches, and therefore the velocities 
will be equal, and if the bodies D and E be 
equal, then the motion of D will be equal to the 
motion of E, as their quantities of matter and 
velocities arc equal; and confequently, if the beam 
and weights are fet at reft, neither of them can 
move the other, but they will remain in equilibrio. 

Cor. If one weight be greater than the other; 
that weight andfcale willdefcend, and raife the other. 

Scholium. 

The ufe, of the balance, or a common pair of 

fcales, is to compare the weights of diiFerent bo- 

E jdies ; 



\^ 
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Fig. dies ; for any Body whofe weight is required, be- 
25. ing put into one fcale, and balanced by known 
weights put into the other fcale, thefe weights will 
ihew the weight of the body. To have a pair of 
fcales perfedl, they muft have thefe properties. 
I. The points of fufpeniion of the fcales, and the 
center of motion of the beam. A, C, B, muft be 
in a right line. z. The arms AC, BC, muft be 
of equal length from the center. 3. That the 
center of gravity be in the center of motion C. 
4* That there be as little fridion as poffible. 
5* That they be in equilibrio, when empty. 

If the center of gravity of the beam be above 
the center of motion, and the fcales be in equi- 
librio, if they be put a little out of that pofition» 
by putting down one end of the beam, that end 
win continually delcend, till the motion of the 
beam is ftopt by the handle H. For by that mo- 

t tion, the center of gravity is continually defend- 

ing, accordmg to the nature of it. But if the cen- 
ter of gravity of the beam be below the center of 
motion ; if one end of the beam be put down a 
little, to deftroy the equilibrium ; it will return 
back and vibrate u^ and down. For by this motion 
the center of gravity is endeavouring to defcend. 

PROP. XLIV. Prok 

2^. To make afalfe balance \ or one which is in equi- 
librio when empty J and alfo in equilibrio^ when loaded 
with unequal tveights. 

Make fuch a balance as defcribed in the laft 
Prop, only inftead of making the center of mo- 
tion in the middle at C, make it nearer one end, as 
at F. And make the weight of the fcales fuch that 
•they may be in equilibrio upon the center F. Then 
if two weights D, E, be made to be in equilibrio 
in the two fcales; thefe weights will be unequal, 

for 
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for they will be reciprocally as the lengths of the Fig. 
arms AF, BF. That is, AF : BF : : E : D. 25. 

For (Prop. XXXI. Cor. i.) fince F is the 
center of gravity of D and E, fuppofing them to 
aft at A and B; therefore FA x D = FB x E. And 
FA : FB : : E : D. But AF is greater than FB, , 
therefore E is greater than D. 

Cor. I. Hence to difcover afalfe balance j make the 
weights in the two fcales to be in equilibrio ; then 
change the weights to the contrary fcales* And if 
they be not in equilibrio^ the balance isjalfe. 

Cor. 2. Hence alfo to prove a pair of good fcales y 
they muft be in equilibrio wh^n empty ^ and likewife in 
equilibrio with two weights* Then if the weights be, 
changed to the contrary fcales j the equilibrium will 
ft ill remain^ if the fcales are good. 

Cor. 3. From hence alfo may be known what is gained 
or lofty by changing the weights , in afalfe balance. . 

Take any weight, as i pound, to be put into 

one fcale and balanced by any fort of goods in the 

other. Since AF x D = BF x E ; let the weight 

AF 
D be I ; then E = -^ the weight of the goods 

in the fcale E. Then changing the fcales, let the 

BF 

weight ]fc be I ; then D = ^jp the weight of the 

AF BF 
goods in the fcale D. Then -gp + -j^ = whole 

• u r ,. \ ^ AF BF 

weight of the goods, and ^p' + T^"*^ = B^^ 

to the buyer in 2lb. &c. Therefore 

AF* + BF» - 2AF X BF 

" AF^TBF = sain in 2lb* = 

AF-BFI* , AF-BFl* . ,. 

AFxBF y ^^ ^AFxBF = S^^" ^^ ^^''- 
E 2 Therefore 
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Fig. Therefore if w is any weight to be bought ; the 
25. gain to the buyer, for the we ight w, by changing 

the fcalcs, will be — ^^^ — 5=- w. For example, 

i f AF be 16, and BF 15 ; then the gain will be 
" 16 — IC* I 

2 X 16 X 15 480 

Scholium. 

In demonftrating the properties of the mecha- 
nical powers; fince the weight is^ commonly fome 
large body whofe weight is to be overcome or ba- 
lance^; therefore the power which aAs a^inft it, 
will be moft fidy reprefented by another weight ; 
and thus the power and weight being of the lame 
kind, may moft properly and naturally be com- 
pared together. For fuch a weight may reprefent 
^ny power, as the ftrength of a man's hand, the 
force of water or wind, &c. And this weight re- 
prefcnting the power, being fufpended by a rope, 
may hang perpendicular where the power is to aft 
perpendicular to the horizon ; or may go over a 
pulley when it afts obliquely. 

PROP. XLV. 

26. ff the power and weight be in equilihrio upon any 

27. leveu a^^d aSl. in linei- perpendicular to the lever: 

28. then the power P is to the weight W; as the diftance 

29. of the weight from thefupport C, is to the dijiance of 
the power from the fupport. 

There are four forts 'of levers, i. When the 
fupport is between the weight and the power. 
2. When the weight is between the power and the 
iiipport. 3. When the power is between the weight 
and the fupport. 4. When the lever is not ftraight 
but crooked. 

A lever 
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A lever is any inflexible rod or beam, of wood Fig. 

or metal, made ufe of to move bodies. • The fup- 26. 

port is the prop it refts on, in moving or fuflaining 27. 
any heavy body, and this is the fame as the center 28, 
of motion. ^ 29^ 

Let the power P aft at A by means of a rope ; 
then as C is the prop or center of motion, if the 
lever be made to move about the center C, the 
arches defcribed by A and W, that is, the velo- 
cities of A and W, will be as the radii CA and CW. 
But the velocity of P is ^the fame as that of the 
point A. Therefore velocity of P : velocity of 
W : : C A : CW : : (by fuppofition) W : P ; there- 
fore P X velocity of P = W x velocity of W. 
Confequently their motions are equal, and they 
cannot move one another, but mud remain in 
equilibrio. And if they be in equilibria, they 
muft have this proportion affigned. 

Cor. I. If a pcrwer P aB obliquely again ft the lever 30. 
WA ; the power and weight will be in equilibrio y 
when the power P is to the weight W,as the dijiance 
of the weight CW, to CD tbe perpendicular^ drawn 
from the fupport to the line of direBion of the pov)er. 

For in this cafe WCD becomes a bended lever, 
and the power P afts perpendicular to CD at D; 
and (Ax. 12.) it is all one whether the power afts 
at D or A, in the line of direftion AD. And hence 

Cor. 2. If any force be applied to a lever ACW 
at A, its power to turn it about the center of motion 
C, is as the fine of the angle of application CAD. 

For if CA be given, CD is as the fine of CAD. 

Cor. 3. In a Jlraight lever, of thefe^ three, the 
power y the weight, and the prejfure upon *the fupport ; 
the middlemojl is equal to the fum of the other two. 

For the middle one afts againft botli the others, 
and fupports them. 

E 3 Cor. 
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Fig. Cor. 4. From the foregoing properties of the lever ^ 
30. the effe£ts of feveral forts of fimple machines may he 

explained'j andlikewtfe the manner of liftings carryings 

drawing ofheany bodies^ andfucb like. 

26. For example, if a given weight W is to be 
raifed by a fmall power applied at A, the end of 
the lever AW. If we divide W A in C, fo that it 
be as CA : C W : : as the weight W : to the power 
P; then fixing a prop or fupport at C^ or rather a 
little, nearer W ; then the power P with a fmall 
addition, will raife the weight W. 

27. Again, if two men be to carry a weight W, upon 
the lever CA. The weight the man at A carries, 
is to the weight the man at C carries, as CW to 
AW. And therefore the lever or beam C A ought 
to be divided in that proportion at W, the place 
where the weight is to lie, according to the (Irength 
of the men that carry it. 

31.' Likewife if two horfes be to draw at the fwing- 
trce AB, by the ropes AF, BG ; and the fwing- 
tree draws a carriage, &c. by the rope CD; then 
the force afting at A will be to the force afting at 
B, as BC to AC. And therefore BC ought to be 
to AC, as the ftrength of the horfe at F, to the 
ftrength of the horfe at G; the weaker horfe having 
the longer end. But it is proper to make the 
crofs bar AB crooked at C; that when the ttronger 
horfe pulls his end more forward, he may pull 
obliquely, and at a lefs diftance from the center ; 
whilft the weaker horfe pulls at right angles to 
his end, and at a greater diftance. 

Again,' fuch inftrumencs as crows and handfpikes 
. are levers of the firft kind, and are very ufeful and. 
handy for rgifing a great weight to a fmall height. 
Alfo fciflars, pinchers, fnuffers, are double levers ^ 
of the firft kind, where the joint is the fulcrum or 
' fupport. The oars of a boat, the rgdder of a fliip, 
cutting knives fixed at one end, are levers of the 

fecond 
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fecond kind. Tohgs, flbeers, and the bones of Fig. 
animals, are levers of the third kind. A ladder raif- 
cd upr^ht, is a lever of the third kind. A ham- 
mer drawing out a nail is a lever of the fourth kind. ^ ^ 

The Steel Yard is nothing but a lever of the firft 
kind, whofe mechanifm or conftrudion is this. 
Let AB be the beam, C the point of fufpenfion \ 
P the power, movable along the beam CB. 'Thc^ 
beam being fufpended at D, move the power P, 
along towards C, till you find the point O, where P 
reduces the beam to an equilibrium. Then at A 
hang on the weight W of i pound; and move P 
to be in equilibno with it ?it i ; then hang on- W 
of A pound, and (hift P till it be in equilibrio, at 
2. Proceed thus with 3, 4, 5, &c. pounds at W, 
and find the divifions 3, 4, 5, &c. Or, if you will^ 
after having found the points O, i ; make the di- 
vifions, 12, 23, 34, &c. each equal to Oi. But 
for more exaftnefs and expedition, having found 
the point 0,where P makes the beam in equUibrio : 
hang on any known number of pounds^ as W j 
and move P to the point B, where it makes aa 
equilibrium. Then divide OB into as many equal 
parts as W confifts of pounds : mark thefe divi- 
fions I, z, 3, 4, &c# Then any weight W being 
fulpended'at A ; if P be placed to make an equi- 
librium therewith, then the number where P hangs 
will (hew the pounds or weight of W. 

To prove this, we muft obferve, that AC is the 
heavier end of the beam ; therefore let Q^be the 
Momentum at that end to make an equilibrium 
with P fu(]?ended at O ; that is, let Q = CO x P. 
But (Cor. 1. Prop. XXXVI.) Qj-CAxW= . 
CFxP=COxP + OFxP. Take away Q^ 
= CO X P, and dien TA x W = OF x P. 
Whence AC : P ; : OF 2 W. But AC and P are 
always the lame; therefore W is as OF; that is, 
E4 if 
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Fig. if OF be i, 2, 3, &c. divifions, then W is i, 2, 

32. 3, &c. pounds. 

We may take notice that the divifions Oi, 12, 
23, &c. are all equal ; but CO may be greater or 
lefler, or nothing. 

If you would know how much the weight P is, 

take the diftance CA, and fet it from O alqng the 

divifions O, i, 2, 3, &c. and it will reach to the 

' number of pounds. . But this is of no confequence, 

being only matter of curiofity. 

PROP. XLVI. 

33. In the compound lever y or where fever al levers aS 
upon one anotbery as AB, BC, CD, whofe fupports 
are F, G, I ; the pcrwex P : is to the noeight W : : 
tfjBFxCGxDI : /(? AFxBGxCI. 

For the power P ading at A : force at B : : BF : 
AF; ^nd force or power at B : force at C : : CG : 
GB; and force or power at C : weight W : : DI 2 
IC. Therefore ex equoj power P : weight W : : 
BF X CG X DI : AF X GB x IC. 

And it is the fame thing in the other kinds of 
levers, taking the refpeftive ^diftances, from the 
feveral props or fupports. 

PROP. XLVII. 

34. In the wheel and axle; the weight and power will 
be iii equilibrioj when the power P is to the weight 
W ; as the radius of the axle CA, where the weight 
hangs ; to the radius of the wheel CB, where the 
pffwer a£ls. 

This is a wheel fixed to a cylindrical roller, 
turning rotind upon a fmall axis; and- having a 
rope going round it. 

Through 
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Through the center of the wheel C, draw the Fig, 
horizontal line BCA. Then BP and AW afe per- 34, 
pendicular to BA; and BCA will be a lever whofe 
fupport is C; and the power afts always at the 
difbince BC, and the weight at the diftance C A ; 
which remain always the fame. Therefore the 
weight and power adts always upon the lever BCA. 
But by the property of the lever (Prop. XLV.) 
BC : CA : : W : P, to have an equilibrium. 

Otherwife. 

If the wheel be fet a moving, the velocity of the 
point A or of W, is to that of B or P, as CA . 
. to CB; that is (by fuppofition) as P : W. There- 
fore Wx velocity of W = P x velocity of P; 
therefore, the motions of P and W being equal, 
they cannot, when at reft, move one another. 

Cor. I. If the power aBing at the radius CB, aEl 35. 
not at right angles to it ; draw CD perpendicular to / 
BP the direSlion of the power ; then the power P : is 
to the weight W : : as the radius of the axle CA :to 
the perpendicular CD. 

For in the lever DGA, whofe fupport is C, the 
power P : weight W : : CA : CD. 

Cor. 2. In a roller turning round on the axis or 36. 
fpindle FC, by the handle CBG ; the power applied 
perpendicular Iji to BC at B, is to the weight W : : 
as the radius of the roller DA, to the length of the 
bandkCB. ^ J ' 

For in turning round, the point B defcribes the 
circumference ot a circle ; the fame as if it was a 
wheel whofe radius is CB. 

Scholium. 

AH this is upon fuppofition that the rope fuf- 
taining the weight is of no fenfible thicknefs. Btit 
if it is a thick rope, or if there be feveral folds of 

it 
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Fig. it about the roller or barrel ; you muft mcafure 

36. to the middle of the outfide rope to get the raiius 
of the roller. For the diflance of the weight from 
the center is encreafed fo much, by tne ropeV 
going round. 

From hence the cfFe&s of fcvcral f<Mts of ma- 
chines, or inftruments may be accounted for, A 
roller and handle for a well or a mine, is the 
iame thing as a wheel and axle, a windlafs and a 
capftain in a (hip is the fame; and fo is a crane to 
draw up goods with. A gimblet and an augur to 
bore with, may be referred to the wheel and axle. 

The wheel and axle has a particular advant^e 
over the lever ; for a weight can but be raifed a 
very litde way bv the leven But by continual 
turning round 01 the wheel and roller, the weight' 
may be raifed to any height required. 

PROP. XLVIII. 

37. In a combination of wheels with teeth; if the power 
P he to the weight ^ i i as the proiuS of the dia- 
meters of all the axles or pinions y to the produSt of 
the diameters of all the wheels; the pofwen' and weight 
will be in equilibrio. 

AC, CD are the radii of one wheel and its axle; 

DG, GH, the radii of another ; and HI, IK are 

thofe of another. Thefe aft upon one another at 

D and H, then as the. power or force P is propa-. 

gated through all the wheels and axles to Vp" ; we 

muft proce^ to find the feveral forces afting upon 

them, by Prop. XXXVII. Thus, 

C A 
CD : CA : : P : ^jr P = £brce afting at D. 

and GH : GD : : ^ P (force at D) : cdTGH^ 

= force afting at H. 

and 



t 
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A iir Tu CAx GD ^ ^^ _ Fig, 

and IK : IH : : qq^q]^ P (force at H) : jy. 

CAxGDxIH^ , ,, „, , ,^, 

CDxGHxIK P = *^^^ ^^ K = W. And CA x 
GDxIHxP = CDxGHxIKxW; whence 
P : W: : CDxGHxIK: :CAxGDxIH. 

Cor. I . I/the weight and power be in equilibria^ 
and made to move ; the velocity of the nveight is to 
the velocity of the power y as the produSt of the dia- 
meters of all the axles or pinions j to the product of 
the diameters of aU the wheels. Or injiead of the 
diameters^ take the number of teeth in thefe axles and 
wheels that drive one another. And the fame is true 
of wheels carried about by ropes. . 

For the pai^er is to the weight; as the velocity 
of the weight to the velocity of the power. And 
the . number of teeth in the wheels and pinions, 
that drive one another, are as the diameters. And 
the ropes fupply the place of teeth. 

Cor. 2. In a combination of wheels with teeth. The 
n/imber of revolutions of the frjl wheels is to the num- 
ber of revolutions of the lajl wheel, in any time ; 
as the produSl of the diameters of the pinions or 
axles y to the produEl of the diameters of the wheels : 
or as the product of the number of teeth in the pinions^ 
to the produSl of the number of teeth in the wheels 
which drive them. And the fame is true of wheels 
going by cords. 

For as often as the number of teeth in any 
pinion is contained in the number of teeth of the 
wheel that drives it^ fo many revolutions does that 
pinion make for one revolution of the wheel. 

Scholium. 

A pinion isnothing but a fmall wheel, fixed at 
the other end of the axis, oppofite to tlie wheel ; 

and 
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Fig. and confifts but of a few leaves or teeth; and 
37. therefore is commonly lefs than the wheel. But 
in the fenfe of this propofition, a pinion may, if 
we pleafe, be bigger than the wheel. As if we 
put the power and weight into the contrary places^ 
• the wheels will become the pinions, and the 
pinions the wheels, .according to the meaning of 
this propofition. 

PROP. XLIX. 

If a power fuftains a weight by means of a fixed 
pulley ; the ponver and weight are equal: but if the 
pulley be movable along with the weighty then the 
, weight is double the power* 

A pulley is a fmall wheel of wood or metal, 
turnings round upon an axis, fixed in a block ; on 
the edge of the pulley is a groove for the rope to 
go over. 
38.. Through the centers of the pullies, draw the 
39. horizontal lines AB, CD; then will AB reprefcnt 
a lever of the firft kind, and its fupport is the 
center of the pulley, which is a fixed point, the 
block being fixed at F, And the points A, and 
B, where the power and weight aA, being equally 
diftant from the fupport, therefore (Prop. XLV.) 
the power P = weight W. 

Alfo CD reprclents a lever of the fecond kind, 
' whofe fupport is at C, a fixed point; the rope CG 
being fixed at G. And the weight W aAing at 
the middle of CD, and the power afting at D, 
twice the diftance from C; therefore (Prop. XLV.) 
the power P is to the weight W : : as iCD to 
CD ; or as I to 2. 

Cor. Hence all fixed pullies are levers of tbefirfi 
ki/idj and ferve only to change the direSlion of the 
motion ; but make no addition at all to the power. 

And 
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And therefore if a rope goes over feveral fixed putties; Fig. 
the ptnver is not increajed, but rather decriajed, iy 38. 
thefriSion. 39* 

Scholium. 

The ufe of a fixed pulley is of great fervice in 
raifing a weight to any height, which otherwife 
muft be carried by ftrength of men, which is 
often imprafticable. Therefore if a rope is fixed 
to the weight at W (fig. 38.) and paffed over 
the pulley BA ; a man taking hold at P will draw 
up the weight, without moving from the place. 
And if the weight be large, feveral perfons may 
pull together at F, to raife the weight up; where 
m many cafes they cannot come to it, to raife it 
by ftrength. 

PROP. L. 

In a combination 0/ putties j aU drawn by one rope 4.0. 
going over att the putties ; if tbe power P is to the 
weight W; as 1 to the number of the parts of the 
rope proceeding from the movable block and putties* 
Then tht power and weight will be in equiUbrio. 

Let the rope go from the power about the 
pullies in this order, ntovrs, where the laft part s 
is fixed to the lower block B. Now (Ax. 13.) ^H 
the parts of the rope ntovrs are equally ftretched, 
and therefore each of them bears an equal weight; 
but the part n bears the power P, which goes to 
the fixed block A, All the other parts fuftain the 
weight and movable block B, 'each with a force 
equal to P. Therefore P is to the fum of all the 
forces, fiiftained by 0, r, j, /, Vj or the weight 
W, as I to the number of thefe ropes immediately 
comniunicating with the movable block B. And 
all the ropes having an equal tenfion, none of 

them 
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Fig. them can move the reft, but thcjr muft remain in 

40. equilibrio. 

And if you take away the power at P, and apply 
a force at the rope / equal to P, to pull upwards 
in direAion /A ; this will, make no alteration^ 
for the rope / draws from the movable block with 
the fame force as before, and therefore the weight 
is fuftained as before; for the upper pulley (by 
Prop. XLIX.. Con) which the rope nt goes over, 
ferves only to change the direction. And there- 
fore as there are the fame number of ropes ftill 
drawing from the movable block as before ; the 
proportion holds good alfo in this refpedt. And it 
would be the fame thing if; the rope s was fixed to 
the weight W inftead of the block B; but had it 
been fixed to the block A, there* muft have been 
a pulley more below, and a rope more, which 
would have increafed the power, according to the 
propoiition. / 

Con !• Hence it appears to be a difadvanta^e to 
the power to pull againfi the fixed block. 

For the rope n has no more purchafe, or no 
more efFeft than the rope / has which draws againft 
the movable block; and therefore when one draws 
by the rope «, there muft be a pulley more^ which 
will create more friAion. 

, Cor. 2. Hence one may explain the effeSs of all 
forts of machines compofed of pullies; or find out 
fuch a conftri^ion or combination of them as to anfwer 
any purpofe defired. And to find its force, begin at 
theptm^er and call it. i ; then aU the parts of the 
running rope that go and return about feveral pullies, 
muft be each numbered alike. And any rope that aSls 
againft fever al others mujl be numbered with the fum 
of tbefe. Andfo on to the weight. 

. For 
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For example; fuppofe a man wanted to draw him- Fig* 
fclf up to the top of a houfe or a church. Get a 4i* 
pulley A fixed at the top, and place another B at 
the bottom. Let a rope be fixed to the upper 
block A, and brought down about the pulley B, 
and then put round the upper pulley, and fo 
brought to the ground at H. Then if a croft 
•ftick CD be fattened to the block B by a rope ; a 
man may get aftride of the dick, and then dniw 
himfelf up by the rope H, And the power to draw 
himfelf up, • will be little more than j- of his 
weight. For the power at H, and the two parts 
of the rope going about the pulley B, fuftain all 
his weight ; and each of them fuftains one third 
ofit. 

If inftead of the ftick CD, he takes a chair to 
fit in ; then when he has drawn himfelf up to any 
height he plcafes, he may fix the rope H to the 
chair, and then do any fort of bufinefs, as fet up 
a dial, point the walls, and fuch like, as is com- 
monly done. 

Again, feveral tackles are ufed aboard a fhip, 42. 
for hoifting goods and the like. Let A,'B be two 
blocks with puUies, the upper one being fixed^ 
and let a weight W be fufpended at the fingle pul- 
ley and rope, one end of the rope being fixed at 
F, and the other fattened to the movable block B. 
This pulley and rope BCF is calle<i a Runner. Let 
the power be at P, call it i ; then all the ropes go- 
ing from B to A, mutt be each of them i, and 
the rope going from the block B, afting againft 
thefe four mutt be marked 4, and the other part 
of it CF mutt alfo be 4. Lallly, the weight act- 
ing againft thefe two , muft be 8. And then the 
power P is to the weight W, as i to 8. 

ABCD is another tackle with a runner BAD, A 43. 
being a fixed pulley ; the two blocks B, C, are 
both movable. The rope DAB is fixed to the 

weight 



8o MECHANIC POWERS. 

Fig. weight at D, and to the block B. The rope PB 
43* ?^^^ ^"^ returns about the pullies BC, and at laft 
is fattened to the block C. Let P be the power, 
mark it i, then the other parts of the rope between 
the blocks, muft alfo be i apiece. " Then CI aft- 
ing againft 3, muft be 3. And AB is 4, as it afts 
againft 4; likewife AD muft be 4. Therefore the 
whole force that fuftains the weight W is 3 and 4, 
Or 7. And the power to the weight as i to 7. 

44. The following is a fort of Spanifh burton, A and 
F are two fixed pullies ; C and B two movable 
ones. The rope going from the pgwer P, goes 
round C, B, and A, and is fattened to the block 
B. Another rope is fattened to the block B, and 
goes over the *pulley F, and is fixed to the 
block C. Then marking the power P, i. Then 
each part of the rope, continued over C, B, iind - 
A to B again mutt be each i. Then FC muft be 
2, as it afts againft two parts ; and likewife the 
other part of it FB muft.be 2. Then the whole 
that lifts the weight W, is 1 + 1 + 1 + 2 = 5. 
And therefore the power is to the weight as i to 5. 

The friftion between the pullies and blocks is 
fomctimes confiderable. To remedy which, they 
mutt be as large as they can conveniently be made, 
and kept oiled or greafed. 

PROP. LI. 

45. In thefcrew, if the power applied at E, be to 
the weight, prejfure, &c. at B; as the dijfance of 
two threads of the fcrew, taken parallel to the axis 
of it, is to the circurnference defcribed by the power at 
E; then the weight and power will be in equilibrio. 

A fcrew is an inttrument confifting of two parts 
A^>, CD, fitting into one another. AB is the male 
fcrew, called the top or fpindle ; this is a long 
cylindrical body, having its furface cut into ridges 

and 
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Fifr 

45* Scholium. 

Scrcfws with Iharp threads have far more friftion 
than thofe with fquarc threads^ and therefore move 
a body with more difficulty. 

The fcrew, in moving a body afts like an in- 
clined plane. For it is juft the fame as if an in- 
clined plane was forced under a body to raife it ; 
the body being prevented from flying back, and 
the bafc of the plane being driven parallel to the 
horizon. 

The ufe of this power is very great. It is of 
great fcrvice for fixing feveral things together by 
help of fcrew nails ; it is lijcewife very ufeful for 
fqueezing or preffirig things clofe together, or 
breaking them ; alfo for railing or moving large bo- 
dies.' The fcrew is ufed in prefles for wine, oil, or 
for fqueezing the j uice out of any fruit. The very 
friftion of this machine has its particular ufe, for 
when a weight is raifed to any height; if the power 
be taken away, the fcrew will retain its pofition, 
and hinder the weight from defcending again by 
its frfdion, without any other power to fuftain it. 

In the common fcrew, fuch as is here fuppofed; ' 
the threads are all one continued fpiral from one 
end to the other; but where there are two or more 
fpirals, independent of one another, as in the 
worm of a jack ; you muft meafure bet>yeen thread 
and thread of the fame fpiral, in computing the 
power. 



PROP. 
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Fig. 
PROP. LII. 

h the endlefsfcrtw, where the teeth of the worm 46* 
erjpindle AB, drives the wheel CD j b) aSing againft 
the teeth of it. If the power applied at P, is to the 
weight W, aEling upon the edge of the wheel at C 
: I as the dijlance of two threads ^ or teeth ^ between 
fore fide and fore Jide^ taken along AB ; is to the 
eircumference defcrtbed by the power P. ^ Then tht 
weight and power will be in equilibrio. 

The endlefs or perpetual fcrew is one that turns 
perpetually round the axis AB j and whofe teeth ' - 
fit exadly into the teeth of the wheel CD, which 
are cut obliquely to anfwer them : fo that as AB 
turns round, its teeth take 'hold of the teeth of 
the wheel CD, and turns it about the axis I, and 
raifes the weight W. 

For by one revolution of the power at P, the 
wheel will be drawn forward one tooth ; and the 
weight W win be raifed the fame diftance. Thjre- 
fore the velocity of the power, will be to that of 
the weight; as that circumference, to one tooth : : 
that is (by fuppofition) as the weight W, to the 
power P. Therefore the power P x velocity of 
r = W X velocity of W ; therefore their motions 
being equal, they will be in equilibrio. 

* 

Con If a weight N be fufpended at E on the axle 
EF4 then if the power P, is to the weight N : : ^ j 
the breadth of a tooth x EF, to the circumference 
defcrtbed by P x CD. They will be in equilibrio. 

Or if the porwer P; is to the weight^ : : as 
radius of the, axle EI, to the radius of the handle 
VP xby the number of teeth in CD j they will be in 
equiUbrio. 

F * ; For : : 
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Fig, For power P : weight W : : i tooth : circumference. 

46. andweightWiweightN : : EF : CD. 
therefore P : N : : i tooth x EF ; CD x circumference. 

Or thus, whilft EF turns roAnd once, P turns 
round as oft as CD has teeth ; whence EI : BP 
X number of teeth : : velocity of N : velocity of 
P : : P : N. 

Scholium. 

47. As the teeth of the wheel CD, muft be cut 
obliquely to anfwer the teeth or fcrew on AB ; 
fuppofing AB to lie in the plane of the wheel CD; 
and therefore the wheel will be afted on obliauely 
by the fcrew AB. To remedy that, the fcrew 
AB may be placed oblique to the wheel, in fuch 
a pofition, that when the teeth of the wheel arc 
cut ftraight or perp. to its plane, the teeth of the 
fcrew AB, may coincide with them, and fit them. 
By that means the force will be direfted along the 
plane of the wheel CD. Fig. 47 explains my 
meaning. 

This machine is of excellent ufe, not only in 
itfelf, for raifing great weights, and other purpofes; 
but in the conflxudion of leveral forts of compound 
engines. 

PROP. LIIL 

48. In the wedge ACD, if a power aEling perpendi* 
cular to the back CD, is to the force aBing againjl 
either fide AC, in a direSlion perpendicular to it; as 
the back CD, to either of the fides AC ; the wedge 
will be in equilibrio. 

A. wedge is a body of iron or fome hard fub- 
ftance, in fo m of a pnfm, contained between two 
ifoceles triangles, as CAD. Ab is the height, 
and CD the I ack ot it ; AC, AD the fides. 

Let AB bo perp. to the back CD, and BE, BF, 
perp. to the fides AC, AD. Draw EG, FG pa- 

raUel 
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*rallel to BF, BE ; then all the fides of the para!- Fig. 
lelogram BEGF are equal. The triangles EGB, 48. 
ADC are fimilar ; for draw EOF, which will be 
pcrp. to AB ; then the right angled triangles AEB, 
AEG, are fimilar, and the angle ABE:= AEOc;= 
ACB; that is, GBE = ACD, and likewife BGE 
= ADC, whence CAD = BEG. 

Now let BG be the force afting at B, in direc- 
tion BA, pcrp. to CD j then (Prop. fX.) the forces 
againft the fides AC, AD, will be in the diredfons 
EB, FB; and therefore EB, EG will reprefent 
thefe forces (by Prop. VIIL), when they keep one 
another in equilibrio., Therefore force BG applied 
to the back of the wedge, .is to the force BE, 
perp. to the fide AC; as BG to BE; that is, (by 
fimilar triangles) as CD to CA. 

Cor. I. The power aSling againft the back at B, i> 
*to that part of the force againft AC, which aSls pa- 
rallel to the back CD ; as the back CD, is to the 
height AB. 

For divide the whole force BE into the two BO, 
OE ; the part EO a(5ts parallel to CD ; therefore 
the force afting at B, is to the force in diredion 
QE or BC ; as BG to OE ; that is, (by fimilar tri- 
angles ) as CD to AB. 

Cor. 2. By reafon of the great friBion of the 
wedge ^ the power at B, muft be to the rejijlance 
againft one fide AC ; at leaft as twice (he bafe CD, 
to the fide AG, taking the refifiance perp. to AC. 
Or as twice the bafe CD, to the height AB, for the 
refifiance parallel to the bafe CD ; to overcome the re- 
fifiance. But the^power mufi be doubled for the refif 
tance againfi both fides. 

For fince the wedge retains any pofition it is^ 
driven into ; therefore the fridion muft be at leaft 
equal to the power that drives it. 

F 3 Con 
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Fig. Cor# 3. 1/ yeu reckon the rejiftance at both Jldei 
• 48. of the wedge; then^ if there is an equilibrium^ the 
pwer at fi, is4o the whok rejijtance ; as the back 
CD, to tbefutn ojthejidesy CA, AD, reckoninzthi 
refijlance perp. to the fides. Or as the back CU, /# 
'twice the height. KR, for the refiftance parallel to tb$ 
back CD. 

This follows dirc&ly from the t^rop. and Cor. i . 

ScHOLIVM. 

The principal ufe of the wedge is for the cleav- 
ing of wood, or feparating the parts of hard bo- 
dies, by the blow of a mallet. The force im- 
prefled by a niallet is vaftly great in comparifon of 
a dead weight. For if a wedge, which is to 
cleave a piece of wood, be prefled down with 
never fo great^a weight, or even if the other me- 
chanical powers be applied to force it in ; yet the 
effcd: of them will fcarce be fenfiblc ; and yet the 
ftroke of a fledge or mallet will force it in. This 
efFed is owing very much to the quantity of mo- 
tion the mallet is put into, which it communicates 
in an ihftant to the wedge, by the force of pcrcuf- 
fion. A great deal of the refiftance is owing to 
friftion, which hinders the motion of the wedge ; 
but the ftroke of a mallet overcomes it ; upon 
which account the force of percuffioh is of excel- 
lent ufe ; for a fmart ftroke puts the body into a 
tremulous vibrating motion, by which the parts 
are difunited and feparated ; and by this means the 
friftion or fticking is overcome, and the motion of 
the wedge made eafy . 

This mechanic p^. wer is the fimpleft of any.; 
and to this, may be reduced all edge tools, as 
knives, axes, chiffels, fciflars, fwords, files, faw$, 
fpadcs, (hovels, &c. which arc fo many wedges 
faftened to a handle. And alfo all tools or inftru- 

ments 
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ments with a fharp point, as nails, bodkins, nee- Fig. 
dlesi pins ; and all inftryments to cleave, cut, flit;, 48. 
chop, pierce, bore, and the like. And in general 
£ 11 inftruments, that have an edge or point. 

This Prop, is the faaie as Prop. XXX, in my 
large book of Mechanicks, but demonftrated after 
a different way ; and both come to the fame thing, 
which evinces the truth thereof. 

In this Prop. I have (hewn under what circum- 
ftance the wedge is in equilibrio; and that is^ 
when the power is to the force againft cither fide ; 
as the back, is to that fide. Therefore it muft be 
very ftrange, that any body fliould underftand it, 
as if I had faid, that the power is to the whole 
refiftance ; as the back is to one fide only. They 
that do this, muft. be blind or very carelcfs. 
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SECT. V. 

Tie comparative Strength of Beams of 
Timber^ and the Strefs theyfuftain. 

. The Powers of Engines^ their Motion^ 
and FriEiion. 



PROP. LIV. 

45, JF a beam. of wood AB, wbofefeSim is a par allele 

lograniy be Jupporied at the ends A and B, by two 

props C, D. And the weight E be laid on the middle 

of ity to break it ; the Jlrength 6f it will be as the 

fquare of the depth EF, when the breadth is given. 

For divide the depth EF into an infinite num- 
ber of equal parts at «, tr, p^ y, r, &c. Now the 
flrength of the beam confifts of the ftrength of 
all the fibres F«, «o, op^ &c. And to break thefe , 
fibres, is to break the beam. Alfo when the beam 
is ftretched by the weight, the fibres F«, no^ opy 
&c. are ftretched by ,the power of the bended 
levers AEF, AE«, AEo, &c. whofe fupport is at 
E, and power at A. For the preffure at A being 
• half the weight E, we muft fuppofe that preffiire 
^ applied to A, to overcome the refiftances at F, «, 
Oy &c. Put the force or preflure at A = P, then 
P afts againft all the fibres at F, «, (7, &c. by 
help of the bended levers AEF, AE;^, AE(?, &c. 
But it is a known property of fprings, fibres, and 
fuch like expanding bodies ; that the further they 
are ftretched, the greater force they exert, in pro- 
portion to the length. Therefore when the beam 
breaks 3 that is, when the tenfion of the fibre Pn 

is 
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is at its utmoft extent j then tbofe in the middle Fig. 
between F and E will have but half the tendon, and 49. 
thofe at all other diftances, will haye a tenfion pro- 
portional to that diftance. This being fettled, let the 
utmoft tenfion of »F be = i ; then the tenfiojtis at », 

En Eo Ep ^ , , ^ 

0, p, &c. will be gp-, gp-, -^, &c.andthelevc- 

ral forces, tliefe exert againft the point A, by means 
of the bended levers FEA, «EA, oEA, &c. will 

FE En^ E(?* Ep^ 

^^ Ia ' EFxEA' EF x EA' EF x ea*^" • 

the fum of all is = £p^ ^^ ^ "^^^ EF* +E«* 

+ Eo*+E^* &c. too. But (Arith, Inf. Prop. 
III.) the fum of the progreffion EF* +E«* +Eo* 
&c. to o, is -fEF^ Therefore the fum of all the 

forces exerted at A; that is, P = :pr= — rrxx 

EFxEA. 

EF* 
j-EF^= g^A ' But V=zi weight E, therefor 

EF* 
weight Errrf X p^ ■, when the beam breaks. 

' In like manner for any other depth Ep, the weight 

t that would break it is = ^^ , . Whence the 

weight E to the weight e, is as EF* to Ej>*; that 

is^ as the fquares of the depths ; for ^ Is a 

given quantity. Therefore the ftrength of the 
beams, are as the fquares of the depths. 

Cor. I. He:ice thejlrengtb of feveral pieces of the 
fame timber j are to one another as the breadths and 
fquares of the depths. 

For by this Prop, they are as the fquares of the 
depths when the breadth is given. And if the 
breadth be increafed in any proportion, it is evi^ 

dent 
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Fig. dent the ftrcngth is encreafed in the fame propor- 
49: tion. So that a beam of the fame depth being 

twice as broad is twice as ftrong, and thrice as 

broad is thrice as ftrong, &c. 

50. Cor. 2. If Jeveral beams of timber as AF of the 
' fame lengthy fiick out of a wall; their frengtb to 
bear any weight W fufpended at the endy is as the 
. breadth andjquare of the depth. 

This follows from Cor. i. only turning the beam 
iipfide down, to make the wei^t W fufpended at 
A a6t downwards inflead of prefling upwards. 

49. Cor. 3* If fever al pieces of timber be laid under 
one another^ they will be no ftronger than if they 
were laid fide by fide. 

For not being connected together in one folid 
piece, they pan only exert each its own ftrength, 
which will be the fiime in any pofition. * 

Cor. 4. Hence the fame piece of timber is flronger 
when laid edgeways or with the flat fide up anddown^ 
than when laid flat ways^ or with the flat fide hori- 
zontal; and that in proportion of the greater breadth 
to the lejfer. 

For let B be the greater breadth, or the breadth 
of the flat fide ; b the lefTer breadth, being the 
narrow fide. Then the ftrength edge ways is BB^, 
and fiat ways Bbb ; and they are to one another as 
Bto^. 

PROR LV. 

49. If a beam of timber AB be fupported at both ends; 
and a given weight E laid on the middle of it ; the 
firefs itfuffers by the weighty will be as its length AB. 

For half the weight E is fupported at A, by the 
prop C ; and the preffure at C is equal to it. And 
this preffure is always the fame whatever length 

AB 
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AB is of. But it was (hewn in the laft Prop, that Fig, 
the preffure at A, breaks the fibres F», noy opy ice. 49, 
by means of the bended levers AEF, AE«, AEo^ 
&c. But (by Prop. XLV.) when the lengths EF, 
E«, Ee>, &c. are given, and the power at A alfb 
given; the effed at F, «, 0, &c. is lo mv^ch greater, 
as the arm AE is longer ; that is, the ftrefe at the 
feftion EF, is proportional to ^c diftance AE, 
m to the length of the beam AB. 

Cor. I. If AF be a heamfiicking out of a wallj 50. 
and a weight W hung at the end of it. %he flrefs it 
fuffers by the weighty at any point G, will be as the 
Sfiance AG. . * * - 

For this has the fame effeft, as in the cafe of 
this Prop, only turning the beam upfide down. Or 
thus, fuppofe AHG to be a bended lever, whofe 
fulcrum is H ; then fince GH is given, and the 
weight W ; therefore by the power of the lever, 
the longer AH is, the more force is applied at G, 
or any other points, in GH, to (eparate the part* 
of the wood ; and therefore the ftrefs is as AG* 

Cor. 2. therefore infiead of a weighty if any 
force be applied dt the end A, of the lever AF; 
the Jlrefs at any part G, will be as the force ^ and 
dijiance AG. 

For augmenting the force, the llreis is increafed 
in the fame ratio. 

Cor. 3.. Hence alfo if any weight lie upn the 49. 
middle of a horizontal beam ; the Jirefs there will 
be as the weight and length of the beam. 

Fdr if the weight be increafed, the ftrefs will 
be increafed proportionally, all other circumftance* 
remaining the fame. 

Cor. 4. The Jirefs of beams by their own weighty ^ 
will be as thefquares of the lengths. 
For here the weight is as the length. 

PROP. 
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^*S- PROP. LVI. 

£1, If AB he a beam of timber ivhofe length is given ; 
and fupported at the ends A and B ; anfi if a given 
'^weight W be placed at any pint of it G. Tbeftrefi 
Iff the beam at G, will be as the reSangle AGB. 

Let the givcivweight be W. Then (Cor. 3. Prop» 
XLV.) the weight W is equal to the preflure at 
both A and B. And (Cor. 2. Prop. XXXI.) pref- 
fiirc at A : preflure at B : : BG : AG,andpreff. A : 
preff. A + i)reir. B : : BG : BG + AG ; that is, 
preff. A : weight \Y 2 : BG : AB, therefore prcffure 

at A=-Tg W, and this is die force re»a6ting at A- 

But (Prop. LV. Cor. 2.) the ftrefs at G by this 
force ading at the diftance AG, is as the force 

multiplied by AG; that is, as — .^ x W. 

But W and AB are given, and therefore the ftreis 
at.Gisas AGxGB. 

Cor. I. The great/afi flrefs of a beam is when the 
weight lies in the middle. 

For the greateft reftangle of the parts, is in that 
point. 

Cor. 2. The Jlrefs at any point V by a weight at 

G; is equal to the Jlrefs at G, by the fame weight at P. 

For when the weight is at W, the ftrefi at G is 

BP 

AG X GB, and the ftrefs at P = ^57^ x the ftrefs at 

BP 
G = g^ X AG X GB = BP x AG. Again, when 

the weight is at P, the ftrefs at P is AP x PB 5 
and the ftrefs at G = -j^ x laft ftrefs = -xp x 

AP xPB = AG xPB, the fame as before. 

PROP^ 
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PROP. LVII. '^"^ 

If the difianct of the walls AD and BC be given^ 52. 
and AB, AC be two beams of timber of equal thicks 
nefs ; the one horizontal^ the other inclined. And if 
two equal weights P, Q^, be fuj^ended in the middle 
of them ; the frejs is equal in bothy and the one wiU 
asjoon break as the other ^ by thife equal weights* 

For (Prop .XIV.) AC : AB : : weight P : 
AB "-»> 

•^P = prefrure againft the plane, or the part of 

the weight the beam AC fuftains. And (Cor. 3. 

AB " 

Prop. LV.) the ftrefs upon AC is "x^P x AC or 

AB X P ; and the ftrefs on AB is Qj< AB, which 
is equal to AB x P, becaufe the weights P, Q^arc 
equal. Therefore, the ftrefs being the fame, and 
the beams being of equal thicknels, one will bear 
as much as the other, and they will both break 
together. 

Cor. I. If the beams be loaded with weights iti 
any other places in the fame perpendicular line as F, 
G ; they will bear equal ftrefs, and one will as foon 
break as the other. 

For they are cut into parts fimilar to one ano- 
ther; and therefore ftrefs at F : ftrefs by P : : 

AB* 
AFC : iAC* : : AGB : : : ftrefs by B : 

ftrefs by Qj)r ftrefs by P, Therefore ftrefs at F = 
ftrefs at B. 

Cor. 1. If the two beams be loaded in proportion 
to their lengths ; the ftrefs by thefe weights ^ or by 
their own weights , will be as their lengths y and there- 
fore the longer , thatftands aftope^ willfooner break. 

For 
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Fig- For the ftrcfs upon AC was AB x P, and the 
5** ftrefs on AB was AB x Q ; but fince P and Qarc 
to one another as AC and AB, therefore the ftrefs 
on AC and AB will be a3 AB x AC and AB x 
AB ; that is, as AC to AB. And in regard to 
their own weights^ thefe are alfo proportional f 
their lengths. 

PROP. LVIII. 

53. Lef AB, AC^ l^e two beams of timber of equal 
length and thicknefs^^tbe one horizontaU ^he other fet 
Jhping. And if CD be perp. to AB, and they be 
loaded in the middle with two weights P, Qj^ which 
are to one another as AC to AD. ^en the firefi 
will be equal in both, and one will as foon break as 
the other. 

AD 
For (Prop. XIV.) AC : AD : : P : ^P~ 

preffure of P in the middle of AC. And by fup- 

AD 
pofition, AC : AD : : P : Qj therefore Tr^" 

Q, the weight in the middle of AB. Therefore 
the forces in the middle of the two beams are the 
fame ; and the lengths of the beams being the fame, 
therefore (Prop. LV.) the ftrefs is equal upon both 
of them ; and being of equal thicknefs, if one 
breaks, die other will break. 

Cor. If the weights P, Q^, be equal upon the two 
equal beams AB, AC. ^e ftrefs upon AB will he 
to ^ he ftrefs upon AC, ^ AB or AC to AD . The 
fame holds in regard to their owfi weights. 

For the weight Qjs increafed in di^t proportion. 

I Scholium. 

Many more propofitions relating to the ftrength 
of timber might be infertcd j as for example, if a 

weight 



Sed- V. . STRESS OF TIMBER. 95 

wdght was di^ofed equally through the length of F^ 
the beam AB (fig. 5i.)j fuppofed at both ends; 53, 
the ftrefs in any point G, is as the re<5langle AGB» 
And the ftrefs at any point G is but half of the 
ftrefs it would fufFer, if the whole weight was fuf- 
pended at G. Alfo if AF (fig. 50.) be a beam 
fixed in a wall at one end, and a weight be dif- 
perfed uniformly through all the length of it. The 
ftrefs at any point G, with that weight (or with its 
own weight, if it be all of a thicknefs)^ will be as 
AG fquare, the fquare of the diftance from the 
end. And the ftrefs at any point G by a weight 
fufpended at A, will be double the ftrefs at the 
iame point G, when the feme weight is difperfed 
uniformly through the part AG. They that would 
lee thefe and fuch like things, demonftrated, may 
confiilt my large; book <rf" Mechanics, to which I 
refer the reader, 

PROP. LIX. 

If fever al pieces of timber he' applied to afpy me- 
chanical ufe where flrength is required ; not only 
the parts of the fame ^piece, but the fever al pieces in 
regard to one another^ ought to be fo adjujtedfor big- 
nefsy that the flrength may be always proportional to 
ihejlrefs they are to endure. 

This Prop, is the foundation of all good Mecha- 
nifm, and ought to be regarded in all forts of 
tools and inftruments we work with, as well as in 
the feveral parts of any engine. For who that is 
wife, will overload himfelf with his work tools, or 
make them bigger and heavier than the work re- 
quires ? neither ought they to be fo flender as not to 
be able to perform their office. In all engines, it muft 
be c. nfidered what weight every beam is to carry, 
and proportion the ftreogth accprdingly. AH le- 
vers 
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Fig. vers muft be made ftrongeft at the place where 
they are ftrained the mod ; in levers of the firft 
kind, they muft be ftrongeft at the fupport. In 
thofe of the fecond kind, at the weight. In thofe 
of the third kind, at the power, and diminifh pro- 
portionally from that point. The axles of wheels 
and puUies, the teeth of wheels, which bear greater 
weights, or aft with greater force, muft be made 
ftronger. And thofe lighter, that have light work 
to do. Ropes muft be fo much ftronger or weaker, 
as they have more or lefs tenfion. And in general, 
all the parts of a machine muft have fuch a degree of 
ftrength as to be able to perform its office, and no 
more. For an excefs of ftrength in any part does 
no good, but adds unneceflary weight to the ma- 
chine, which clogs and retards its motion, and 
makes it languid and dead. And on the other hand, 
a defeft of ftrength where it is wanted^ will be a 
means to make the engine fail in that part, and go 
to ruin. So neceflary it is to adjuft the ftrength to 
the ftrefs, that a good mechanic will never negledt 
it; but will contrive all the parts in due proportion,' 
by which means they will laft all alike, and the 
whole machine will be difpofed to fail all at once. 
And this will ever diftinguifti a good mechanic 
from a bad one, who either makes fome parts fo 
defeftive, imperfeft and feeble as to fail very foon; 
or makes others, fo ftrong or clumfey, as to out 
laft all the reft. 

From this general rule follows 

Cor. I. In fever al pieces of timber of the fame 
fort, or in different pftrts of the fame piece i the breadth 
multiplied by the fquare of the depth j muft be as the 
length multiplied by the weight to be borne. 

For then the ftrength will be as the ftrefs. 

Cor. 2. The breadth multiplied by the fquare of the 
depth, and divided by the produEt of the length and 
iveighty mufl be the fame in all. Cor. 
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Cor. 3. Hence may be computed the firength of Fig. 
timber^ proper for feveral ufes in building. As, 

1. To find the dimenfions of joifts and boards ' 
for flooring. Let b, d^ I be the breadth, depth 
and length of a joift, n = number of them, x = 
their diftance, ^ = depth of a board, Ty= weight; 
then nbdd = firength of all the joifts, ai\d wl— 
ftrefs on them,'alfo »i^^ = ftrength of the boards^ 

and wx their ftrefs; therefore — r = — ^; and x 

wl wx 

= -^, for the diftance of the joifts, . or the length 

of a board between tjiem. Or ^ = -7^, or dd^ 

ddx 

-~^, and {6 on, according to what is wanted. 

2. To find the dimenfions of fquare timber for 
the roof of a houfe. Let r, j, /be the length of 
the ribs, fpars and lats, fo far as they bear; ^, j, z 
their breadth or depth, n the diftances of the lats, 
w = weight upon a rib, c = cofine of elevation 
of the roof- Then by reafon of the inclined plane, 

-^ x.r= weight upon a Ipar. And = weight 

/ — /J 

upon a lat : for the ribs and lats lie horizontally. 

x^ y3 2r' 

Therefore (Cor. 2.) = -7 = ■ < . — • 

' X C I X 



r rs 



Whence x ' = ^, and jc ' = "^— • Hence if any 

one jr, j, or z be given, and all the reft of the 
quantities ; the other two may be found. Or in 
general, any two^being unknown, they may be 
found, from havii^ the reft given. 

For example, let r = 9 feet, j = 4 feet, / = 
15 inches, « = 11 inches, c = .707 the cofine of 
45^, the pitch of the roof. And airumej)i=2i 

G inches ; 
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^' inches; then x = 24\X TTZZ = 7-i inches. And 

^ 3-535 ^ 

z ^y^y^^ = 2 \\/z^ ^ I* inches. 

54* 3. To find the curve ACB, into the form of 
which, if a joift be cut, on the upper or under 
fide ; and having the two fides parallel planes^ 
which are perp. to the horizon. That the faid joift 
(hall be equally ftrong every where to bear a given 
weight, fufpended on it. 

Lex t^he weight be placed in the ordinate CD ; 
and the breadth of the beam, and the weight being 
given Vi then (Pr<g). LIV.) the ftrength at C is as 
CD*. Arid^Prop. LVI.) the ftrefs is as ADB. 
Therefor^ that the ftrength may be as the ftrefs, 

. 3 Cb^Ts as'the'reftangle ADB ; and therefore the 

,^ 6urve ACB is an eUipfis. 

5^ * 4. To find the figure of a bcjam AB, fixed with 
one end in a wall, and haying a given weight W 
fufpended at the other ep4 B ; and being every 
where of the fame dept^; it may be equally ftrong 
throughout. /: jr * . 

Let CD be the breadth at C ; then (Prop. LIV.) 
the ftrength is asTD.' And (Cor. i. Prop. LV.) 
the ftrefs js as (!]§%;/ Therefore CD is everywhere 
as CB, and th^^ore CDB is a plane triangle. And 
the beam is-rrrprifm, whofe upper and under fides 
are paraHeK<^ the horizon. 

56. 5. T^' find the figure of a beam AB, fticking 
\Mi«h-olife end in a wall, and of a given breadth ; 
j^avifig a weight W fufpended at the end B ; fo 
'" that it may be equallv flrong throughout. 

' . Let CD b: the depth at C. Then fince the 
breadth is eiven, the ftrength is as CD*. And the 
ftrds as DB ; therefore CD* is as DB. Whence 
CD is a common parabola. 

^y. 6. To find the figure of a beam AB, of the 
fame breadth and depth, fticking in a wall with 

one 
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one end, and bearing a weight flifpended at the Fig. 
other end B; fo that it may be equally ftrong ^y, 
throughout. 

Let CD be the thicknefs atO. Then the ftrength 
is as CDs and the ftrefs is as BO. Therefore BO 
is as CD 3 or as CO^ And confequendy ACB is 
a cubic parabola, whofe vertex is at B. 

7. In like manner, if CDB be a beam fixed with 58. 
one end in a wall, and all the fides of it be cut 
into the form of a concave parabola, whofe vertex 
is at B. It will be equally ftrong throughout for 
fupporting its own weight. 
. For putting BO = a:, CO=j;, then by nature 
of the curve, ay-xx. But the folidity oj'CBD is 

— =^. Arid the center of gravity I, is diftant 

\x frpm B,. therefore Ol=ijr. Now CD' or 

Sy ' = ftrengthat O. AndCBD x OI or 3'^!%^ ^ 

\x = ftrefs. Therefore the ftrength : to the flrefe : : 

is as 8y» : to ^ - — : : 8v : ^—^ : : 8y : 

: : 340 : 3.1416^, that is, m a given 

ratio. And as as this happens every where, the 
folid is equally ftrong in all parts. 

I muft take notice here that the 11 6th figure in 
my large book of Mechanics, is drawn wrong. It 
ftiould be concave inftcad of being convex. 
\ 8. Again, if AB be the fpire of a' church which ^p. 
is a folid cone or pyramid; it will be equally ftrong > 
throughout for refitting the wind.^ For the quan- 
tity of wind falling on any part ''of it ACD, wil^ 
be as the fedtion ACD. Therefore let AO = ;r, 
CD=;^, and x = ^; then the ftrength' at = 
y 3^ and if I be the center of gravity of ACD, then : •' -. 

G 2 01 : 
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Fig. Ol = -fjf. And the ftrefs at O = wind ACDx 
59. Ol-=xyxix. Therefore the ftrength is to the 
ftrefs : : asjr* : j^xzy : :yy i :f** or i^ayy • * 3 • 
aa; that is, in a given ratio. Therefore the fpire 
is equally ftrong every where. 

Scholium. 

It is all along fuppofed that the timber, &c. is 
of equal goodnefs^ where thefe proportions for 
ftrength are made. But if it is otherwife, a pro- 
per allowance muft be made for the defeft. 

In thefe Propofitions, I have called every thing 
Strengiby that contributes in a dircft proportion to 
refift any force afting againft a beam to break it ; 
and I call Strefs^ whatever weakens it in a dirc6t 
proportion. But the whole may be referred to 
the article of ftrength; for what I have called ftrefs 
may be reckoned ftrength in an inverfe ratio. Thus 
the ftrength of a piece of timber'may be faid to 
be diredly a& the breadth and fquare of the depth, 
and inverfely as its length, and the weight or force 
applied ; and that is equivalent to taking in the 
ftrefs. But I had rather keep them diftindt, and 
refer to each of them their proper efFefts, as I 
have all along done in the foregoing examples. 

A piece of wood a foot long, and an inch fquare, 
will bear as follows; oak from 320 to 1 100;* elm 
from 310 to 930; fir from 280 to 770 pounds, 
according to the goodnefs. 



PROP. 
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Fig. 
PROP. LX. 

In any machine contrived to raife great weights; if 
the power applied^ be to the weight to he rat/ed ; as 
the velocity of the weighty to the velocity of the 
power ; the porwer will only be in equilibrio with the 
iveight. Therefore to raife itj the power muft be fo 
far increafedi as to overcome all the friRion and re- 
fifiarice arifing from the engine .or otherwife ; and 
then the power will be able to raife the weight. 

A man would be much miftaken, who fhall 
make an engine to raife a great weight, and give 
his power no greater velocity, in regard to the ve- 
Jocity of the weight, than the quantity of the 
weight has in regard to the quantity of the power. 
For when he has done that, his weight and power 
will but have equal quantities of motion, and 
therefore they cannot fet one another a moving, 
but muft always remain at reft. It is neceffary 
then, that he do one of thcfe two things, i . That /- - 
he apply a power greater than in that proportion, fb 
much as to overcome all the fridion and other ac- 
cidental refiftance that may happen : and in fome 
* engines thefe are very great. Or a. He muft fo 
continue his engine, that the velocity of the power, 
which fuppofe he has given, may be fo much 
greater than the velocity of the weight ; as the 
quantity of the weight, friftion, and refiftance and 
all together, is greater than the power. This be- 
ing done, die greater power will always overcome 
the leffer, and his engine will work. 

If a inan does not attend to this rule, he will be 
guiliy of many abfurd miftakes, either in attempt- 
ing diings that are impoffible, or in not applying 
means proper for the purpofe. Hence it is that 
engines contrived for mines and water-workS fo of- 

G 3 ten 
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Fig. ten fail ; as they muft when either the quantity or 
velocity of the power is too little ; or which is the 
fame thing, when the velocity of the weight is too 
great, and therefore would require more power 
than what is propofed. As the weight is to move 
flow, the confequence is, that it will be fo much a 
longer time in moving through any fpace. But there 
is no help for that. For as much as the weight to 
be raifed is the greater, the time of raifing it will 
be fo nduch greater too. 

Cor. J. Hence in raifing any weighty wbatis gain- 
ed in power is loft in time. Or the time of rifing 
through any height will be fo tHucb longer as the 
weight is greater. 

If the power be to the weight as i to 20; then 
the fpace through which the weight moves will be 20 
times lels, and the time will be 20 times longer in 
moving through any fpace, than that of the power. 
The advantage that is gained by the ftrength of 
the motion, is loft in the llownefs of it. So that 
though they increafe the power, they prolong the 
time. And that which one man may do in 20 days, 
may be done by the ftrength of twenty, men in one 
day. 

Cor. 2. The quantity 0/ motion in the weight is not 
at all increafed by the engine. And if any given 
quantity of pov^r be immediately applied to a body at 
liberty^ it will produce as much motion in ity as it 
would do by help of a machine. 

PROP. LXI. 

If an engine be compofed of feveral of the fimple 
mecbanie powers combined together ; // will produce 
the fame effeSly fetting afide friUion ; as any onefim-- 
pie mechanic power would doy which has the fame 
pomer or forte of ailing. 

For let any compound engine be divided into all 
the fimple powers tfiat compofe it. Then the force 

or 
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or power apjdied to the firft part, will caufe it to Fig. 
a£k upon the fecond with a new power, which 
would be deenaed the weight, if the machme had 
no more parts. This new power afting on the fe- 
cond part, will caufe it to adt upon the third part 2 
and that upon a fourth, and fo on till you come 
at the weight, which will be afted on, by all thefe 
mediums, juft the -fame as by a fimple machine, 
whofe power is equal to them all. 

Con I. Hence a compound machine may be made^ 
ivhich Jhall have the fame power y as any Jingle oni 
propofed. 

For if a lever is propofed whofe power is 100 to 
I ; two levejrs ading on one anotlier will be equi- 
valent to it, where die power of the firft is as 10 
to I, and that of the fecond alfo as 10 to i, or the 
firft 20 to I, and the fecond 5 to i ; or any two 
numbers, whofe produA is loo. 

Again, a wheel and axle whofe power is as 48 
to I, may be refolved into two or more wheels 
with teeth, to have the fame power ; for exam- 
ple, make two wheels, fo that the firft wheel and 
pinion be as 8 to i, and the fecond as 6 to i. 
They will have the fame efFed as the iingle one. Or 
break it into three wheels, whofe feveral powers 
,may be 4 to i, and 4 to i, and 3 to i. 
. If a jfimple. combination of puUies be as 36 to 
I ; you may take three combinations to ad upon 
one another, whofe powers are 3 to i, 3 to i, and 
4 to I. 

And after the fame manner it is to be done in 
machines more compounded. 

And this is generally done to fave room. For 
when an engine is to have great power, it is hard- 
ly made of one wheel, it would be fo large ; but 
by breaking it into feveral wheeU, after this man- 
jier, it will go into a litde room, and have the 

G 4 fam^ 
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Fig. fame power as the other. All the i?^cx)nvemcncc 
is, it will have more friaion ; for the more parts 
acting upon one another, the more fridion is made. 

Con 2. Hence alfo it follows, thai in any compound 
machine J its power is to the weight, in the compound 
ratio of the power to the weight in all thefimple ma-- 
chines that compofe it*' 

Cor. 3. Hence it will he no difficult matter to con-- 
trive an engine that fhall overcome any force or rejifi^ 
iance affigned. 

For if vou have the quantity of power given, as 
well as 01 the weight or rcfiftance ; it is but taking 
any fimple machine, as a lever, wheel, &c. fo that 
the power may be to the weight in the ratio af- 
iigned, adding s^s much to the weight as you judge 
the fridtion will ampunt to. When this Rmple 
machine is obtained ; break it or refolve it into as 
many other fimple ones as you think proper ; fo 
that they may have the fame power. 

And as to the feveral fimple machines, it mat- 
ters not what fort they are of, as to the power ; 
whether they be levers, wheels, puUies, . or fcrews ; 
t)Ut fome are more commodious than others for 
particular purpofes ; which a mechanic will find 
out beft by pradtice. In general, a * lever is the 
moft ready and fimple machine to raife a weight a 
fmall diftance ; and for further diftances, the wheel 
and axle, or a combination of pullies ; or the per- 
petual fcrew. . Alfo thefe may be combined with 
one another ; as a lever with a wheel or a fcrew, 
the wheel and axle with pullies, pullies with pul- 
lies, and wheels with wheels, the perpetual fcrew 
and the wheel. But in general a machine fliould 
confift of as few parts as is confident with the pur- 
pofe it is deigned for, upon account of leffeningthe 
fridtion ; and to make it ftill lefs, the joints muft 

be 
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be oiled or greafed. All parts that aft on one Fig. 
another muft be polilhed fmooth. The axles or 
fpindles of wheels muft not (hake in the holes, but 
run true and even. Likewife the larger a machine 
is, if it be well executed, the better and truer it' 
will work. And large wheels and pullies, and 
fmall axles or fpindles have the leaft fri&ion. 

The power applied to work the engine may be 
men or horfes ; or it may be a weight or a fpring j. 
or wind, water, or fire ; of which one muft take 
that which is moft convenient and cofts the leaft. 
Wind and water ^re bcft applied to work large 
en^nes, and fuch as muft be continually kept 
gomg. A man may aft for a while againft a 
refiftance of 50 pounds; and for a whole day againft 
30 pounds. A horfe is about as ftroug as five men. 

If two men work at a roller, the handles ought . 
to be at right angles to one another. 

When a machme is^to go regular and uniform, 
a heavy wheel or fly muft be applied to it. , 

Scholium. 

Two things are required to make a good engi- 
neef. i. A good invention for the fimple and eafy 
contrivance of a machine, and this is to be at- 
tained by praftife and experience. 2. So much 
theory as to be able to compute the efleft any 
engine will have; and this is to be learned from 
the principles of Mechanics. 

PROP. LXIL 

The'friBion or rejijlance arifing by a body moving 
tipon any fur face ^ is as the roughnefs of the furface^ and 
nearly as the weight of the body; but is not much in-- 
creafed by the quantity of the furface of the moving 
hodyy and is fomet*hing greater with a greater velocity. 

It is matter of experience that bodies meet with 
a great deal of refiftance by Aiding upon one ano- 

. ther. 
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Fig. ther, which cannot'be entirely taken away^ though 
the bodips be made never fo fmooth: yet by 
fmoothing or polifhing their furfaces, and taking 

. off the roughnefs of them^ this refiflance may be 
reduced to a fmall matter. But many bodies, by 
their natural texture, are not capable of bearing 
a polilh; and thefe will always have a confiderable 
degree of refiftance or fridtion. And tbofe that 
can be polifhed, will have fome of this refiftance 
arifing from the cohefion of their furfaces. But 

' in general, the fmoother or finer their furfaces, 
the lefs the friftion will be.. 

As the furfaces of all bodies are in Ibme degree 
Tough and uneven, and fubjeft to many inequali- 
ties; when one body is laid upon another, the pro- 
minent parts of one fall into the hollows of the 

, other; fo that the body cannot be moved forward > 
till the prominent parts of one be raifcd above 
the prominent parts of the other, which requires 
the more force to eflfeft, as thefe parts are higher; 
that is, as the body is rougher. And this is fimi- 
lar to drawing a body up an inclined plane, for 
thefe protuberances are nothing elfe but fo many 
inclined planes, over which the body is to be drawn* 
And therefore the heavier the body, the more force 
is required to draw it over thefe eminences; whence 
the friftion will be nearly as the weight of the body. 
But whilft the roughnefs remains the fame, or the 
prominent parts remain of the fame height, there 
will always be required the fame force, to draw the 
fame weight. And the increafing of the furface, 
retaining the fame weight, can add nothing to the 
refiftance on that account; but it will make fome 
addition upon other accounts. For when one furface 
is dragged along another, fome part of the re- 
fiftance arifes from fome parts of the moving fur- 
face, taking hold of the parts of the other, and 
tearing them off ^ and this is called ivearing. And 

therefor* 
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therefore this part of the fri6tion is greater in a Fig. 
greater iurface, in proportion to that furface. There 
IS likewife in a greater furface, a greater force of 
cohefion, which ftill adds fomething to the friition. 
But the two parts of the friftion, arrfing from the 
, wearing and tenacity, are not increafed by the ve- 
locity : but the other part, of drawing them over 
inclined planes, will increafe with the velocity. So 
that in the whole, the friftion is fomewhat increafed 
by the quantity of the furface, and by the ve- 
locity, but not much. But more in fome bodies 
than others, according to their particular texture. 

Cor. I. Hence there can be no certain rule^ to efii'^ 
mate hhe friBion of bodies ; this is a matter that can 
only be decided by experiments. But it may be obferved^ 
ihaty caeteris paribus, hard bodies will have lefs 
refinance than fof ten ^^d bodies oiled or greajed^ will 
have far lefs. 

For the particles of hard bodies, cOTnot fo well 
take hold of one another to tear themfelves off. 
And when a furface is oiled, it is the fame thing as 
if it run upon a great number of rollers or fpheres. 

Cor. 1. Hence alfo a method appears of meafuring 
the friStion of a body fliding upon another bodyy by 
help of an inclined plane. 

Take a plank CB of the fame matter, raife it at 60. 
one end C fo high, till the body whofe fridion is 
fought, being laid at C, (hall juft begin to move 
down the plane CB Then the weight of the 
body, is to the fridion, as the bafe AB to the 
height AC of the plane. For the preflure againft 
the plane is the part of the weight that caufes the 
friftion, and the tendency down the plane is equal 
to the friftion. And (Prop. XIV.) that preffure 
is to the tendency as AB to AC. 

If 



\ . 



io8 ' FRICTION- 

Fig. If you pu(h the body from C downward, and 
60. obferve it to keep the fame velocity through D to 
B ; then you will have the fridion for that velocity* 
If it incrcafes its velocity, lower the end of the 
plank Q; if it grows flower, raife the end C till 
you get the body to have t^e fame velocity quite 
through the plane. And fo you will find what 
elevations aje proper for each velocity ; and from 
thence the ratio of AB to AC, or of the weight 
to the friftion. 

There is a way to make the experiment, by draw- 
ing the body along a horizontal plane, by weights 
hung at a ftring, which goes over a pulley; but the 
method here dcfcribcd is more eaiy and fimp|c« 

Scholium. 

From what has been before laid down, it will be 
cafy to underftand the nature of engines, and how 
to contrive one for any purpofe afligned. And 
likewife having any tfnginc before us, we can by 
the fame rules,NCompute its poweis and operations. 

Engines are of various kinds; fome are fixed in 
a particular place, where they arc to a6t; as wind-, 
mills and water-mills for corn, fire engines for 
drawing water, gins for coal pits, many forts of 
mills ; pumps, cranes, &c. others are movable 
from one place to another, and may be carried to 
any place where they are wanted, as blocks, pul- 
lics and tackles for raifing weights, the lifting 
jack, and lifting ftock, clocks, watches, fmall 
bellows, fcales, fteelyards, and an infinite number 
of others. Another fort of engines are fuch as are 
xnade on purpofe to move from one place to ano^ 
ther, fuch as boats, (hips, coaches, carriages, wag^ 
gons, &c. If any of thefe arc urged, forward by 
the help of ^levers, wheels, &c. By having the 
afting power given, the moving force that drives 
it forward, is eafily found by the properties of 

thefe 
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^ thefe machines. Only obferve, if the firft aAing Fig. 
power be external, as wind, water, horfes, &c. ^ 

you muft not forget to add or fubtraft it, to or 
from the moving force before found ; according as 
that firft afting power confpires with, or oppofes g' 
the motion of the machine ; and the refult is the ^ 
true force it is driven forward with. I have only 
room to defcribe a very few engines, but thofe that 
defire it may fee great variety in my large book of 
Mechanics. 

A WHEEL CARRIAGE. 

AB is a cart or carriage, going upon two wheels 6i. 
as CD, and fometimes upon four, as all waggons 
do. The advantages of wheel carriages is fo great, 
that no body who has any great weight to carry, 
will make ufe of any other method. Was a great 
weight to be dragged along upon a .fledge or any 

(fuch machine without wheels, the fridtion would be 
fo great, that a fufficient force in many cafes could 
' not be got to do it. But by applying wheels to carri- 

^ ages, the friftion is almoft all or it taken away. 

I And this is occafioned by the wheel's turning round 

upon the ground, inftead of dragging upon it. And 
the reafon of the wheel's turning round is the refif- 
tance the eardi makes againft it at O where it 
touches. For as the carriage goes along, the wheel 
meets with a refiftance at the bott«ti O, where it 
touches the ground ; and meeting with none at the 
top at C, to balance it ; that force at O muft make 
it turn round in the order ODC, fo that all the 
parts of tl^ circumference of the wheel are fuccef- 
fively applied to, the earth. In going down a fteep 
bank it is often neceflary to tie one wheel faft, that 
it cannot turn round, this will make it drag ; and 
by the great refiftance it meets with, ftops the too 
violent motiop, the carriage would otherwife have, 
in defcending the hill. 

But 
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Fig. But aliliongh all forts of wheels very much ditni- 
6j. nifh the friftion; yet fome have more then othcrs;^ 
and it may be obferved that great whcds, and fmall 
. aides have the leafl: friftion. To make the friftion 
as little as pofllble, fome have applied fridlion 
wheels, which is thus ; EG is the m&ion wheel 
running upon an axis I which is fixed in the piece 
of timber ES, which timber is fixed to the fide of 
the carriage. KL is the axle of the carriage, 
which is fixed in the wheel CD, fo that both 
turn round together. Then inftead of the carriage 
lying upon the axle KL, the friftion wheel FG 
lies upon the axle; fo that when the wheel CD 
turns round, the axle Caufes the friction wheel, 
with the weight of the carriage upon it, to turn 
round the center I, which diminiflies the friftion in 
proportion to the radius IG : and there is the fame 
contrivance for the wheel on the other fide. Bu]t 
the wheel CD need not be fixed to the axle } for 
it may turn round on the axle KL, and alfo the 
axle turn round under the carriage. 

In pafling over any obftacles, the large wheels 
have the advantage. For let MN be an obftacle;' 
then drawing the wheel over this obftacle, is the 
fame thing as drawing it up the incUned plane MP, 
which is a tangent to the pjoint M; but the greater 
the wheel CD is, the lefs is that plane inclined t^ 
the horizon. 

Likewife great wheels do not fink fo deep into 
the earth as fmall ones, and confequently require 
. lefs force to pull them out again. 

But there are difadvantages in great wheels ; for 
in the firft place they are more eafily 8^erturned ; 
and fecondly, they are not fo eafy to turn with, 
in a ftrait road as fmall wheels. 

The tackle of any carriage ought to be fo fixed, 
that the horfe may pull partly upwards, or lift, as 
well as pull forwards ; for all bills and inequalities 

' ^ in 



Sea. V. HAND MILL. 1 1 1 

in the road, feeing like fo many inclined planes. Fig. 
the weight is moft eafily drawn over them, when 6i« 
the power draws at an equal elevation. 

A carriage with four wheels is more advan- 
tageous, than one with two only, but they are bad 
to turn; atid therefore are obliged to make ufc of 
fmall fore wheels. Broad wheels which are lately 
come into faftiion, are very advantageous, as they 
fink but little into the earth. But there is a dis- 
advantage attends them, for they take up fuch a 
quantity of dirt by their great breadth, as fenfibly 
retards the carriage by its weight, and the like 
may be faid of their own weight. 

. The under fide of the axle where the wheels are, 
muft be in a right line; otherwife if they flant 
upwards, the weight of the carriage will caufe them 
to work toward the end, and prefs againft the 
runners and lin pin. And as the ends of the axle 
are conical, this caufes the wheels to come nearer 
together at bottom, and be further diftant at the 
top ; by which means the carriage is fooner over- 
turned. To help this, the ends of the axle muft 
be made as near a cylindrical form as poffible, to 
get the wheels to fit, and to move free. 

A HAND MILI^ 

Fig 62* is a hand mill for grinding corn. A, B 62. 
the ftones included in a wooden cafe. A the up- 
per ftone, being the living or moving ftone. B the 
lower ftone, or the dead ftone, being fixed immov- 
able. The upper ftone is 5 inches thick, and a 
foot and three quarters broad ; the lower ftone is 
broader. C is a cog-wheel, with 16 or 18 cogs; 
DE its axis. F is a trundle with 9 rounds, fixed 
to the axis G, which axis is fixed to the upper 
ftone A, by a piece of iron made on purpofe. H 
is the hopper, into which the corn is put ; 1 the (hoe, 
to carry the corn by little and little through a hob 

at 
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Fig. at K, to fall between the two flones. L is the mill 
62. eye, being the place where the flour or meal cornea 
out after it is ground. The under ftone is fup- 
ported by ftrong beams not drawn here. And the 
fpindle G flands on the beam MN, which lies up- 
on the bearer O, and O lies upon a fixed beam 
at one end, and at the other end has a ftring fixed^ 
and tied to the pin P. The under ftone is not flat, 
but rifes a litde in the middle, and the upper one 
is a little hollow. The ftones very near touch at 
the butfide, but are wider towards the middle to 
let the corn go in. . 

When corn is to be ground, it is put into the 
hopper H, a little at a time, and a man turns the 
handle D, which carries round the cog-wheel C, 
and this carries about the trundle F, and axis G, 
and ftone A. The axis G is angular at K ; and 
as it goes round, it (hakes the (hoe I, and makes 
the corn fall gradually through the hole K. And 
the upper ftone going round grinds it, and when 
ground it comes out at the mill eye L, where there 
is a fack or tub placed to receive it. Another 
handle may be made at E like that at D, for two 
men to work, if any one pleafes. In order to 
make the mill grind coarfer or finer, the upper 
ftone A may be lowered or raifed, by means of the 
ftring going from the bearer O; for turning round 
the pin P, the ftring is lengthened or fhortened, 
and thereby the timbers O, M are lowered or 
raifed, and with them the axle G and ftone A. 
For the fpindle G goes through the ftone B, and 
runs upon the beam MN. The fpindle is made 
fo clofe and tight^ by wood or leather, where it goes 
through the under ftone, that no meal can fall 
through. The under fide or the upper ftone is cut 
into gutters in the manner reprefentcd at Q^ It is a 
piry lome fuch like mills are not made at a cheap 
rate for the fake of the poor, who are much dif- 
' trefled by the roguery or the millers. Fig. 
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Fig> 63^ IS a fort of crane, BC an upright poft, Fig* 
AB a beam fixed horizontally at top of it ; thefe 63* 
turn round together on the pivot C, and within 
the circle S, which is fixed to the top of the frame 
PQ;^ EF is a wooden roller, or rather a roller 
made of thio boards, for lightnefs, and all nailed 
to feveral circular pieces on the infide* GH a 
wheel fixed to the roller, about w^ich goes the rope 
GR. IK, LN, two other ropes; fixed with one 
end to the xrofs piece AB, and the other end t6 
the roller EF, W a weight equal to the weight 
of the wheel and roller, which is fattened to a rope 
which goes over the pulley O, and then is fattened 
to a collar V, which goes round the roller. ET 
is another rope with a hook at it to lift: up any 
weight, the other end of the rope being fixed to 
the roller ; here are in all five ropes. 

To raife any weight as M, hang it upon the 
hook T, then pulling at the rope R which goes 
about the wheel GH, this caufes the wheel and 
roller to turn round, and the ropes IK, LN to 
wind about it, by which means the wheel and axle 
rifes ; and by rifing, folds the rope TE about the 
roller the contrary way, and fo raifes the weight 
M. When the weight M is raifed high enough, a 
man mutt take hold of the rope T with a hook, 
by which the whole machine maybe drawn about, 
turning upon the centers C and S. And then the 
weight M may be let down again. The weight of 
the wheel and roller do not affedt the power draw-* 
ing at R, becaufe it is balanced by the weight W» 
There is no fridion in this machine but wh^t is 
occafioned by the collar V, and the bending of the 
ropes. And the power is to the weight in this 
crane, as the diameter of the roller to the radius 
of the wheel GH. 
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^^S- An ENGINE for raifing Weights, 

64.' Fig. 64. is an engine compofed of a perpetual 
fcrew AB, and a wheel DE with teeth, ?nd a An- 
gle pulle)^ H. FG is an axle, about which a rope 
goes, which lifts the pulley and weight W. BC is 
the winch, to turn^it round withal. As the fpin- 
die AB is turned about, the teeth of it takes the 
teeth of the wheel DE, and turns it about, toge- 
ther with the axle FG,' which winds up the rope, 
and raifes the pulley H, with' the weight W. The 
power at C, is to the weight W, as diameter FG 
X by the breadth of one tooth, is to twice the di- 
ameter DE X circumference of the circle defcribed 
byC. 

A FULLING MILL. 

65. Fig. 65. is a fulling mill. AB a great water 
wheel, carried about by a ftream of water, com- 
ing from the trough C, and falling into the buck- 
ets D, D, D whofe weight carries the wheel about ; 
this is a breaft mill, becaufe the water comes no 
higher than the middle or breaft of the wheel ; 
EF is its axis ; I, I ; K, K, two lifters going 
through the axle, which raife the ends G, G of the 
wooden mallets GH, GH, as the wheel goes about ; 
and when the end G flips off the cog or lifter K 
or I, the mallet falls into the trough L, and each 
of the mallets makes two ftrokes for one revolu- 
tion of the wheel. The mallets move about the 
centers M, M. Thefe troughs L, L, contain the 
ftufF which is to be milled, by the beating of the 
mallets. N, N, is a channel to carry the water, 
being juft wide enough to let tlie wheel go round. 
And the wheel may be ftopt, ^ by turning the 
' tr;>ugh C afide, which brings the water. In this 
engine more mallets may be ufed, and then more 
pins or lifters muft be put through the axis EF. 

Fig. 
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Fig. 66. is a common Pocket fVatch. AA the Fig. 
balance^ BB the verge -^ C, C, two palats. D the 66. 
crown wheel afting againft the palats C, C ; E its 
pinion. F the contrate wheel, G its pinion. H the 
third wheel, I its pinion, K the lecond wheel or 
center wheelj L its pinion. M the great wheel, N 
the fufee turning round upon the fpindle of M* 
O the fpring boXy having a fpring included in it. 
PP the chain going round the fpring box O, and 
the fufee N. This work is within the watch be- 
tween the two plates. Here the face is downward, 
and in the watch the wheel K is placed in the cen- 
ter, and the others "round about it. Here I have 
placed them fo as beft to be feen, which fignifies ' 
nothing to the motion. The balance AA is with- 
out the plate, covered by the cock X. The mi- 
nute hand Q^oes upon the axis of the wheel K, 

Then between the upper plate and the face, we 
have V the cannon pinion or pinion of report i Z the 
dial z^heeL T the mifjute wheel. S the pinion or 
nuty fixed to it. The focket of the cannon pinion 
V goes into tjje focket of the wheel Z, and are 
movable about one another, and both go through 
the face; on the focket of the pinion Z is fixed 
the hour hand R; and on the focket of V is fixed 
the minute hand Q^ Likewifc the focket of V ii 
hollow, and both go upon the arbor of the wheel 
K, which reaches through the face, and are fattened 
there. The wheel and focket, T, S are hollow, and 
go upon a fixed axle on which they turn round. 

When the chain PP is wound up, upon the fu- 
fee N; the fpring included in the box O, draws 
the chain PP, which forces about the wheel M, the 
fufee being kept from flipping back, by a catch 
on purpofe. Then M drives L and K, and K 
drives I, and H drives G, and F drives E, and 
the teeth of the crown wheel D, adt againft the 
palats C, C alternately, and caufe the balance AA 
Ha to 
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Fig. to Vibrate back and forward^ and thus the watch 

is' kept going. 
66. The cannon pinion and dial wheel V and Z, 
and the hands Q^, R, being put upon the arbor 
of K at W ; and fattened there by means of a 
Ihoulder which is upon the axis, and a brafs fpring; 
as the wheel K goeis round, it carries with it the 
pinion V with the minute hand, and V drives T to- 
gether with S; and S drives Z with the hour hand. 

The numbers of the wheels and pinions, (that 
is the teeth in them) are, M = 48, L= 12, K = 
54, I = 6, H = 48, G = 6, F = 48, E = 6, 
D= 15, and 2 palats. The train , or number of 
beats in an hour, is 17280, which is about 4^ 
beats in a fecond. Alfo V= 10, Z = 36, S= 12, 
T = 40. 

The wheel M goes round 6 times in 24 hours, 

(48\ 
— ) 4 times as much ; 

that is, 24 times, or once in an hour, and the hand 
Q^along with it ; therefore Q^will (hew minutes. 
Then as V goes round once in an hour, T will go 

round ( — ) ^ of that, or i the circumference; 
\40' 

and as S goes ^^ Z will g^ ("^ ) r of that, or A- 

of the circumference in an hour, and therefore as 
R goes along with it, R will fhew the hours. The 
wheels and pinions T, Z, and S, V, are drawn 
with the face upwards. And the whole machine 
included in a cafe is but about two inches diameter. 
There is a fpiral fpring fixed under the balance 
AB, called the regulator^ which gives it a regu- 
lar motion; and Lkewife abundance of fmall parts 
helpful to her motion, too long to be defcribed 
here. 

' The 
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The way of writing down the numbers, is thus, Fig. 

48 ^^• 

12—54 loQ. 

6 — 48 40 — 12 

6—48 36R. 

6-15 

2 

Explanation. The Wheel with 48 drives a pinion 
of 12, and a wheel of 54 on the fame arbor. The 
wheel 54 drives the pinion 6 with the wheel 48 on 
the fame arbor. The wheel 48 drives the pinion 
6 and wheel 48 on the fame arbor. The wheel 
48 drives the pinion 6 and wheel 1 5 on the fame 
arbor. And the wheel 15 drives the two palats. 

Again the wheel 54 has the pinion 10 on its 
arbor, and the hand Qj and the pinion 10 drives 
the wheel 40, with the pinion 12, And the 
pinion 12 drives the wheel 36 with the hand R. 

As this machine is moved by a fpring, it is fub- 
jedt to very great inequalities of motion, occaii- . 
oned by heat and cold. For hot weather fo relaxes, 
foftens, and weakens the main fpring, that it lofes 
a great deal of its ftrength, which caufes the watch ^ 
to lofe time and go too flow. On the other hand, , 
cold frofty weather fo affefts the fpring, and it is 
fo condenfed and hardened, that it becomes far 
ftronger ; and by that means accelerates the mo- ' 
tion of the watch, and makes her go fafter. The 
difference of motion in a watch, thus occafioned 
by heat and cold, will often amount to an hour, 
and more in 24 hours.. To remedy this, there is 
a piece of machinery, called the Slide^ placed near 
the regulating fpring; which being put forward or 
backward, (hortens or lengthens the fpring, fo as 
to make her keep time truly. 

Some people have been fo filly as to think, 

that the greater (trength of a fpring arifes wholly 

H 3' from 
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Fig. from its being made fhortcr, as this happens to.be 
one of the effefts of cold. But it is eafily demon- 

67. ftrated that this is not the caufe. For let AB be 
a ipring as it is dilated by heat, and ai the fame 
fpring contraAed by cold. Now if the fpring has 
been contrafted in length, it mud be proportion- 
ally contrafted in all dimenfions. Let /, ^, i, 
. denote the length, breadth, and depth, in its cold, 
and leaft dimenfions; and r/, r^, rrf, the leagth, 
breadth, and depth, in its hot and greateft dimen- 
fions. Then (Prop. LIV.) the ftrength of the 
longer, to the ftrength of the fhorter, will be as 

rb xrrdd bdd , ^ , . . , , , , 
J — to -T" (confidenng it weakened by the 

length) and that is as rr to i, or as AB*. to j3*. 
So that the longer fpring, upon account of its be- 
ing afFeded with heat, is fo far from being weaker, 
than the fhorter affefted with cold, that it is the 
ftronger of the two. And therefore this diflbrence 
is not to be afcribed merely to the lengthning or 
Ihortning thereof; but muft be owing to the na- 
ture, . texture and conftitution of the fteel, as it 
is fome way or other afFedtcd and changed by the 
heat and cold. 

And that there is fome change induced by the 
cold, into the very texture of the metal, it is evi- 
dent from this, that all forts of tools made of 
iron or ftecl, as fprings, knives, faws, nails, &c, 
very eafily fhap and break in cold frofty weather, 
which they will not do in hot weather. And that 
property of fteel fprings is the true caufe, that thefe 
forts of movements can never go true. 
66. To,make a calculation of the different forces 
requifite to make a watch gain or lofe any number 
of minutes, as fuppofe half an hour in 24; and I 
have often experienced it to be more. By Cor. 4. 
Prop. VI. the produd of the force and fquare of 

the 



Sea. V. A WATCH. 119 

the time, is as the produft of the body and fpace Fig. 
defcribed, which here is a^ given quantity. For 66. 
the matter of the balance remains the fame in hot 
as cold weather ; and fo does the length of the 
fwing, which here is the fpace defcribed. There- 
fore the force is reciprocally as the fquare of the 
time of vibrating, or direftly a& the fquare of the 
number of vibrations in 14 hours. Therefore the 
force with the warm fpring, is to the force with the 
cold one ; as the fquare of 23 -I hours, to the fquare 
of 24 ; that is, nearly as 23 to 24. So that if" a 
fpring was to contrad: half an inch in a foot in 
length, without altering its other dimenfions, it 
would but be fufEcicnt to account for that phi* 
nomenon ; but this is forty times more than the 
lengthening and (hortening by heat and cold, for 
that does not alter fo much as a thoufandth part, 
as is plain from experiments. 

The cafe being thus, a clock or watch going by 
a fpring, can never be made to keep time truly, 
except it be always kept to the fame degree of heat 
or cold, which cannot be done without conftant 
attendance. And if any fort of mechanifm be con- 
trived to corredt this ; yet as fuch a thing can only 
be made by guefs, it cannot be trufted to at fea, but 
only for ftiort voyages. But no motion however 
regular, can ever anfwer at fea, where the irregu- 
, lar motion of the (hip will continually difturb it ; 
add to this, that the fmall compafs a watch is con- 
tained in, makes iteafier difturbed, than a larger 
machine would be; but to fuppofe that any regu- 
lar motion can fubfift among ten thoufand irregular 
motions, and in ten thoufand different diredtioris, 
is a moft glaring abfurdity. And if any one with 
fuch a machine would but make trial of it to the Eaft 
Indies, he would find the abfurdity and difappoint- 
ment. And therefore I never exped to fee fuch a 
time keeper, or any fuch thing as a watch or clock 
H 4 going 
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Fig. going by a fpring, to keep true time at fca. But 

66, time wiU difcover all things. 

As to pendulum clocks, their irregularity in the 
fame latitude is owing to nothing but the length- 
ning or (hortning of the pendulum ; which is a 
mere trifle to the other. But then they would be 
infinitely more difturbed at fea, than a watch ; and 
in a ftorm could not go at all. In different lati* 
tudes too, another irregularity attends a pendulum, 
depending on the different forces of gravity. 
Though this amounts but to a fmall matter, yet it 
makes a confiderable variation, in a great lengtl^ 
of time. For in fouth latitudes, where the gravity 
is lefs, a clock lofes time. And in north latitudes, 
where the gravity is greater; it gains time. So that 
none of thefe machines are fit to meafure time at 
fea, although ten times ten thoufand pounds (hould 
be given away for making them. 

A DESCENDING CLOCK. 

68. Fig. 68. is a clock defcendingdown an inclined 
plane. This confifts of a train of watch work^ 
contained between two circular plates AB, CD, 
4 inches diameter, fixed together by a hoop an 
inch and half broad, inclofing all the work. The 
inner work confifts of 5 wheels, the fame as in a 
watch, only there is a fpur wheel inftead of the 
contrate wheel, as 4 ; ^ is the balance, whofe pa- 
lats play in the teeth of the crown wheel 5. Here 
is no fpring to give it motion, but inftead thereof, 
the weight W is fixed to the wheel i, and fo ad- 
jufted for weight, that it may balance the lower 
' fide, and hinder it from rolling down the plane. 
Now whilft the weight W moves the wheel i, this 
wheel by moving about, caufes the weight W to 
defcend, by which it ceafes to be a balance for the 
oppofite fide, and therefore that fide begins to de- 
fcend, 
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fccnd, till the weight W be raifed high enough Fig. 
again to become a balance, which muft be about 68* 
the pofition it appears in the figure. Thus whilft 
wheels move gradually about, the weight W def- 
cends gradually, which makes the body of the 
machine turn gradually round, and defcend down 
the inclined plane PQ; making one revolution in 
12 hours. ' And therefore to have her to go 24 or 
30 hours; the length of the plane PQ^muft be 2 
or 2 i- circumferences of the plates. Before the 
weight W is* fixed to the wheel i, fome lead or 
brais muft be foldered on the fide E oppofite to 
the wheels 2, 3, 4, &c. for the wheel i muft be 
in the cfenter. And then the Jead or brafs muft 
be filed away till the center of gravity of the ma- 
chine be in the center of the plates. And to hin- 
der the machine from Hiding, the edges of the 
plates muft be lightly indented. The inclined 
plane PQjnay be a board, which muft be elevated 
10 or 12 degrees, but that is to be found by trials; 
for if (he go too flow the end P muft be raifed ; 
but if too faft it muft be lowered.- When the 
clock has gone the length of the board to Q^, it 
muft be fe^ again at P. The fore fide CD is di- 
vided into, hours, and a pin is fixed in the centey 
at G, on which the hand FGH, always hangs 
loofely in a perp. pofition, with the heavy end H 
downward. And the end F jihews the hour of 
the day. So that the houts come to the hand, 
and not the hand to the hours. 

The board PQ^muft be perfedly ftraight from 
one end to the other, or elfe (he will go fafter in 
fome places and flower in others. 

The circle with hours ought to be a narrow 
rim of brafs, movable round about, by the help 
of one or more pins placed in it; fo that it may 
be fet to the true time. 

The 
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Fig. The weight W ferves for two ufcs, i, to be a 
68. counterpoife to the fide A ; and 2, by its weight 
to put the clock in motion. 

The wei^t W muft be fo heavy as to make 
the clock keep time, when it has a proper de- 
gree <^ elevation, as 45 degrees ; and then the 
board muft have an elevation of 10 or 12 de- 
grees. If (he go too faft, with thefe pofitions, 
take fomething off the weight ; if too How, add 
fomeihing to it. 
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Fig. 
SECT. VI. 

Hydrostatics and Pneumatics^ 

DEEINITION I. 

J FLUID is fuch a body whofe parts arecafily 
moved among th'emfelves, and yield to any 
force afting againft them, 

DEF- 11. 

Hydrojiaticsj is a fcience that demonftrates the 
properties of fluids. 

DEF. III. - 

Hydraulics J is the art of raifing water by engines. 

DEF. IV. 

Pneumatics J is that fcience which fliews the 
properties of the air. 

DEF. V. 

A fountain or jet d^eau^ is an artificial Ipout of 
water. 

PROP. Lxnr. 

If one fart of a fluid be higher than another y the 
higher parts mil continually defcend to the lower 
places y and will not be at reft, till the fur face of it is 
quite level. 

For the parts of a fluid being movable every 
way, if any part is above the reft, it will defcend 
by its own gravity as low as it can get. And af- 
terwards other parts that arc now become higher, 

will 
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Fig. will defcend as the other did, till at laft t|iey wiH 
all be reduced to a level or horizontal plane. 

Cor. I. Hence water that communicates by means 
of a channel or pipe, mth other water, will Jettte 
at the fame height in both places. 

Cor. 2. For the fame reafon, if a fluid gravitates 
forwards a center; it will difpofe itfelf into afphericoL 
figure, tvhofe center is the center of force* As the 
fea in refpeit of the earth. 

PROP. LXIV. 

If a fluid be at reft tn a vejfel whofe bafe is paral-- 
7el to the horizon ; equal parts of the bafe are equally 
prejfed by theftuid. 

For upon every part of the bafe there is an 
equal column of the fluid fupported by it. And 
as all thefe columns are of equal weight, they muft 
prefs the bafe equally ; or equal parts of the bafe 
will fuftain an equal preiTure. 

Cor. I. JIl parts of the jluid prefs equally at the 
fame depth. 

For imagine a plain drawn through the fluid 
parallel to the horizon. Then the preffure will 
be the fame in any part of that plane, and there- 
fore the parts of the fluid at the fame depth 
fuftain the fame preflure. 

Cor. 2. Jhe prejure of a fluid at any depth, is as 
the depth of the fluid. 

For the preffure is as the weight, and the weight 
is as the height of a column of the fluid. 



PROP. 
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PROR LXV. ^'^* 

If a fluid is comprejfed by its weight or otherwife ; 
at any point it prejfes equally y in all manner of 
directions. 

This arifes from the nature of fluidity ; which 
is, to yield to any force in any direftion. If it 
cannot give way to any force applied, it will prefs 
againft other parts of the fluid in direftion of that 
force. And the preflbre in all direftions will be 
the fame. For if any one was lefs, the fluid 
would move that w^y, till the preflbre be equal 
every way. 

Cor. In any vejfel containing a fluid ; the prejfure 
is the fame againft the bottom^ as againfi the fides^ 
{fr even upwards j at the fame depth* 

PROP. LXVI. 

V^he prejfure of a fluid upon the bafe of the con- 
taining veffely is as the baje^ and perpendicular alti- 
tude; whatever be the figure of the vejfel that con^ • 
tains it. 

Let ABIC, EGKH be two vefl'els. Then 69. 
(Prop. LXIV. Cor. 2.) the preflure upon an inch 
on the bafe AB = height CD x i inch. And the 
preflure upon an inch on the bafe HK is — height 
FH X I inch. But (Prop. LXIV.) equal parts of 
the bafes are^ equally preffed, therefore the preflure 
on the bafe AB is CD x number of inches in AB; 
and pfeffure on the bafe HK is FH x number of 
inches in HK. That is, the prefliire on AB is to 
the prefliire on HK ; as bafe AB x height CD, to 
the bafe HKx height FH. 

Cor. I. Hence if the heights be equals the prejfures 
c are as the bafes. And if both the heights and bafes be 

equal; 
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Fig. equal; the prejfures are equal in both; though their 
69. contents be never fo different. 

For the reafon that the wider veflel EK, has no 
greater prcflbre at the bottom, is, becaufe the 
oblique fides EH, GK, take.bfFpart of the weight. 
And in the narrower veflel CB, the fides CA, IB, 
re-adt againft the preflure of the water, which is all 
alike at the fame depth ; and by this re^^aftion the 
preflure is encreafed at the bottom, fo as to be- 
come the fame every where. 

Cor. 2. ^he preffure againji the hafe of any vejfely 
is the fame as of a cylinder of an equal bafe and height* 

yo. Cor, .3. If there be a recurve tube ABF, in "Which 
are two different fluids CD, EF. Their heights in 
the two legs CD, EF, will be reciprocally as their 
Jpecific gravitieSj when they are at refl. 

For if the fluid EF be twice or thrice as light 
as CD ; it muft have twice or thrice the height, to 
have an equal preflure, to counterbalance the other. 

PROP. Lxvir. 

71. ^f ^ ^^y 9f ^^^^ fi^^ fp^^if^ gravity of a fluid, 
be immerfed in it, it will reft in any place of it. A 
body of greater denfity will fink, and one ofalefs 
den ft y willfwim* 

Let A, B, C be three bodies ; whereof A is 
^ lighter bulk for bulk than the fluid; B is equal ; and 
C heavier. The body B, being of the fame den- 
fity, or equal in weight as fo much of the fluid, 
it will prels the fluid under it jufl: as much as if 
the fpace was filled with the fluid. .The prefllirc 
then will be the fame all around it, as if the fluid 
was there, and confequently there is no force to 
put it out of its place. But if the body be lighter, 

the 
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the prefllire of it downwards will "be lefs than be- Fig* 
fore, and lefs than in other places at the Came 71. 
depth ; and confeguently the lefler force will give 
.way, and it will rife to the top. And if the body 
be heavier, the preffure downwards will be greater 
than before ; and the greater preffure will prevail 
and carry it to the bottom. 

Cor* I. Hence if fever al bodies of different fpecific 
gravity be itmnerfed in a fluids the beavieft will get 
the loweji. 

For the heavieft are impelled with a greater 
.force, and therefore will go fafteft down. 

Cor. 2. A body immerfedin a fluids lofes as much 
"weight, as an equal quantity of the fluid weighs* Ani 
the fluid gains it. 

For if the body is of the fame fpecific gravity 
as the fluid ; then it wjU lofe all its weight. And 
if it be lighter or heavier, there remains only the 
difference of the weights of the body and fluid, 
to move the body. 

^Cor. 3. All bodies of equal magnitudes^ hfe equal 
weights in the fame fluid. And bodies of different 
magnitudes lofe weights proportional to the magnitudes. 

Cor. 4. T'he weights loft in different fhddsy by im-^ * 
merging the fame body therein^ are as the fpecific gra^ 
vities of the fluids. And bodies of -equal weight, lofe 
weights in the fame fluid, reciprocally as the fpecific 
gravities of the bodies. 

Cor. 5. The weight of a body fivimming in a 
fluid, is equal to the weight of as much of the fluids 
as the immerfed part of the body takes up. 

For the preffure underneath the fmimming body , 
is juft the lame as fo much of the immerfed fluid j * 
and therefore the weights are the fame. 

, Cor. 
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Fig. Cor. 6. Hence a body will Jink deeper in a Ugbter 
7 1 . Jluid than in a heavier. 

Cor. 7. Hence appears the reafon tuhy we do not 
feel the whole weight of an immerfed bodyj till it te 
drawn quite out of the water. 

PROP. LXVIII. 

7 1. If a fluid runs through a pipe ^ fo as to leave no vacui'^ 
ties ; the velocity of the fluid in different parts ofit, 
will be reciprocally as the tranfverfe feSlionSy in theft 
parts. 

Let AC, LB be the feftions at A and L. And 
let the part of the fluid ACBL come to the place 
acbl. Then will the folid ACBL = folid acbl ; 
take away the part acSlu common to both ; and 
we have ACftf = LBW. But in equal folids the 
bafes and heights are reciprocally proportional. But 
if D/ be the axis of the pipe, the heights DJ, F^ 
pafled through in equal times, are as the velocities. 
Therefore, fedtion AC : feftion LB : : velocity 
along F/ : velocity along T>d. 

PROP. LXIX. 

73. JjT AD is a veffel of water or any other fluid ; B 
a hole in the bottom or fide, ^hen tf the vejfel be al- 
ways kept full ; in the time a heavy body falls 
through half the height of the water above the hole AB, 
a cylinder of water, will flow out of the hole, whofe 
height is AB, and bafe the area of the hole. 

♦ 
The preflure of the water againft the hole B, ' 
by which the motion is generated, is equal to the 
weight of a column of water whofe height is AB, 
and bafe the area B (by Cor. 2. Prop. LXVL).But 
equal forces generate equal motions i and fince a 

cylinder 
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cylinder of water falling through 4AB by its gra- Fig. 
vity, acquires fuch amotion, as to pafs. through 73. 
the whole height AB in that time ; therefore in 
that time the water running out muft acquire the 
feme motion. And that the effluent water may 
have the fame motion, a cylinder muft run out 
whofe length is AB; and then the fpace defcribed 
by the water in that time will alfo be AB, for that 
fpace is the length of the cylinder run out* 
Therefore this is the quantity run out in that time. 

Cor. I . The quantity run out in any time is equal 
to a cylinder or prifm, whofe length is the fpace def- 
cribed in that time by the velocity acquired by falling 
through half the height^ and whofe bafe is the hole* 

For the length of the cylinder is as the time of 
running out. Hii 

Cor. 2. The velocity a little ivithout the hole 9 is 
greater than in the hole, and is nearly equal to the . 
velocity of a body falling through the whole height AB* 

For without the hole the ttream is contraded by 
the water's converging from all fides to the cen- 
ter of the hole. And this makes the velocity 
greater in about the ratio of i. to a/2. 

Cor. 3. The zvater fpouts out with the fame velo- 
city, whether it be downwards^ , or ftdeways^ or up- 
wards. And therefore if it be tipzvards, it afcends . 
nearly to the height of the water above the hole. 

Cor. 4. The velocities and likewife the quantities of 
the fpouting w^ter^ at different depths; will be as 
thefquare roots of the depths. 

Scholium. 

From hence are derived the rules for the con- 74. 
ftru6tion of fountains or jets. Let ABC be a refer- 
voir of water, CDE a pipe commg from it, to 

I bring 
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Fig. bring water to the fountain which fpouts up at E, 
74. to the height EF, near to the level of the refervoir 
AB. In order to have a fountain in perfeftion, the 
pipe CD muft be wide, and covered with a thin 
plate at E with a hole in it, not above the fifth or 
fixth part of the diameter of the pipe CD. And 
this pipe muft be curve, having no angles. If the 
refervoir be 50 feet high, the diameter of the hole 
at E may be an inch, and the diameter of the pipe 
6 inches. In general, the diameter of the hole E, 
ought to be as the fquarc root of the height of the 
refervoir. When the water runs through a great 
length/ of pipe, the jet will not rife fo high. A 
jet never rifes to the full height of the refervoir; in 
a 5 fipet jet it wants an inch, and it falls (hort by 
lengths which are as the fquaxps of the heights; and 
fmsdler jets lofe more. No jet will rife 300 feet high. 
75- A fmali fountain is eafily made by taking a 
ftrong bottle A, and filling it half full of water; 
cement a tube BI very clofe in it, going near the 
bottom of the bottle. Then blow in at the top B, 
to comprefs the air within ; and the water will 
fpout outatB. If afountain be placed in the funftiine 
.. and made to play, it will (hew all the colours of 
the rainbow, if a black cloth be placed beyond it. 
A jet goes higher if it is not exaftly perpendi- 
cular ; for then the upper part of the jet falls to 
one fide without refitting the column below. The 
rcfiftance of the air will alfo deftroy a deal of its 
motion, and hinder it from rifmg to the height of 
the refervoir. Alfo the fridion of the tube or pipe 
of conduft has a great fliare in retarding the motion. 
78. If there be an upright veflel a^s AF full of wa- 
ter, and feveral holes be made in the fide as'B, C, 
D : then the dift:ances, the water will fpout, upon 
the horizontal plane EL, will be as the fquarc 
roots , of the redtangles of the fegments, ABE, 
ACE, and ADE. For the fpaces will be as the 

velocities 
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velocities and times. But (Cor. 4.) the velocity of Fig. 
the water flowing out of B, will be as \/AB, and 78. 
the time of its moving (which isthe fame as the 
time of its fall) will be (by Prop. XIII.) as 

%/BE; therefore the dift anceE H is as v/AB x BE; 
and the fpace EL as vACE. And hence if two 
holes are made equidiftant from top and bottom, 
they will projed the water to the fame diflance, 
for if AB = DE, then ABE = ADE, which 
makes EH the fame for both, and hence alfo ic 
follows, that the projedion from the middle point 
C will be furtheft ; for ACE is the greateft reft- 
angle, Thefe are the proportions of the diftances ; 
but for the abfolute diftances, it will be thus. The 
velocity through any hole B, will carry it through 
AB in the time of falling through iAB; then to 
find how far it will move in the time of falling 
through BE. Since thefe times are as the fquare 
roots of the heights, it will be, \/i AB : AB : : 

^BE : EH = ABv/-^- = v/IS1E; and fo 

the fpace EL = \/2 ACE. It is plain, thefe curves 
are parabolas. For the horizontal motion being 
uniform; EH will be as the time; that is, as 

\/BE, or BE will be as EH% which is the pro- 
perty of a parabola. 

If there be a broad veffel ABDC full of water, 76. 
and the top AB fits exactly into it ; and if the 
fmall pipe FE of a great length be foldered clofe 
into the top, and if water be poured into the top 
of the pipe F, till it be full ; it will raifc a great 
weight laid upon the top, with the little quantity 
of water contained in the pipe; which weight will 
be nearly equal to a column of the fluid, whofe 
bafe is the top AB ; and height, that of the pipe 
EF. For the preffure of the water againft the 
top AB, is equal to the weight of that column of wa- 
I z tcr 
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Fig. tcr, by Prop. LXV, and Cor. And Prop. LXVI. 

76. Cor. 2. 

But here the tube muft not. be too fmall. For 
/ in capillary tubes the attradio'n of the glafs will 
take off its gravity. If a very fmall tube be im- 
merfed with one end in a vcffel of water, the wa- 
ter will rife in the tube above the furface of the 
water; and the higher, the fmaller the tube is. 
But in quickfilver, it defcends in the tube below the 
external furface, from the repulfion of the glafs. 
To explain the operation of afyphon, which is 

77. a crooked pipe CDE, to draw liquors off. Set the 
fyphon with the ends C, E, upwards, and fill it 
with water at the end E till it run out at C; to 
prevent it, clap the finger at C, and fill the other 
end to the top, and ftop that with the finger. Then 
keeping both ends ftopt, invert the fhorter end C 
into a veffel of water AB, and take off the fingers, 
and the water will run out at E, till it be as low as 
C in the veffel ; provided the end E be always 
lower than C. Since E is always below C, the 
height of the column of water DE is greater than 
-that of CD, and therefore DE muft out weigh 
CD and defcend, and CD will follow after, being 
forced up by the preflure of the air, which adts 
upon the furface of the water in the veffel AB. 

The furface of the earth falls bslow' the horizontal 
level only an inch in 620 yards ;and in other dis- 
tances the defcents are as thefquares of the diftances. 
And to find the nature of the curve DCG, form- 
79. ing the jet IDG. Let AK be the height or top of 
the refervoir HF, and fuppofe the ftream to afcend 
wiihout any friftion, or refiftance. By the laws of 
falling bodies the velocity in any place B, will be 
as \/AB. Put the femidianieter of the hole at 
D-^jand AD-h. Then fince the fame wa- 
ter paffes through the feftions at^D and B; therefore 
(Prop. LXVIII.) the velocity will be reciprocally 

as 



^ 
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as the fedion; whence \^h : -TjI: \/AB : 57^7 ; ^^* 

^ aa ' Uv-.* 79* 

A/h /AB 
therefore "^z^jj-y ^^d //^-/)& = BC VAB, 

whence AB x BC* =hd^ ; which is a paraboliform 
figure whofc afymptote is AK, for the nature of 
the cataraftic curve DCG. And if the fluid was 
to defcend through a hole, as IC; it would form 
itfelf into the fame figure GCD in defcending. 

PROP. LXXl 

57:7^ refijfattce any body meets with in moving through 
411 fluid is as the Jquare of the velocity^ 

For if any body moves with twice the velocity 
of another .body equal to it, it will fl:rike againft 
twice as much of the fluid, and with twice the ve- 
locity; and therefore has four times the refiftance; 
for that will be as the matter and velocity. And 
if it moves with thrice the velocity, it ftrikes againft 
tnrice as much of the fluid in the fame time, with 
thrice the velocity, and therefore has nine times 
the refiftance. And fo on for all other velocities. 

Cor. If a fir earn of water ivhofe diameter is given^ 
fir ike againfi an obfiacle at refiy the force againfi it 
will be as the fquare of the velocity of the fir earn. 

For the reafon is the fame; fmce with twice or 
thrice the velocity, twice or thrice as much of the 
fluid impinges upqp it, in the fame time. 

PROP. LXXI. 

The force of a fir earn of water againfi any plane 
%bfiacle at refij is equal to the weight* of a column of 
ivater^ whofe bafe is the feSlion of the fiream ; and 
height^ thefpace defcended through by a falling body^ 
to acquirt that velocity. 

For let there be a refervoir whofe height is that 

ipace fellcn thtough. Then the water (by Cor. 2. 

I 3 Prop. 
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Fig, Prop. LXIX.) flowing out at the bottom of the 
refcrvatory, has the fame motion as the flxeam; but 
this is generated by the weight of that column of 
water, which is the force producing it. And that 
fame motion is deftroyed by the obftacle^ there- 
fore the force againft it is the very fame : for 
there is required as much force to deftroy as to 
generate any motion. 

Cor. The force of a fir earn of water flawing out 
at a hole in the bottom of a refcrvatory ^ is equal to 
the weight of a column of the fluid of the fame height 
and whofe bafe is the hole* 

PROP. LXXII. Prob. 

To find the fpecific gravity offolids or fluids. 

1. For a folid heavier than water. 

Weigh the body feparately, firft out of water, 
and then fufpended in water. And divide the 
weight out of water by the difference of the 
weights, gives the fpecific gravity; reckoning the 
Ipecific gravity of water i. 

For the difference of the weights is equal to the 
weight of as much water (by Cor. 2.Prop.LXVII.); 
and the weights of equal magnitudes, are as the 
fpecific gravities; therefore the difference of thefe 
weights, is to the weight of the body, as the 
fpecific gravity of water i, to the fpecific gravity 
of the body. 

2. For a body lighter than water. 

Take a piece of any heavy body, fo big as be- 
ing tied to the light body, it may fink it in water. 
Weigh the heavy body in and out of water, and 
find the lofs of weight. Alfo weigh the compound 
both in and out of water, and find alfo the lofs of 

weight. 
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weight. Then divide the weight of the light Fig. 
body (out of water), b y the difference of thefe 
loffes, gives the fpecifigl|pMlb; the fpeclfic gra- 
vity of water being i^^ flk 

For the lad lofn is^wcighrof water equal in 

• magnitut^ to the com- 
pound. ■ 
And tne hrlt lul^ is = weight ofivater equal in 

^ magnitude to the heavy , 

bodv* 
WhencetlieSflTJoffbs is = weight of water equal in 

magnitude to the light 
body. 
and the weights of equal magnitudes, being as the 
fpecific gravities ; therefore the difference of the 
lofles, (or the weight of water equal to the light 
body) : weight? of the light body : : fpecific gravity 
of water i : fpecific gravity of the light body. 

3. For a fluid of any for U 

Take a piece of a body whofe fpecific gravity 
you know ; weigh it both in and out of the 
fluid; take the difference of the weights, and mul- 
tiply it by the fpecific gravity of the folid body, 
and divide the produdt by the weight of the body 
(out of water), for the fpecific gravity of the fluid. 

For the difference of the weights in and out of 
water, is the .weight of fo much of the fluid as 
equals the magnitude of the body. And the weight 
of equal magnitudes being as the fpecific gravities; 
therefore, weight of the folid : difference of the 
weights (or the weight of fo much of the fluid) : : 
fpecific gravity of the folid : to the fpecific gravity 
of the fluid. 

Example to Cafe i. 

I weighed a piece of lead ore, which ^vas IS4 

grains; and in water it weighed 104 grains, the 

I 4 difference 
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°*difrcrcncc is 20; then -;;^ = 6.i, the Specific 
gravity of the 



20 



orej 
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Fine goldH[ . 


m 


% 


19.640 


Standard^ . W . 18.888 . 


Quickfilvcr ^ ^ ^ ^^^^^^^^^, 14.000 


Lead ^^^^^^^^^^^ 
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Standard Silver ^HH^^^r 1 0*^36 


Copper . . 
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7.000 
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Cryftal . ^ . 






2.210 


Brick 






2.000 


Earth . 




1.984 
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Ivory 

Chalk 

Allum 

Clay 

Oil of vitriol 

Honey 

Lignum vitae 

Treacle . 

Pitch 

Rofin 

Mahogany 

Amber 

Urine 

Milk 

Brazil 

Box 

Sea water . 

Ale • 

Vinegar . 

Tar 

Common clear water 

Bees wax . 

Butter 

Linfeed oil 

Brandy 

Sallad oil 

Logwood 

Ice . 

Oak 

Alh 

Elm 

Oil of turpentine 

Walnut tree 

Fir . 

Cork 

New fallen fnow 

Air • 



1.820 

1-793 
1. 714 

1-700 
r.450 
1.327 
1.290 
1.150 

X.IOO 

1.063 
1 .040 
1.03a 
I.03I 
1,031 
1.030 
1.030 
1.028 
I.02S 

I.OI5 

1. 000 

•955 
.940 

•93» 
.927 

•9^3 

•9^3 

•908 

.830 
.830 
^820 
.810 
.650 
.580 
.238 
•086 
•0012 
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Fig. Cor. I • As the weight loft in a fluids is to the 
abfolute weight of the body; fo is the fpecific gravity 
of the fluid J to thefpecific gravity of the boify^ 

Cor. 2. Having the Jpecific gravity of a body^ 
and the weight of it ; the folidity may be found thus; 
' multiply the weight in pounds by 62 1. Then fay as 
that produ£l to 1 i fo is the weight of the body in 
pounds, to the content in feet. And having the con- 
tent given, one may find the weighty by working 
backwards. 

For a cubic foot of water weighs 62 Jib. aver- 
diipois ; and therefore a cubic foot of the body- 
weighs 624: X by the fpecific gravity of the body. 
Whence the weight of the body, divided by that 
produft, gives the number of feet in it. Or as i> 
to that produft ; fo is the content, to the weight. 

Scholium, 

80. The fpecific gravities of bodies may be found 
with a pair of fcales ; fufpending the body in wa- 
ter, by a horfe hair. But there is an inftrument 
for this purpofe called the Hydroftatical Balance, 
the conftruftion of which is thus. AB is the ftand 
and pedeftal, having at the top two cheeks of 
fteel, on which the beam CD is fufpended, which 
is like the beam of a pair of fcales, and muft play 
freely, and be itfelf exactly in equilibrio. To 
this belongs the glafs bubble G, end the glafs 
bucket H, and fouir other parts E, F, I, L. To 
thefe are loops fattened to hang them by. And 
the weights of all "thefe are fo adjufted, that E = 
F + the bubble in water, or = I + the bucket 
out of water, or = I + L + the bucket in water. 
Whence L = difference of the weights of the 
bucket in and out of water. And if you pleafe 
you may have a weight K, fo that K + bubble in 
water = bubble out of water; or elfe find it in 

grains. 
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grains. The piece L has a flit in it to flip it upon Fig, 
the fliank of I. 8o* 

It is plain the weight K = weight of water as big 
as the bubble, or a water bubble. 

^hen to find the fpecific gravity of a f olid. 

Hang E at one end of the balance, and I and 
the bucket with the folid in it, at the other end ; 
and find what woight is a balance to it. 

Then flip L upon I, and immerge the bucket 
and folid in the water, and find again what weight 
balances it. Then the firft weight divided by the 
difference of the weights, is the fpecific gravity 
of the body; that of water being i. 

For fluids. 

Hang E at one end, and F with the bubble at 
the other ; plunge the bubble into the fluid in the 
veflel MN. Then find the weight P which makes ' 

a balance. Then the fpecific gravity of the fluid 

is = — ^: — j when P is laid on F; or = — tt — , 

when P is laid on E. 

For E being equal to I + the bucket ; the firft 
weight found for a balance, is the weight of the 
folid. Again, E being equal to I -f L + the 
bucket in water ; the weight to balance that, is 
the weight of the folid in water ; and the difference, 
is = to the weight of as much water. Therefore 
(Cor. I.) the firft weight divided by that difference, 
is the fpecific gravity of the body. 

Again, fince E is = to F + the bubble in wa- 
ter; therefore P is the difference of the weights, 
of the fluid and fo much water ; that is, P = dif- 
ference of K and a fluid bubble; or P = fluid — K, 
when the fluid is heavier than water, or when P is 
laid on F. And therefore P = K -.the fluid 

bubble. 
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Fig. Cor. I. As the weight lofi in a flv A bubble 
abfolute weight of the body; fo is th' J^^ And the 
0/ the fbiidy to the fpecific gravity j of thefe eq ual 

Cor. 2. Having the jpecif ^ f^/^*^ ^'•^^"y 
and the weight of it ; the foli ^ ; -^=— the fpecific 
• multiply the weight JH pour -r^, • • , 

thatpi-odua to xv'fo i y ^icre if P be o, it is the 
pounds f to the content ' 
tent giveriy one n> 
backwards. ff-O^' LXXIII. 

For a cubir , , 

dupois J ar .^^''^y ^"^y^ f*^^ gravitates on all 
weighs e',,^.;frfi" "f ^^' ^'■^^- 

^^ /^ M air is a fluid is very plain, as it yields 
P /^L]ea& force that is imprefled upon it, 

^^ fi'^ot ti^^^^^E ^^y f^Jofiblc rcliftance. But if it 
/^^^^^ed brifkly, by fome very thin and light 
t^y as a fan, or by a pair of bellows, we become 
y *^ /enfible of its motion againft our hands or 

^g^ and likcwife by its impelling or blowing away 
light bodies, that lie in the way of its motion, 
^^jjcrefore the air being capable of moving other 
bodies by its impulfe, muft itfelf be a body; and 
jnuft therefore be heavy like all other bodies, in 
proportion to the matter it contains; and will 
confequently prefs upon all bodies placed under it. 
And being a fluid, it will dilate and fpread itfelf 
.all over upon the earth : and like other fluids will 
gravitate upon, and prcfs every where upon its 
furface. The gravity and preflure of the air is alfo 
evident from experiments. For (fig. 70.) if water, 
/ &c. be put into the tube ABF, and the air be 

/ . drawn out of the end F by an air-pump, the water 

/ will afcend in the end F, and dcicend in the end 

A, by reafon of the preflure at A, which was 
taken off'or diminiflied at F. There are number- 
lefs experiments of diis fort. And though t hefp pro- 
perties 
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and effefts are certain, yet the air is a fluid Fig, 
yfine and fubtle, as to be perfectly tranfpa- jo^ 
Vquite invifible to the eye. 

^ The air J like other fluids j will, hy its 
)luidity, infinuate itfelf into all the taruh 
corners within the earthy and there prefs 
JO much greater force, as the places are deeper* . 

. Cor. 2. Hence the atmofphere, or the whole body of ^ 
air fur rounding the earth, gravitates upon the fur- 
faces of all other bodies, whether folid or fluid, and 
that witk^^orce proportional to its weight or quan- 
tity of matter. 

For this property it myft have in common with 
all other fluids. 

Cor. 3. Hence thepreffure, at any depth of water ^ 
or other fluid, will be equal to the pre [fur e of the fluid 
together with thepreffure of the atmojphere. 

Cor. 4. Likezvife all bodies, near thefurface of the 
earth, lofefo much of their weight, as the fame bulk of 
fa much air weighs. Andconfequently, they arefomething 
lighter than they would be in a vacuum. But being 
fo very fmallit it commonly negleEted-, though inflriEt- 
nefs, the true or abfolute weight is the weight in vacuo. 

PROP. LXXIV, 

The air is an elajlic fluid, or fuch a one, as is ca- 
pable of being condenfed or expanded. And it obferves 
this law, that its denfty^ is proportional to the force 
that .comprejfes it. 

Thefe properties of the air, are proved by ex- 
periments, of which there are innumerable. If }ou 
take a fyringe, and thruft the handle inwards, you 
will feel the ihcluded air aft ftrongly againft your 

hand;. 
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Fig, hand; and the more you thruft, the further the 
pifton goes in, but the more it refifts; and taking 
away your hand, the handle returns back to where 
it was at firft. This proves its elafticity, and alfo 
that air may be driven into a Icfs fpace, and con- 
denfed. 
75. Again, take a ftrong bottle, and fill it half full 
of water, and cement a pipe Bl, clofe in it, going 
near the bottom ; then injcft air into the bottle 
through the pipe BI. Then the water will fpout out 
at B, and form a jet ; which proves, that the air is 
firft: condenfed, and then by its fpring drives out 
the water, till it become of the fame denfity as at 
firft, and then the fpouting ceafes. 

81, Likcwife if a veffel of glafs AB be filled with 
water in the veffel CD, and then drawn up with 
the bottom upwards ; if any air is left in the top 
at A, the higher you pull it up, the more it ex- 
pands; and the further, the glafs is thruft down in- 
to the veffel CD, the more the air is condenfed. 

82. Again, take a crooked glafs tube ABD open at 
the end A, and clofe at D; pour in mercury to 
the height BC, but no higher, and then the air in 
DC is in the fame ftate as the external air. Then 
pour in more mercury at A, and obferve where it 
rifes to in both legs, as to G and H. Then you 
may always fee that the higher the mercury is in 
the leg BH, the lefs the fpace GD is, into which 
the^air is driven. And if the height of the mercu- 
ry FH be fuch as to equal the preffure of the at- 
mofphere, then DG will be half DC; if it be 
twice the preffure of the atmofphere, DG will be 
j^DC, &c. So that the denfity is always as the 
weight X)r compreiSion. And here the part CD is 
fuppofed to be cylindrical. 

Cor. I. The fpace that any quantity of air takes up, 
is reciprocally as the force that comprejfes it. 

Cor. 
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Fig. ^y ^^* claftic force, drive all the water out of the 
8i* g^S and a good part of the air will follow, by 
continuing the veffel there. Many more experi- 
ments may be produced proving the fame thing. 

PROP. LXXVI. 

^e air will prefs upon ' the furfaces of all fluids^ 
with any force ; without pajjing through them, or 
tntering into them. 

If this was not (b, no machine, whole ufe or 
aftions depends upon the prefTure of the atmofphere, 
could do its bufinefs. Thus the weight of the at- 
mofphere preffes upon the furface of water, and 
forces it up into the barrel of a pump, without any 
air getting in, which would fpoil its working. 
Likcwife the preffure of the atmofphere keeps 
mercury fufpended at fuch a height, that its weight 
is equal to that preffure ; and yet it never forces 
itfelf through the mcf cury into the vacuum above, 
though it ftand never fo long. And whatever be 
the texture or conftitution of that fubtle invifiblc 
fluid we call air, yet it is never found to pafs 
through any fluid, though it be made to prefs 
never fo flrongly upon it. For though there be 
fome air inclofed in the pores of almoft all bodies, 
whether folid or fluid ; yet the particles of air 
. cannot by any force be made to pafs through the 
body of any fluid ; or forced through the pores 
of it, although that force or preffure be continued 
never fo long. And this feems to argue that 
the particles of air are greater than the particles 
or pores of other fluids ; or at leaft: are of a ftruc- 
ture quite different from any of them. 
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Fie- 
PROP. LXXVII. ^ 

The weight or prefure of the atmojphere^ upon any 
haje at the earth* s farface; is equal to the weight of 
a column of mercury of the fame bafcy and whofe 
height is from 28 to ^1 inches i Jeldom more or lefs. 

This is evident from the barometer, an inftru- 
mcnt which (hews the pxflbre of the air; which 
at fome feafons (lands at a height of 28 inches, 
fometimes at 29, and 30, or 31. The reafon of 
this is not becaufc there is at fome times more air 
in the atmofphere, than at others; but becaafe the 
air being an extremely fubtle and elaftic fluid, ca- 
pable dF being moved by any impreflions, and many 
miles high; it is much difturbed by w nds, and by 
heat and cold; and being often in a tumultuous 
agitation ; it happens to be accumulated in fome 
places, and conlcquently deprefled in others ; by 
which means it becomes denfer and heavier where 
it is higher, fo as to raife the column of mercury 
' to 30 or 31 inches. And where it is lower, it is 
rarer and lighter, fo as only to raifotit to 28 or 29 
inches. And experience fhews, that it feldom goes 
without the limits of 28 and 31. 

Cor. I. The air in the fame place does not always 
continue of the fame weight \ hut is fometimes heavier y 
and fometimes lighter; but the mean weight of the 
atmofphere^ is that when the quickfiher Jlands at 
about 29! inches. 

Cor. 2. Hence the preffure of the atmcjphere upon 
afquare inch at the earth's furfacCy at a medium^ is 
very near 15 pounds^ averdupoife. 

For an inch of quickfilver weighs 8.102 ounces. 

Cor. 3. Hence alfo the weight orprefsure of the at- 
mofphere ^ in its lightejl and heaviejl Jlate^ is equal to 
K the 
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Fig. the weight of a column of watery ^i or ^Sfeet high; 
or at a medium ^/^feet. 

For water and quickfilvcr arc in weight nearly 
as I to 14. 

Cor. 4. If the air was of thd fame denfity to the 
top of the atmofpherej as it is at the earth; its height 
would be about 5^ miles at a medium. 

For the weight of air and water are nearly as 
12 to 1 0000. 

Cor. 5. The denfity of the air in two places dijiant 
from each other but a few miles ^ on the eartffs fur- 
face and in the fame level; may be looked on to he 
the fame y at the fame time. ' 

Cor. 6. The denfity of the air at two different al- 
titudes in the fame place ^ differing only by a few 
feet ; may be looked on as the fame. 

Cor. 7. If the perpendicular height of the top of a 
J^hon from the water j be more than 34 feety at a 
mean dc/fity of the air; the fyphon cannot be made 
to run. 

For the weight of the water in the legs will be 
greater than the preffure of the atmofphere, and 
both columns will run down, till they be 34 feet 
high. 

Cor 8. Hence alfo the quickfilver rifes higher in 
the barometer y at the bottom of a mountain^ than at 
the top ; and at the bottom of a coal pity than at 
the top of it. 
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Scholium. 

Hence the denfity of the air may be found at 
toy heighffrom the earth as in the following table. 
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.9564 


10 


.1700 


X 


.9146 


20 


.02917 


i 


.8748 


3^ 


.005048 


I 


.8372 


.40 


.000881' 
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.7012 


50 


.000155 


3 


.5871 


100 


.00000002.98 


4 


.4917 






5 


.4119 







The firft and third cokimns are the height in 
tellies from the furface of the eai th. And the fe- 
cond and fourth columns, fhew the denfity at 
that height ; fuppofing the denfity at the furface 
of the earth, to be i . 

The denfity at any height is eafily calculated by 
this feries. Put r = radius of the earth, h = 
height from the furface, both in feet. ' Then the 
denfity at the height b, is the number belonging to 

the logarithm, denoted by this feries - 



b 



B- -C 
r 



68444 
&c. where A, B,- C, &c. 



r r 

are the preceding terms. The terms here will be 
alternately negative and affirmative. But the firft 
term alone is fufficient -when the height is but a 
few miles. 

By the weight and preflure of the atmofphere, the 
operations of pneumatic engines may be accounted 
for and explained. I fhall juft mention one or two. 

A PUMP. 

Fig. 83. is a common pump. AB the barrel or 
>ody of the pump, being a hollow cylinder, made 

K 2 of 
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Fig. of wood or lead. CD the handle movable about 
83. the pin E. DF an iron rod moving about a pin 
D; this rod is hooked to the bucket or fucker FG, 
which moves up and down within the pump. The 
bucket FG is hollow, and has a valve w r clack L 
at the top opening upwards. H a plug fixed at 
the bottom of the barrel, being like>\ifc hollow, 
and a valve at 1 opening alfo upwards. BK the 
bottom going into the well at K; the pipe below 
B need not be large, being only to convey the wa- 
ter out of the well into the body of the pump. 
The plug H muft be fixed clofe that no water can 
get between it and the barrel; and the fucker FG, 
is to be armed with leather, to fit clofe that no air or 
water can get through between it and the barrel. 

When the pump is firft wrought, or any time in 
dry weather when the water above the fucker is 
wafted, it muft be primed, by pouring, in fome wa- 
ter at the top A to cover the fucker, that no air get 
through. Then railing the end C of the handle, 
thebucketFdefcends,andthewaterwill rife through 
the hollow GL,' prefling open the valve L. Then 
putting down the end C raifes the bucket F, and 
the valve L (huts by the weight of the water above 
it. And at the fame time the prefTure of the at- 
mofphere forces the water up through the pipe KB, 
and openingthe valveljitpalfes through theplugin- 
to the body of the pump. And when the fucker 
G defcejids again, the valve I ftiuts, and the water 
cannot return, but opening the valve L, paffes 
through the fucker GL. And when the fucker is 
raifed again^ the valve L fhuts again, and the water 
is raifed in the pump. So that by the motion of the 
piiicn up and down, and the alternate opening and^ 
ihuttin^r of the two valves; water is continually 
railed in'io the body of the pump, and difcharged 
at the fpoiit M. 

The 
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The dijftance KG, from the well to the bucket. Fig. 
muft not be above 32 feet; for the preflure of the 83. 
atmofphere will raife the water no higher, and if 
it is more, the pump will not work. It is evident 
a pump will work better when the atmofphere is 
heavy than when it is light, there being a twelfth 
or fifteenth part difference, at different times. And 
when it is lighted it is only equal to 32 feet. Where- 
fore the plug H muft always be placed fo low, as 
that the fucker GL may be within that compafs. 

A BAROMETER. 

Fig. 84. is a Barometer y or an inftrument to mea- 84. 
fure the weight of the air. It confifts of a glafs 
cone ABC hollow within, filled full of mercury, 
and hermetically fealed at the end C, fo that no 
air be left in it. When it is fet upright, the mercury 
defcends down the tube BC, into the bubble A, 
which has a little opening at the top A, that the 
air may have free ingrefs and egrefs. At the top 
of the tube C, there muft be a perfedt vacuum. 
This is fixed in a frame, and hung perpendicular 
againft a wall. Near the top C, on the frame, is 
placed a fcale of inches, (hewing how high the 
mercury is in the tube BC, above the level of it 
in the bubble A, which is generally from 28 to 3 1 
inches, but moftly about 29 or 30. Along with 
the fcale of inches, there is alfo placed* a fcale of 
fuch weather as has been obferved to anfwer the fe- 
veral heights of the quickfilver. Such a fcale you 
have annexed to the 84th figure. In dividing the 
fcale of inches, care muft be taken to make proper 
allowance for the rifing or falling of the quickfilver 
in the bubble A, which ought to be about half 
fiill, when it ftands 29J, which is the mean 
height. For whilft the quickfilver rifes an inch at 
Qitdefccjidsalitde in the bubble A, and that 

K 3 defcent 
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Fig. dcfcent muft be dedufted, which makes the divi- 
g4, fions be fomething lefs than an inch. Thefe inches 
muft be divided into tenth parts, for the more exa& 
mcafuring the weight of the atmofphere. For the 
pillar of mercury in the tube is always equal to the 
weight of a pillar of the atmofphere of the fame 
thicknefs. And as the height of the quickfilver 
increafes or decreafes the weight of the air in- 
creafes or decreafes accordingly. The tube muft 
be near 3 feet long, and the bore not lefs than -| 
or ^ of an inch, in diameter, or elfe the quickfil* 
ver will not move freely in it. 

By help of the barometer, the height of moun- 
tains may be meafured by the following table. In 
which the firft Column is the height of the moun- 
tain, &c. in feet or miles ; the fecond the height 
of the quickfilver; and the third the defcent of the 
quickfilver in the barometer ; and' this at a m^aa 
denfity of the air. 
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Feet 


riigii Barotn* 


Defcent 


Feet 


High Barom 


Defcent 


O 


29.500 










loo 


29.400 


.100 


2600 


27.028 


2.472 


20C 


29.301 


.199 


2700 


26.938 


2.562 


300 


29.203 


.297 


2800 


26.848 


2.652 


400 


29.105 


•395 


2900 


26.758 


2.742 


500 
600 


29.007 


•493 


3000 
31OC 


26.668 


2.832 
2.922 


28.910 


.590 


26.578 


700 


28.812 


.688 


3200 


26.489 


3.01 1 


800 


28.716 1 


.784 


33°^ 


26.400 


3.100 


900 


28.619 


.881 


3400 


2,6.311 


3.189 


1000 


28.523 


•977 


3500 
3600 


26.222 


3.278 


1 100 


28.428 


1.072 


26^136 


3-364 


1200 


28.332 


1. 168 


3700 


26.049 


3-45 1 


1300 


-28.237 


r.263 


380D 


25.961 


3-539 


1400 


28.143 


^•357 


3900 


25.874 


3.626 


1500 


28048 


r.452 


4000 
4100 


25.786 


3-714 


1 60c 


27-^54 


1.546 


25.699 


3.801 


I 70c 


27.860 


1.640 


4200 


25-613 


3.«87 


1800 


27.766 


1-734 


4300 


*5-5'^7 


3-973 


I goo 


27.672 


1.828 


4400 


25.441 


4.059 


200c 
2100 


27-579 


r.921 


4500 


25-355 


4-145 


27.487 


2.0J3 


4600 


25.270 


4.230 


2200 


27-394 


2.106 


4700 


25.185 


4.315 


2300 


27.302 


2.198 


4800 


25.101 


4-399 


24.00 


27.210 


2.290 


4900 


25.017 


+-4«3 


250C 


17.119 


2.381 1 


5000 


24*933 


4.567 
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The Table continued in MiLEt. 



W^s 


H. Baiom 


D.fcent 


kilee 


H. Baroin. 


i^eAxni 


0. 


29.50 








o.*5 


28.21 


1.29 


3'i5 


««-57 


12.93 


0.50 


26.98 


2.52 


3-5° 


i3-*5 


0-75 


25.80 


3-7° 


375 


15.16 


14.34 


r. 


24.70 


4.80 


4- 


14.50 . 


15.00 


1.25 


23.62 


5.88 


4.^5 


13-87 


»5-63 


1.50 


22.6o 


6.90 


4.50 


13.27 


16.23 


»-75 


21.62 


7.88 


4-75 


12.70 


16.80 


z. 


20.68, 


8.82 


5- 


12.15 


»7-35 


z.»5 


19.78 


9.72 


S'^S 


11.62 


17.88 


2.50 


i«-93 


10.57 


S'So 


II. 12 


18.38 


*-75 


18.11 


'«-39 


57S 


10.64 


18.86 


3. 


17.32 


12.18 


6. 


10.18 


19.32 



This table is made from a table of the air's 
deoiity, made as in Schol. Prop* LXXVII. And 
then multiplying all the numbers thereof by 29.5 
the m6an dcnfity of the air. For the denfity of 
the air at any height above the earth is as the weight 
of the atmofphere above it, (by Prop. LXXIV.); 
and that is as the height of the mercury in the 
barometer, 

I lately contrived another fort of barometer, 
which (hews thp afccnt and defcent of the mercury 
at the bottom. 

ABC is a recurve tube, clofe at the top, where 
the bucket C is, and open at the end A. The 
length of CB is 32 or 33 inches, and of AB 6 or 
7, The bucket C (hould contain about as much 
as the end AB. And the bucket and end CB 
muft be quite filled with mercury, as far as B, a 
little beyond the turn. The wider the bucket C 
is, the better. The fcale fet to the end AB muft 
be graduated downwards, for the mercury falls in 

this 
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tliis, when it rifes in the other fort. This beii^ Fig* 
placed againft a wall, will flbew the height of the 8^* 
fxiercuiy, as in the common ones. And this way 
If more commodious, as it faves the labour of 
clambering up upon chairs to fee it, as one muft 
do, in the common fort, to fee exadtly. 

A WATER barometer; 

A barometer may alfo be made of water as in 85^ 
fig. 86, which is a water barometer. AB is a 
glafs tube open at both ends, and cemented clofe 
m the mouth of the bottle EF, and reaching very 
near the bottom. Then warming the bottle at the 
fire, part of the air will fly out ; then the end A 
is put into a veflel of water mixed with cochineal, 
which will go through the pipe into the bottle as ' 
it grows cold. Then it is fet upright ; and the 
water may be made to ftand at any point C, by 
fucking or blowing at A. And if this barometer 
be kept to the fame degree of heat, by putting 
it in a veflel of fand, it will be very correct for 
taking fmall altitddes; for a little alteration in the 
weight of the atmofphere, will make tlie water at 
C rife or fall in the tube very fenfibly. But if it 
be fuffered to grow warmer, the water will rife 
too high in the tube, and fpoil the ufe of it; fo 
that it muft: be kept to the fame temper. 

If a barometer was to be made of water put 
into an exhaufl:ed tube, after the manner of quick- 
lilver; it would require a tube 36 feet long or 
more; which could hardly find room within doors. 
But then it would go 14 times more exaft than 
quickfilver; becaufe for every inch the quickfilver 
rifes, the water would rife 14; from whence every 
minute change in the atmofphere would be dif- 
cernable. 

And the water barometer above defcribed will 
(hew the variation of the air's gravity as minutely 

as 
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Fig. as the other, if the bottle be large to hold a great 
86. quantity of air. And in any cafe, by reducing 
the botttle (fo far as the air is contained) to a cylin- 
der j and put D = diameter of the bottle, d = 
diameter of the pipe, p = height of air, ;c = rifing 
in the pipe, all in inches. Then th e height of a 

AfOZdd 
hill in feet will be nearly i + ^^ x'jix. And 

if j^ = height of the hill or any afcent, Q^= 

Aoidd y 

^j^ . Then x = ■ — r- very near, at x 

mean denfity of the air, 

A THERMOMETER. 

Sj. Fig. 87. is a thermometer, or an inftrument to 
meafure the degrees of heat and cold. AB is a 
hollow tube near two foot long, with a ball at the 
bottom ; it is filled with fpirits of wine mixed with 
cochineal, half way up the necK; which done, it is 
heated very much, till the liquor fill the tube, and 
then it is fealed hermetically at the end A. Then 
the fpirit contracts within the tube as it cools. It 
is inclofed in a frame, which is graduated into de- 
grees, for heat and cold. For hot weather dilates 
the fpirit, and makes it run further up the tube; 
and coM weather on the contrary, contracts it, and 
makes it fink lower in the tube. And the parti- 
cular divifions, ftiew the feveral degrees of heat 
and cold ; againft the principal of which, the words 
heat, cold, temperate, &c. are written. 

They that would fee more machines defcribed, 
may confult my large book of Mechanics, where 
he will meet with great variety. 
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^2^E ProJeStM of the Sthere^ or of its 
Circles J has the fame relation to Sphericd 
trigonometry^ that praMical Geometry has t9 
plane trigonometry. For as the one faves a 
deal of Calculation^ by drawing a few right 
Lines^ fo does the other by drawing a Jew 
Circles. The ProjeSHon of the Sphere gives a 
Learner a good Idea of the Sphere and all its 
Circles^ and of their fever al Pofitions to one . 
another J and confequently of Spherical Triangles^ 
and the Nature of Spherical Trigonometry. 

I have here delivered the Principles of three 
fbrts of Projedlion^ in a f mall compafs ; and yet 
the Reader will find here^ all that is ejfential to 
the fubjedl\ and yet nothing fuperfiuous\ for I 
think no more need he faid^ or indeed can he f aid 
about ity to make it intelligible and praSlicahle. 
For her^ is laid down^ not only the whole The-- 
ory^ but the PraSlice likewife. Tet the pradlical 
Part is entirely difengagedfrom the Theory ; fo 
that any body (though he has no defire or leifure 
to attain to the Theory) may neverthelefsy by help 
of the Problems^ make himfelf Majier of the 
PraSiice. For which end I have endeavoured to 
make all the rules relating to pra^rce^ plain ^Jhort 
and eafy^ and at the fame time full and clear. 

It is true the folution of Problems this way^ 
mu/i be allowed to be imperfeSl ; for there will 
always be fome errors in workings as well as 
in the injiruments we work with. But mbody 

in 
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in feeling an accurate folution to a Problem^ wilt 
trujl to a ProjeSiion by fcale and compafs ; be^ 
caufe this ian/iot be depended on in cafes of great 
nicety. Tct where no great exaSlnefs is required^ 
it will be found very ready and ufefut% and 
bejides it will ferve to prove and confirm the 
folution obtained by Calculation. 

But then this defeSi is abundantly recompenfed 
by the eafinefs of this method. For by fcale and 
c%mpafs only J all forts of Problems belonging to 
the Sphere J as in Afironomy^ Geography ^ DiaU 
ingj t£c. may be folved with very little trouble^ 
which require a great deal of time and fains j to 
work out trigonometrically by the tables. It 
likewife affords a great pleafure to the mind, 
that one can^ in a little time^ defcribe the whole 
furniture of Heaven and Earthy and reprefent 
them to the eye^ in afmallfcheme of paper. 

But its principal ufe isforfuch perfons (and 
that is by far the greater number) as having no 
opportunity for learning Spherical ^trigonometry, 
have yet a defire to refolvefome Problems of the 
Sphere. For fuch as thefe, thisfmall 7reatife 
will be of particular fervice^ becaufe*the practical 
rules, efpecially of any one fort of ProjeSlion, 
*may be learned in a 'very little time, and are 
eaJUy remembered. So that I have fome hopes 
I fhall pleafe all my readers^ whether theoretical 
or prailicaL 

W- E. 
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DEFINITIONS. 

i.pROjECtlON of the fphere is the repre- 
fenting its furface upon a pUne, called the 
Plane of Prqje£iion. 

2.. Orthographic Projcftion , is the drawing the 
circles of the {phere upon the plane of fome great 
circle, by lines perpendicular to that plane, let fall 
from all the points of the circles to be projedted. 

3. The Stereographic Projedtion, is the drawing 
the circles of the fphere upon the plane of one of 
its great circles, by lines drawn from the pole of 
that great circle to all the points of the circles to be 
projefted. 

- 4. The GnomonicalVxQ]t6k!\ony is the drawing the 
circles of an hemifphere, upon a plane touching it 
in th^ vertex, by lines or rays ifTuing from the cen- 
ter of the hemifphere, to all the points of the cir- 
cles to be projefted. 

5. The Primitive circle is that on whofc plane 
the fphere is projedted. And the pole of this cir- 
cle is called the Pole of Projeftion. The point from 
whence xht projeSling right lines iffue, is the proj eSI- 
ingPoin^. 
*. * 6. The 
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6. The Line of Meafures of any circle is the 

common interfedtion of the plane of projedion, 

« and another plane that pafleS through the eye, and is 

perpendicular both to the plane of projedlion, and 

to the plane of that circle. 

Scholium. 

There arc other Projeftions of the Sphere, as the 
Cylindrical^ the Scenograthhic^Yiidx bctengg to Per- 
fpeftive, the Globical wnich belongs to Geography, 
Mercator*s^ for which fee Navigation, &c. 

AXIOM. 

The Tlace of any vifible point of the Sphere upon 
the plane of projeftion, is where the projecting 
line cuts that plane. 

Cor. If the eye be applied to the projeBing poini ^ 
it will view all the circles of the Sphere^ and every 
part of themy in the projeStion^ juft as they appear 
from thence in the Sphere itfilf 

Scholium. 

The Projeftion of the Sphere is only the (hadow 
efthe circles of the Sphere upon the plane of Pro- 
jedion, the light being in the place of the eye or 
projecting point. 

The Signification of fome Charaders. 

+ added to. ' 

- fubtr^fting the following quantity. 
'z. an angle. 
= equal to. 
J- perpendicular to. 
II yarallel to. 
: : a proportion. 

SECTi^ 
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SECT. L 

Tie Orthographic ProjeBion of the 
Sphere. 



PROP. I. 

JF tf right line AB is projeBed upon a plane ^ it is. 

proJeSedinto a right line; and its length will be p- 
ib the lengflo'^of the proje£lion^ as radius to the cqfine °* 
wf its incRnatton*:al>ove that plane. ^' 

For let fall liie perpendiculars Aa^ Bh upon the 
plane of.pTojcftipn; then ak will be the line it is 
pTojefted: into; but by trigooometry AB : is to A(> 
or ab : ': as radius : to the fine of B or cofinc of oAB. 

Cor \* If a right line is projeSed upon a plane , 
^parallel thereto, it is projeSled into a right tine paral- 
lel and equal to it/elf. 

Cor. 2. If an angle ieprojeSled upon a plane luiicb 
is parallel to the two lines forming the angle; if is 
projeSisd into^ an angle equal to itfelf. 

Cor. 3. Any plane figure pryeEted upon a plane 
parallel to itfelf^ is.projeQed into a figure fimilar and 
equal to itfelf. 

Cor. 4. Hence alfo the area of any plane figure, is 
io the area of its projfSion : : as radius, to the cofine 
'm/ its elevation or inclination. 

PROP. IL 

A eirele perpendicular to the plane of projeEHon, is 
^ frojeSled into a right line equal to its diameter. 

For i)roje6ling lines drawn through all the points 
of the circle fall m the common fedtion of the planes 

L of 
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Fig. of the circle and of projeftion, which is a right 
line (Geom. V. 3.), and equal to the diameter of 
the circle ; becaufe the planes interfed in that dia- 
meter. ^E.D. 

Cor. Hence any plane figure, perpendicular to the 
plane ofprojeSion is pry eSed into a right tine. For 
the perpendiculars from every pointy will all faU in 
the common interJeStion of the figure with the plane of 

projeSlion. 

PROP. III. 

I. A circle parallel to the pla>te of projeSion is pro- 
jelled into a circle equal to itfelf and concentric with 
the primitive. 

Let BOD be the circle, I its center, C the cen- 
ter of the fphere; the points I, B, O, D, are pro- 
jefted into the points C, L, F, G, and therefore 
OICF, and BICL arc redkangled parallelograms. 
ConfequcDtly LC = BI = OI = FC, (Geom. 
III. I.). ^E.D. 

Cor. The radius CL or CF is the cofine of the cir- 
clets difiancefrom the primitive , for it is the fine o/AB. 

PROP. IV. 



2. 



An inclined circle is projeBed into an eUipfis whofe 
^ tranfuerfe axis is the diameter of the circle. 

Let ADBH be the inclined circle, P its center ; 
and let it be projefted into adbh ; draw the plane 
ABFC^ar through the center C of the fphere, per- 
pendicular to the plane of the given circle and 
plane of projeftion, to interfed them in the lines 
AB, ab', draw GPH, DE, perpendicular, and DQ^ 
parallel to AB; then becaufe the line GP, and 
the plane of projection arfe both perpendicular to 

the 
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the plane ABF ; therefore GH is parallel to the Fig. 
plane of projedion, and therefore to gh. 2. 

In the circle ADB, DQ^-GQH=^9*, and 
BP* = GP*=^j)*. And (Geom. V. 12.) BP : 
EP or TiQj :bp: ep or dq, and BP* : DQ^ : : 
hp* : dq"^; that is, gp"^ :gqh i:bp^ : dq^; and there- 
fore agbb is an ellipfis, whofe tranfverfe gb is the 
diameter of the circle, ^ E. D. * 

Cor. I. Since ab is perpendicular to gh, therefore 
ah is the conjugate axisy and is twice the fine of the 
^ AB^ to the radius gp ; that isy the conjugate axis 
is equal to twice the ccfine of the inclination^ to the 
radius of the circle. 

\ Cor. 2. T^he tranfverfe axis is equal to twice the 

cofine of its diftancefrom its parallel great circle. For 
gh = GH = 2AP = twice the fine of AK. 

Cor. 3. TChe extremities of the conjugate axis are 

difiant from the center of the primitive ^ by the fines 

^ of the circlets neareft and greatefi difiance from the 

pole of the primitive. Thm aC is the fine of AN, 

and bC the fine of BN. 

Cor. 4. Hence alfo it is plain that the conjugate axis 
always pafses through the center C of the primitive; 
I and is always in the line vfmeafures of that circle. 

Scholium. 

Everycircleintheprojeftionreprefents two equal 3. 

1 circles, parallel and equidiftant from the primitive. 

I Every right line reprefents two femicircles, one 

t towards the eye, the other in the oppofite fide. 

f Every ellipfis reprefents two equal circles, but 

contrarily inclined, as AB, CD; one above the 

V primitive, the other below it. 

^ And now the Theory being laid down, it re- 

mains only to deduce thence, fome (hort rules for 
pradlicc, as follows. 

i L 2 PROP. 
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^^^' PROP. V. Pro6. 

5. ^0 pr0;cS a circle paralUl to the primitive. 

Rule. 

Take the complement of its diftance from the 
primitive, and fet it from A to £ ; and with the 
•enter C and radius CD = perpendicular EF, dc- 
fcribe the circle Dj^G. 

By the plane fcale. 

Take the fine of its diftance from the pole of 
the primitive; with that radius and the center C 
defcribc the circle. 

PROP. VI. ?roh. 

4. T!o projeSl a right circle y or one that is perpendicu- 
lar to the plane of projeilion. 

Rule. 

Through the centfcr C of the primitive, draw the 
diameter AB, and take the diftance from its paral- 
lel great circle, and fct from A to E, and from B 
to D, and draw ED, the right circle required. 

By the fcale. 

Take the fine of the circle's diftance from its pa- 
rallel great circle AB, and at that diftance draw a 
parallel ED for the circle required. 

PROP. VII. Prob. 

^0 projeSi a given oblique circle. 

Rule. 

6. Draw the line of meafures AB, and take the cir- 
cle's neareft diftance from the primitive and fet 

from 
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from B to D; upwards if it be above the primitive; Kg, 
or downward, if below ; likewife take its greateft 6. 
diftance, and fet from A to E, and draw ED, and 
let fall the perpendiculars EF, DG ; and bifeft FG 
in H, and ereft the perpendicular KHI, making 
KH = HI = half ED; then defcribe an ellipfis 
(by the Conic Sections) whole tranfverfe is IK and 
conjugate FG j and that (hall reprefent the circk 
given. 

By the fc ale. 

Draw the line of meafures AB; and take the j6. 
fines of the circle's neareft and greateft diftance 
from the pole of the primitive, and fet them froni 
the center C to F and G, (both ways if the circle 
encompafs the pole, but the fame way if it lie on 
one fide the pole;) bifed FG in H, and ered HK, 
HI perpendicular to FG, and = to the radius of 
the circle given, or the fine of its diftance from its 
own pole ; about the axes FG, KI defcribe an el- 
lipfis, and it is done. 

Scholium. 

An ellipfis great or fmall may be defcribed by 10. 
points, thus; through the center D of the circle and 
ellipfis, draw BD -L the tranfverfe AR ; and on 
AR ereft a fufficient number of perpendiculars IK, 
ik &c. aiid make as DB or DA : DE : : IK:IF: : 
/* ; // &c. then through all the points E^ F, /, &c. 
draw a curve. See Prop. 76. ellipfis. 

PROP- VIIL Prob. 

to jind the pble of a given elliffii. 

Rule. 

Throogh the center of the primitive C, draw the 7, 
conjugate of the ellipfis; on the extreme jpoints 
F, G, ereft the perpendiculars FE, GD, or let the 

L 3 tranfverfe ^ 
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Fig. tranfvcrfc IK from E to D, and bifed ED in R, 
7. and let fall RP perpendicular to AB, then is P 
the pole. 

By thefcale. 

7. Take CF, and CG, and apply to the fines, and 
find the degrees anfwering, or the fupplements; 
then take the fine of half the fum of thefe degrees, 
if F, G be both on one fide of C, or the fine of 
half the difference, if they lie on contrary 'fides; 
and fet it from C to the pole P. 

Or tbus; apply the femi-tranfverfe IH to the 
fines, and fet the degrees from E to R; and draw 
RP J- to AB; and P is the pole. 

PROP. IX. ProB. 

^0 meafure an arch of a parallel circle; or to fet 
etny number of degrees on it. 

Rule. 

5. With the radius of the parallel, and one foot 
in C defcribe a circle Gg, draw CGB, and Cgb,. 
then B^ will meafure the given arch Gg-; or Gg 
will contain the given number of degrees fet from 
B to b. So that either being given finds the other. 

PROP. X. Prob. 

To meafure amy part of a right circle. 

Rule. 

8. In the right circle ED, let EA = AD; and 
let AB be to be meafured. Make CF = AE; 
with extent BA = FG defcribe the arch GI; draw 
CGK to touch it in G; then is HK the meafure of 
AB. For FG = S. ^. HCK to the radius CF or 
AE, and BA is the iame, by Con Prop. III. 

Otherwife 
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Otberwife thus. ^^' 

On the diameter ED, defcribe the femicircle 
END, draw AN, BO, LP perpendicular to ED, 
then ON is the meafure of BA, and NP of AL ; 
and On or NP may be meafured as in Prop. IX, 

By the fcale. 

Let AL be to be meafured. Draw CD : and 
LM paraHel to AC, then CM applied to the fines 
gives the degrees. For radius CD : AD : : CM : 
AL. 

Cor. If the right circle pafses through the center ^ 
there is no more to doy but to raife perpendiculars on 
ity which will cut the primitive as required. Or 
apply the part of the right circle to the line of fines. 

PROP. XI. Prob. 

To fet off any number pf degrees upon a right 
circle, DE. 

Rule. 

Draw CA J- DE, and make the ^ HCK = 8. 
the degree's given, make CF = radius AE, take 
FG tlie neareft diftance, and fet from A to B ; 
then AB = Z.HCK, the degrees propofed. 

Otherwife thus. 

On ED defcribe th? femicircle END ; then by 
Prop. IX. fet off NP = degrees given, draw PL 
perpendicular to ED ; then AL contains the de- 
grees required. 

Or thus by the fcale. 

Draw CD, take the given degrees off the fines, 
and fet from C to M, and draw ML parallel 
to CA, then AL = arch required. 

L4 PROP. 
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^«- PROP, XIL Frob. 

9* To meafure an arch of an eUigfii ; or to fet any 
JO. tmmbtr of degrees upon it. 

Rule. 

About AR the traofverfe axis of the cUipfis^ 
dcfcribc a circle ABR; ereft the perpendiculars 
BED, KFI, on AR; then BK is the meafure of 
£F, or £F is the reprefentaticm of the arch BK. 
And BK is to be meafured^ or any degrees fet up^ 
on it, as in Prop- IX. 

Scholium. 

Thefe Problems are all evident from the three 
firft: propofitions^ and need no other demonftration« 
If the fphere be'projeded on any plane parallel to 
the primitive, the projeftion will be the very fame; 
for being effefted by parallel lines, which are al- 
ways at the fame diftance, there will be produced 
the fame figure, or reprefentation. Of all ortho* 
graphic projeftions, thofe on the meridian, or on 
the folftitial colure, commonly called the Analem- 
ma, is moil ufeful; becaofe a great many of the 
circles of the fphere fall into right lines or circles, 
whereas in the projeftions upon other planes, they 
are projefted into ellipfes, which are hard to de- 
fcribe ; which makes thefe forts of projedion to be 
negleded 

And by the fame rules that the circles of the 
fphere are projefted upon a plane, any other figure 
, may Hkewife be orthographically projefted ; by let- 
ting fall perpendiculars upon the plane from all the 
angles, or all the points of the fi^re, and joining 
thefe points with right or cprve hnes, as they are 
in the figure itfelf. 

By this kind of prcge6^icm, either the convex or 
concave fide of the fpher^, may be projeftcd ; 

which 
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which is peculiar to this fort of projeftion; that Fig* 
is, either the hemi%here towards you, or that from 9% 
you, may be projedted upon the plane of its great 
circle. And fifKe in fome cafes they both have the 
fame appearance, it ought to be mentioned whe* 
ther it is. 

But if both the convex and concave fides of 
the fame hemifphere be projefted; that is, if you 
make two projeftions, one for the convex, the 
other for the concave fide ; the circles in one will 
be inverted in refpeft of the other, the right to 
•^ihe left, &c. Becaufe in looking at the fame he- 
mifphere, it will not have the feme appearance, 
when you look at the contrary fides of it ; becaufe 
you look contianr ways at it, to fee the external 
9Qd internal furtaces. 
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SECT. IL 

Tig Stereograpbic ProjeEiion of the 
Sphere. 



PROP. I. 

,jpJT circle pajjing through the projeSllng pinty is 
projeEted into a right line. 

For all lines drawn from the projefting point, 
to this circle, pafs through the interlcftion of this 
circle and plane of projection, which is a right 
line. 

Cor. I. A great circle pajfing through the poles of 
the primitive is projeSled into a right line pajftng 
th'ough the center. 

Cor. 2. Any circle pajfing through the projeBing 
point is projected into a right line perpendicular to the 
line of meafuresj and diftant from the center y the 
femitangent of its nearejl dijlancefrom the pole ^oppojite 
12. to the projecting point, fhus the circle AE is pro- 
jeEled into a right line pajfing through G, and perpen- 
dicular to BC, the line of meafuresy and GC is the 
femitangent of EM. 

PROP. II. 

Every circle (that pafses- not through the prqjeSing 
point) is projected into a circle. 

II. Cafe J. Let the circle EF be parallel to the 
primitive BD; lines drawn to all points of it from 
the projecting point A, will form a conic furface, 
which being cut parallel to the bafe by the plane 
BD, the fedion GH (into which EF is projeded) 
will be a circle by the conic fedions. 

Cafe 
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Cafe IL Let BH be the line of meafurcs to the Fig. 
circle EF, draw FK parallel to BD, then arch AK 12. 
= AF, and therefore ^AFK or AHG^AEF; 
therefore in the triangles AEF, AGH, the angles 
at E and H are equal, and the angle A common; 
therefore the angles at F and G are equal. There- 
fore the cone of rays AEF (whofe liafe EF is a 
circle) is cut by fubcontrary fedlion, by the plane 
of projection BD, and therefore, by the conic 
fedlions, the feftion GH (which is the projeftion 
of the circle EF) will alfo be a circle. ^ E. D. 

Cor. fVhen AF is equal to AG, the circle E¥ is 
projeBed into a circle equal te itfelf. 

For then the fimilar triangles AHG and AEF, 
will alfo be equal, and GH = EF. 

PROP. III. 

Any point on the fphere*s furface is projeBed into 
a point J difiant from the center^ the femi-tangent of 
its dijiance from the pole oppofite to the projeSfing point. 

Thus the point E is projected into G, and F 12. 
into H; and CG is the femi- tangent of EM, and 
CH of MF. 

Cor. I. ^ great circle perpendicular to the primi- 
tive ^ is projected into a line 'of femi- tangents pafjing 
through the center ^ and produced infinitly. 

For MF is projefted into CH its femi-tangent, 
and EM into the femi-tangent CG, 

Cor, 2. Any arch EM of a great circle perp. to the 
primitive y is projeSed into the femi-tangent of if. 
Thus EM is projected into GC. 

Cor. 3. Any arch EMF of a great circle^ is pro- 
jeSled into thefum of its femi-tangents of its greatejt 

and 
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Fig. ^*^^ l^^ft dift antes from the Gppofite pole M, if it lie 

12. en both fides of M, or the dtf of the Jemi*tanj;ents, 
when all on one fide. 

PROP. IV. 

13. Thean^U made by two circles on thefurface ofthb 
fphercy is equal 10 that made hy their reprefentatives 
upon the plane of projeilion. 

Let the angle BFK.be prqje6kcd. Through the 
angular point P and the center C, draw the plane 
of a great circle FED perpendicular to the plane 
of projedion EFG. Let a plane PHG touch the 
fphere in Pj then'fince the circle EPD is per- 
pendicular both to this plane and to the plane of 
projection, therefore it is perpendicular to their 
interfc&ion GH. The angles made by circles are 
the fame as thofe made by their tangents, therefore 
in the plane PGH, draw the tangents PH, PF, PG 
to the arches, PB, PD, PK; and thefe will be 
proje<5ted into the lines pH, ^F, pK : Now 1 fay the 
/. HPG = ^ HpG. For the angle CPF = a 
right angle = CpA + CA^ ; therefore taking away 
the equal angles CPA and CAP, and ^pPF 
= CpA or P/)F5 confequently pF = ¥F. There^ 
fore in the right angled triangles PFG and ^FG, 
there are two fides equal and the included z.nght; 
therefore hypothenufe PG = pG. And for the 
fame reafon in the right angled triangles PFH and 
pFHy ?H = pH. Laftly in the triangles PHG 
and pHG, all the fides are refpeftively equals and 
therefore z.P = jLp. ^ E. D. 

« Cor. I. ^e rumb lines proje£ied make the fame 
angles with the meridians as upon the globe; and there-* 
fore are logarithmic fpirals on ihe plane of the equi-> 
noBiah 

For every particle of the rumb coincides with 
fbme great circle. 

Cor. 
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Cor. 2. The angle made by two circles on the Fig. 

^berey is e^l to the angle made by the radii ofthdr 

-prqjeSions at the point of interfeSionM 

For the angle made by two circles t)n a plane, 

is the fanK with that made by their radii drawn 

to th^ poiot of iixtcrfcaion. 

PROP- V. 

The center ofaprojeSted (lejfer) circle perpettdicular 
io the primitive^ is in the line of meafures difiant 
from the center of the primitive j the fecant of the 
lejfer circles diftance from its own pok; and its radius 
is the tangent of that dijlance. 

Let A be the projeAing point, EF the circle to 14. 
*be projefted, GH the projefted diameter. From 
the cemers C, D draw CF, DF, and the triangles 
CFI, DFI are right a»gled at 1; then ^IFC=r 
^ FCA = z ^ FEA or zFEG = 2 z. FHG = 
^ FDG, therefore IFC + IFD == FDG + IFD 
ssa right angle; that is CFD is a right angje, and 
the hne CD is the fecant of BF, and the radius 
FD is the tangent of it, ^ JS. D. . 

Cor. Ifthefe circles be aSlually defcribedy it is plain 
the radius FD is a tangent to the primitive at F, 
ujhere the lejjer circle cuts it. 

PROP. VI. 

The center of ProjeSiion of a great circle is in the 
line of meafures, difiant from the center of the pri^ 
mitive, the tangent of its inclination to the primitively 
and its radius is the fecant of its inclination. 

Let A be the projefting point, EF the great 1*5; 
circle, GH the projeded diameter, D the center ; 

draw 
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Fig. draw DA. The angle EAF being in a femicir- 

15, cle is right. In the right angled triangle GAH, 
AC is perpendicular to GH, therefore ^ G AC .= 
AHC and their double, ECB-^ADC, and their 
complements ECI = CAD. Therefore CD is the 
tangent of ECI, and radius AD its fecant. ^£. D. 

1 6. Cor. I . If the great oblique circle AGBH be aSiu- 
ally defcribed upon the primitive AIB. / /iy, all great 
circles pa/sing through G will have the centers of their 
projeStions in the line RS drawn through the center D, 
perpendicular to the line ofmeafures IH. 

For fince all great circles cut one another at a fe- 
micircle'sdiftance, all circles paffing through Gmuft 
cut at the oppofite point H ; and therefore their 
centers muft be in the line RDS. 

Cor. 2, Hence alfo if any oblique circle GLH be 
required to make any given angle with another circle 
BGAH, it will be proje£led the fame way with re- 
gard to GAH confidered as a primitive, and RS its 
line ofmeafures; as the circle BGA is on the primi- 
five BIA, and line of meafures ID. And therefore 
the tangent of the angle AGL to the radius GD, fet 
from D to N gives the center of GL. 

For the jl NGD will then be equal to AGL, 
by Cor. 2. Prop. IV. and therefore GLH is rightly 
projefted. 

Cor. 'i^. And for the fame reafon^ ifli be the cen- 
ter of the circle G^HR ; the centers of all circles paff- 
ing through g and R, will be in the line rNj perpendi- 
cularto RS;y& n is the center ofgr^. But then as 
gy R do not reprefent oppofite points of the circle G^H, 
therefore all circles pajfmg through g, R, {asgrK)will 
be lejjer circles, except G^HR. 
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Scholium. * ^P 

io« 

Of all great circles in the projeaion, the primi- 
tive is the ieaft. For the radius of any oblique 
great circle (being the fecant of the inclination) is 
greater than the radius of the primitive; as the 
fecant is always gr,eater than the radius. There- 
fore every oblique great circle in the projeaion is 
greater than the primitive. 

PROP. VII. 

' ^ he projeSled extremities of the diameter of any ar- 
ckj are in the line of meafures^ dijiant from the cen- 
ter of the primitive circle^ the Jemi-tangents of its 
neareji andgreateji dijiances from the pole of projection 
oppofite to the proJe£fing point. 

For the diameter of the circle EF is projeaed 15. 
into GH, from the projeaing point A. But GC 17. 
is the femi-tangent of EB, and CH the femi-tangent 
of BF. ^ £. Z). 

Cor. I. T'he points where an inclined great circle 15, 
cuts the line ofmeafureSy within and without the pri- 
mitive, is dijianffrom the center of the primitive^ the 
tangent and co-tangent of half the complement of the 
circlets inclination to the primitive. 

For CG = tangent of half EB, or of half the 
complement of IE the inclination. And (becaufe 
the Z.EAF is right) CH is the co-tangent of GAC 
or half EB. 

Cor 2. Hence the center D of a projeBed circle is ly. 
in the line of meafures, dijiant from the center of the 18. 
primitive^ half the difference of the femi-tangents of its 
near eft andgreateji dijlance from the oppofite pole , if 
it encompafses that pole; but half the fum of the fe- 
mi-tangent s if it lye on one fide the pole of projeBion. 

Cor. 
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Fig. Cor. 3. And the radius is half the fum of the fe* 
mi-tangents^ if the circle encompajes. the pole ; or half 
the difference if it lyes on one fide. 

17. Cor, 4. Henceaifoifp^^^hetheprojeSUdpcUsy it 
will be (fs : pG : : f H : pH. 

For draw (&« parallel to jA, and fincc P, Qare 
the poles, therefore qhp is a right angle, and fincc 
the angles GAp and /)AH arc equal, and G« per- 
pendicular to Kpy therefore GA = A«; whence 
by fimilar triangles jG : jH : : A« or AG : AH : : 
Gp^ ^H (Geoiti. II. 25.) And confequendy the 
line jH is cut harmonically in the points G, />• 

PROP. VIIL 

7he projeEted poles of any circle are in the line of 
meafureSy within and without the primitive^ and dif- 
tant from its center the tangent and co'-tangent of half 
its inclination to the primitive. 

19. The poles P, p of the circle EF are projcdled 

, into D and d; and CD is the tangent of CAD or 

halfBCP, that is, ofhalfGCI, the inclination of 

the circle ICK, parallel to EF. Lifeewife Cd is 

the tangent of CAd, or the co-tangent of CAD. 

Cor. I. The pole of the primitive is its center i and 
the pole of a right circle is in the primitive. 

ig. Cor. £• The projeBed center of any circle is always 
between the projeEled pole (nearefl to it on thefphere} 
and the center of the primitive ; and the proje£ted 
centers of all circles lye between the projeBed poles. 

For the middle point of EF or its center is 
projeftcd into S ; and all the points in P/t (in 
which are all the centers^ are prqjeftcd into Hd. 

Co^' 
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Cor. 3. If^ be the projeS^d center of any circle Fig. 

EFG, any right lines EG, FH pajjing through P will 20. 

intercept equal arches EF, GH, 

For in any circle of the fphere, any two lines, 

paffing thro' gh the center, intercept equal arches ; 

and thefe are projefled into right lines, paffing 

through the projefted center P, and therefore EF, 

GH, reprefent equal arches.' 

PROP. IX. 

ij^EFGH, e/gh reprefent two equal circles ^ where- 20. 
d/EFG is as far dijiant from its pole P, as efg is 21. 
from the projeBing point, If^y^ ^«7 two right lines . 
/"^EP, andfFFy) being drawn through P, will intercept 
equal arches (in reprefentation) of thefe circles; on 
the fame fidcy if P falls -within the circles; but on the 
contrary Jidcy if without; that isy EF = <^, and 
GH =gh. 

For by the nature of the feftion of a fphere ; 
any two circles paffing through two given points or 
poles on the furface of the fphere, will intercept 
equal arches of two other circles 'equidiftant from 
thefe poles. Therefore the circles EFG and efg 
on the fphere, are equally cut by the planes of any 
two circles paffing through the projeding point and 
the pole P, on the fphere. But thefe circles (by 
Prop. I.) ar^e projected into the right lines Pe and 
P/*, paffing through p. And the intercepted arches 
reprefenting equal arches on the fphere, are there- 
fore equal, that is, EF ~ ef and GH =gh. 

Cor. I. [fa circle is projected into aright line EF, 22: 

. perpendicular to the line ofmeafures EG ; and if from 

- the center C a circle efY be defcribed paffing through 

its pole P, and P/ be drawn ; then arch ef - EF. And 

if any other circle be defcribed whofe vertex is P, the 

arch efwill always be equal to EF. » 

M Cor. 
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Fig. Cor. 2. Hence aljo, if from the pole of a great 
circle there he drawn two right lines^ the intercepted 
arch of the proje^ed great circle will be equal to the 
intercepted drch of the primitive. 

23. Cor. 3. After the fame manner if there be two 

24, equal circles EF, ef whereof one is as far from the 
pole P; as the other is from the pole of projeSiion C, 
oppojite to the proje£ling point. Then any circle drawn 
through the points P, C, will intercept equal arches 
EF = ^; and GH^ighy between it and the line of 
meafures PCG. 

For thi^ is true on the fphere, and their pro- 
jeftions are the fame. 

Cor. 4. If from an angular point be drawn two 
right lines through the poles of its fides; the intercepted 
arch of the primitive^ will be equal to that angle. 

For the diftance of the poles is equal to that 
angle. 

PROP. X- 

25. IfQH, NK be two equal circles y whereof NK 

26. is as far from the projeiling point as QH from its 
pole P ; and if they be proJeMed into the circles whofe 
radii are MC or CL, and DF or FG, F being the 
center of DG, and E the proje£led pole. I fay^ the 
pole E will be difiant from their centers in proportion 
to the radii of the circles ; that is, CE : EF ; : CL 
: DF or FG. 

For fince NK and ML are parallel, and arch 
NI = PH, therefore ^EL1 = NKI (or i/KI) = 
GIP; therefore the triangles lEL and lEG are 
fimilar, whence EL : EI : r EI : EG. Again the 
angle EMI = KNI ^ PIQ^, and therefore^ the 
triangles lEM and lED are fimilar, whence EM : 
EI : : Ei : ED. Therefore EI* =EL x EG = 

EM 
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EM X ED. Confequently EM : EL : : EG : ED; Fig. 

EM + EL EM-EL 
and by compofition : : : 

EG + ED EG-ED ^ . ^-. .,„ „„ 
: — —- : that IS, CM : EC : : FG 

2 2 

:EF. ^E.D. 

Cor. I. Hence if the circle KN be as far from 25. 
the projeEling pointy as QH is from either ofitspoleSy ^6. 
and ifY,y O, be its proje£led poles ; then ivill EL : 
EM : : ED ; : EG : : OD : OG. ' 

This follows from the foregoing demonftration, 
and Cor. 4. Prop, VII. 

Cor. 2. Hence alfo ifS, be the center^ and FT) the 25. 
> radius of any circle QH, and E, O the projected 26. 
poles-, then EF : DF : : DF : EO. 

ECi + ED 

For it follows from Cor. i, that : 

EG-ED OG + OD OG-OD 



Cor, 3. Hence if the circle DBG be as far from 27. 
its projected pole P, as LMN is from the projecting 28. 
point; and if any right lines be drawn through P, as 
MPG, NPK, they will cut off fimilar arches GK, 
MN in the two circles. 

For from the centers C, F, draw the lines CN, 
FK, then fince the angles CPN, and FPK ^re 
equal, and by this Prop. CP : CN : : FF : FK ; 
therefore (Geom. 11. 16.); the triangles PCN and 
PFK are fimilar; and the angle PCN= i^IWK; 
therefore the arches MN and GK are fimilar. 

Cor. 4. Hence alfo if through the projeSled pole P 27. 
of any circle DBG, a right line BPK be drawn. 28. 
Then I fay the degrees in the arch GK fhall be the 
meafure of DB in the projeBion. And the degrees in 
DB, fhall be the meafure of GK in the proje£iion, 
M 2. For 



n 



1 80 STEREOGRAPHIC PROJECTION 

Fig. For (by Prop. IX.) the arch MN is the mcafiirc 
of DB, and therefore GK which is fimilar to MN 
will alfo be the mcafure of it. 

Cor. 5. The centers of all projected circles are all 
beyond the projeEled poles (in refpeSt to the center of 
the primitives) ; and none of their centers can fall 
between them. 

20. Cor, 6. Hence it follows (by Cor. 5. and Pr. VIII. 
. Cor. 3.^ that all circles that are not parallel to the 
primitive have equal arches on thefphere reprefented 
by unequal arches on the plane of projeElion. 

For if P be the projeftcd center, then GH is 
greater than EF. 

Scholium. 

It will be cafy by the foregoing propofitions to 
defcribe the reprefentation of any circle, and the 
reverfe will cafily fhow what circle of the fphere any 
projefted circle reprefents. What follows here- 
after is deduced from the foregoing propofitions 
and will cafily 'be undeiftood without any other 
demonilration. 

If the fphere was to be projedtcd on any plane 
parallel to the primitive, it is all the fame thing. 
For the cones of rays ifluing from the projefting 
point, are all cut by parallel planes into fimilar fec- 
tions, it only makes the projections bigger or lefs, 
according to the distance of the plane ofprojeftion, 
whiltjpthey are ftill fimilar ; iand amounts to no more 
than projecting from different fcales upon the fame 
plane. A rd therefore the projecting the fphere on 
the pluP.e of a u4icr circle is only projecting it upon 
the gicat circle parallel thereto^ and continuing all 
the lines of the fcheme to that lelBer circle. 

PROP. 
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PROP. XI. Prob. '^* 

Tb draw a circle parallel to the primitive at a given 
dijlance from its pole. 

Rule. 

Through the center C draw two diameters AB, 29. 
DE, perpendicular to one another. Take in your 
compaffes the diftanceof the circle from the pole 
of the primitive oppofite to the projecting point, 
and fet it from D to F; from E draw EF to inter- 
feft AB in I; with the radius CI, and center C, de- 
fcribe the circle GI required. 

By the plane Scale* 

With the radius CI, equal to the femi-tangent of 
the circle's diftance from the pole of projeftion op- 
pofite the projecting point, defcribe the circle IG. 
Here the radius of projection CA, is the tangent 
of 45°, or the femi-tangent of 90°. 

PROP. XII. Prob. 

To draw a lejfer circle perpendicular to the primitive 
at a given difiance from the pole of that circle. 

Rule. 

Through the pole B draw the line of meafures 30. 
AB, make BG tbe circle's diftance from its pole, 
and draw CG, and GF perpendicular to it; with 
the radius FG defcribe rhe circle GI required. 

By the Scale. 

Set the fecant of the circle's diftance from its pole 
from C to F, gives the center. With the tangent 
of that diftance for a radius, defcribe the circle GI. 

Or thus, make BG the circle's diftance from its 

pole; and GF its tangent, fet from G, gives F the 

M 3 center; 
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Fig. center; through G defcribe the circle GI from the 
30. center F. 

Cor. Hence a great circle perpendicular to thepri^ 
mitive^ is a right line CDE drawn through the centtr 
perpendicular to the line ofmeafufres. 

Scholium. 

When the center F lyes at too a great a diftance ; 
draw EG, to cut AB in H; or lay the femi-tan- 
gent of DG from C to H. And through the three 
points G, H, I, draw a circle with a bow. 

PROP. XIII. Prob. 

To defcribe an oblique circle at a given dijtance from 
a pole given. 

Rule. 

3 1 . Draw the line of meafures AB through the given 
point py if that point is given; and draw DE -L 
to it, alfo dmw EpP. Or if the^point p is not gi- 
ven, fet the height of the pole above the primitive* 
from B to P. Then from P fee of PH = PI = cir- 
. cle's diftance from its pole; and draw E^, EI, to 
interfedt AB in F and G. About the diameter FG 
defcribe the circle required. 

By the Scale. 

If the point P is given, apply Cp to the femi-tan- 
gents, and it gives the diftance of the pole from D, 
the pole of projeftion oppofite to the projefting 
point. This diftance being had, you will eafily find 
the greateft and neareft diftances of the circle from 
the pole of the primitive oppofite to the projedting 
point; take the femi-tangcnts of thefe diftances and 
fet from C to G and F, both the fame way if the 
circle Ive all on one fide, but each its own way, if 
on different fides of D. And then FG is the dia- 
meter of the circle required to be drawn. 

Cor. 
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Cor. \. If ^ he the pole of a great circle ^ as of Fig. 
DLE. Draw EFH, and make HP = DH, and 31. 
draw EpP, and then P is its center. 

Or thuSy draw EFH through the pole F, make HIC 
90 degrees \ draw EK cutting the line ofmeafures in 
L. Through the threi points Yi^ L, E, draw the great 
circle required* 

Cor. a. Hence it will he eafy to draw one circle ' 
parallel to another. 

PROP. XIV. Prob. 

Through two given points A, B to draw a great circle. 

Rule. 

Through one of the points A, drawa line through 32. 

the center, ACG; and EF perpendicular to it. 

Then draw AE, and EG perpendicular to ir. 

Through the three points A, B, G draw the circle 

' required. 

Or thus ; From E (found as before) draw EH, 
and then HCI, and laftly EIG, gives G a third 
point, through which the circle mufl^pafs. 

By thefcale. 

Draw ACG; and apply AC to the femi-tangents, 
find the degrees, fet the femi-tangent of its fupple- . 
ment from C to G, for a third point. * 

Or thus; Apply AC to the tangents, and fet the 
tangent of its complement from C to G. And 
through the three points ABG, defcribe the circle 
required. 

For fince HEI or AEG is a right angle, there- 
fore A, G ^re oppofite points ot the fphcre; and 
therefore all circles paffing through A and G are 
great circles. 

Scholium. 

If the points A, B, G lie nearly in a right Jine, 
then you may draw a circle through them with a 
bow. r 

M 4 PROP- 
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Fig. PROP. XV. Prob. 

About a pole given, to defcribe a circle through a 

given point. 

Rule. 

2,^* Let P be the pole, and B the given point; 
through P, B defcribe the great circle AD (by 
Prop. XIV.) whofe center is E; through the 
center C draw CPH4 and from the center E, 
draw EB to the point B, and BF perpendicular 
to it, cutting CH in F. To the center F, and 
radius FB defcribe the circle BGH required. 

PROP. XVI. Prob. 

To find the poles of any circle FNG. 

Rule. 

31. Through its center drawn the line of meafures 
AG, and DE perpendicular to it. Draw. EFH, 
and fet its diftance (from its own pole) from H 
to P, and cJjraw E/)P, then p is the pole. 

Or thus. Draw EFH, EIG, and bifeft HI in 
P, and draw EpP, and p ]& the internal pole. Laftly 
draw PCQ^, and EQjy, and q is the external pole. 
In a great circle DLE, draw ELK, and make 
DH = AK, or KH - AD, and draw EFH, and 
F is the pole. 

Ry the Scale. 

Apply CF to the fcmi -tangents, and note the 
degrees. Take the fum of thefe degrees and of 
the circle's diftance from its pole, if the circle lie 
all on one fide, but their difference if it encom* 
pafTes the pole of proje&ion ; fet the femi-tangent 
of this fum or difference from C to the internal 
pole p. And the femi-tangent. of its fupplement 
Cy, gives the external pole a. 

' ' Or 
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Or thus ^ Apply CF and CG to the femi-tangents. Fig. 
fet the femi-tangent of half the fum of the degrees 31, 
(if the circle lies all one way) or of half the dif- 
ference (if it encompafles the pole of projeftion), 
from C to the pole/); and the femi-tangent of the 
fupplement, Cq ^ives the external pole y. 

In a great circle as DLE, draw the line of mea- 
fures AB perp. to DE; and fet the tangent and 
co-tangent of half its inclination, from the center . 
C, different ways to F and /; which gives the in- 
ternal and external poles F and /. 

PROP. XVII. Proh. 

To draw a great circle at any. given inclination above 
the primitive \ or making any given angle with ity at 
a given point. 

Rule. 

Draw the line of meafures AB; and DCE per- 34. 
pendicular to it. Make EK = 2HD = twice the 
complement of the circle's inclination; (or DK = 
2 AH - twice the inclination) s and draw EKF, 
then F is the cenierof EGD, the circle required. 

Or thus; Dra\<^ DE and AB perp. to it, and let 
D be the point given. Make AH the inclination 
and draw EGH and HCN; and ENO, to cut AB 
in O. Then bifeft GO in F, for the center of the 
circle required. 

By the Scale. 

Set the tangent of the inclination in the line of 
meafiires from C to F^ then F is the center. Set 
the femi-tangent of the complement from C to G; 
then GF or DF is the radius. 

Or the fecant of the inclination fet from G or D 
to F gives the center. 

Cor. 
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Fig. Cor. To draw an oblique circle to make a given an- 
gle with a given oblique circle DGE at D. 

Draw EGH, and fet the given angle from H to 
I, and draw ELI. Through D, L, E defcribe a 
great circle. 

But if the circle DLE was to lie on the other 
fide of DGE, the arch HI muft be taken on the 
other fide of H. 

PROP. XVIII. Prob. 

Through a given point P, to draw a great circle 9 
to make a given angle with the primitive. 

Rule. 

3^. Through the point given P, and thecenter C 
draw the line AB ; and DE perpendicular to it. Set 
the given angle from A to H and from H to K, 
and draw BGK ; with radius CG, and center C de- 
fcribe the circle GIF; and with radius BG and cen- 
ter P crofs that circle in F. Then with radius FP 
and center F, defcribe the circle LPM required. 

By the Scale, 

With the tangent of the given angle and one 
foot in C, defcribe the arch FG. With the fecant 
of the given angle and one foot in the given point 
P, crofs that arch at F. From the center F def- 
cribe a circle through the point P. 

PROP. XIX. Prob. 

To draw a great circle to make a given angle with 
a given oblique circle FPR, at a given point P, in 
that circle. 

Rule. 

2g^ Through the center C and the given point P, 
draw the right line DE; and AB perpendicular to 

iti 
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it; draw APG and make BM = 2DG; and draw Fig, 
AM to cut DE in I. Draw IQ^perpendicular to 36. 
DE, then IQ^is the line wherein the centers of all 
circles are found which pafs through the point P. ' 
Find N the center of the given circle FPR, and 
make the angle NPL equal to the given angle, 
then Lis the center of the circle HPK required. 

By the Scale. 

Through P and C draw DE ; apply CP to the 
fenii-tangents, and fet the tangent of its comple- 
ment from C to I (or the fecant from P to I). 
On DI ereft the perpeVidicular IC^ Find the * 
center N of FPR, and make the angle NPL=: 
angle given, and L is the center. 

Cor. If one circle is to be drawn perpendicular to 
another y it muji be drawn through itspoleS. 

PROP. XX. Prob. 

To draw a great circle through a given point P, 
to make, a given angle with a given circle DE. 

,Rule. 

' . About the given point P as a pole (by Prop. 13. 37. 
Cor. I.) defcribe the great circle FG; find I the pole 
of the given circle DE, and (by Prop. 1 6.) about 
the pole I (by Prop. 13.) defcribe the fmall circle 
HKL at a diftance equal to the given angle, to 
Incerfedt FG in H ; about the pole H defcribe 
(by Prop. 13.) the great circle APB required. 

PROP. XXI. Prob. 

To draw a great circle t4f cut two given great circles 
abd, ebf at given angles. 

Rule. 

Find the poles j, r, of the two given circles, 50. 
by Prop. 1 6, about which draw two parallels />/&/&, ' 

pnk. 
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Fig.pnkf at the diftances refpedlively equal to the an- 
56. gles given by Prop. 13. the point ot interfedion ;&, 
IS the pole of the circle ntoq required. 

Cor. Herice^ to draw a right circle to make with 
an oblique circle ^ abd, any given angle. Draw a 
parallel phk at a dijiance from the pole of the oblique 
circle^ equal to the given angle.. Its interfeRion f with 
t the primitive J gives the pole of the right circle gQt 
required* 

. PROP. XXII. Prqb. 

To lay any number of degrees on a great circle y or 
to meafure any arch of it. 

Rule. 

38. Let API be the primitive; find the internal pole 
P of the given circle DEH, or (by Prop. 16.) 
lay the degrees on the primitive from A to F, and 
draw PA, PF, intercepting the part required DE. 
Or to meafure DE, draw PEF and PDA, and 
AF is its meafure, and applied to the line of 
chords (hov/s how many degrees it is. 

Or thus ; Find the external pole p of the given 
circle, fet the given degrees from I to K, and draw 
p\^ pKj intercepting the part DE required. Or 
to meafure DE, through D and E draw />!, />K, 
then KI is the meafure of DE. 

Or thus ; Through the internal pole P, draw the 
lines DPG,' and EPL; fetting the given degrees 
from G to L in the circle GL; then DE is the arch 
required. Or if DE be to be meafured, then the 
degrees in the arch GL is the meafure of DE. 

Or thus ; Set the given degrees from G to H in 
the circle GL and from the external pole py draw 
fGj pHy intercepting DE the arch required. Or 
to meafure DE, draw ^DG, pEH, then the 
degrees in GH, is equal to DE. 

For 
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For a right Circle. Fig. 

Through C (fig. 34.) draw DE perpendicular 
to AB, then E is the pole of AB. Set the number 
of degrees from D to H, and draw EGH, then 
GC contains the degrees required. Or if GC be 
given, draw EGH, then HD in degrees, is the 
meafure of GC. 

And in like manner AG contains the degrees 
in AH, or AH is the meafure of AG. 

By the Sjcalefor right Circles. 

Let CA be the right circle, take the number of 38. 
degrees off the femi-tangents and fet from C to D 
for the arch CD. Or if the given degrees are to 
be fet from A, then take the degrees off the ferfti- 
tangents from 90° towards the beginning, and fet 
from A to D. And if CD was to be meafured, 
apply it to the beginning of the femi-tangents ; and 
to meafure AD, apply it from 90° backwards^ and 
the degrees intercepted gives its meafure. 

Scholium. 

The primitive is meafured by the line of chords, 
or clfe it is actually divided into degrees. 

PROP. XXIII. Prob. 

To fet any number of degrees on a le[fr circle, or 
to meafure any arch of it. ^ 

Rule. 

Let the^efler circle be DEH; find its internal 38. 
pole P, by Prop. 16. defcribe the circle AFK paral- 
lei to the primitive, by Prop. 1 1 . and as far from the 
projecting point, as the given circle DE is from its 
internal pole P, fet the given degrees from A to 
F, and draw PA, PF interfefting the given circle 

in 
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Fig. in D, E? then DE is the arch required. Or to 

38. meafure DE, draw PDA, PEF, and AF (hows 
the degrees in DE. 

, Or thus ; Find the external pole p, of the given 
circle by Prop. 16. defcribe the leffcr circle AFK 
as far from the projefting point, as DE the given 
circle is from its polep by Prop. 11. fet the de- 
grees from^I to K and draw ^DI, />EK, then DE 
repre(ents the given number of degrees. Or to 

• mcafurc DE; draw /^DI,^EK ; and KI is the mea- 

^ fure of DE. 

Or thus; Let O be the center of the given circle 
DEH ; through the internal pole P, draw lines 
DPG, EPL, divide the quadrant GQ^into 90 
equal degrees, and if the given degrees be fet from 
G to L, and LPE drawn, then DE will reprefent 
thele degrees. Or the degrees in GL will meafure - 
DE. 

Or thus ; Divide the quadrant GR into 90 equal 
parts or degrees, and fet the given degrees from G 
to H, and draw pDG, pEH, from the external pole 
p; then DE will reprefent the given degrees. Or 
through D, E drawing /?DG, />EH, then the num- 
ber of equal degrees in GH is the meafure of DE. 

Scholium. 

Any circle parallel to the primftive is divided or 
meafured, by drawing lines from the center, to the 
like divifions of the primitive. Or by help of the 
chords on thefeftor, fet to the radius of that circle. 

PROP. XXIV. Prob. 

7o meafure any angle. • 

Rule. 

By Cor. i. Prop. 13. About the angular point as 

' a pole, defcribe a great circle, and note wh^re it 

iaieifeds the legs ot the angle; through thefe points 

of 
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of interfedtjon, and the angular point, draw twp Fig^ 
right lines, to cut the primitive; the arch of the 
primitive intercepted between them is the mcafurc 
of the angle. This needs no example. 

Or thus; by Prop. 16. Find the two poles of 
the containing fides, (the neareft, if it be an acute 
angle, otherwife the hirtheft) and through the an- 
gular point and thefe poles, draw rightlines to the 
primitive, then the intercepted arch of the primitive 
is the angle required. As if the angle AEL was re- Ji, 
quired. Let C and F be the poles of E A and EL. 
From the angular point E, draw feCD and EFH, 
Then the arch of the primitive DH, is the meafurc 
of the angle AEL. 

Scholium. 

Becaufe in the Stereographic Projection of the 
Sphere, all circles are projected either into circles 
or right lines, which are eafily defcribed; therefore 
this fort of projedion is preferred before all others. 
Alfo thofe planes are preferred before others to pro- 
je6t upon, where moft circles are projefted into 
rightlines, they being eafier to defcribe and meafure 
than circles are ; fuch are the projedlions on the 
planes of the meridian and folftitial cokire. 



;l^ ..• .V « 't 



SECT, 



» * 



( 191 ) 

Fie. > 

^ SECT. III. 

T}>eGnotnontcalProjiEiionofthe Sphere. 



PROP. I. 

39- TRVERT great circle as BAD is projeSled into a 

right line J perpendicular to the line of meafures^ 

and dijiant from the centers the co-tangent of its 

inclination^ or the tangent of its near eft dtfiance from 

the pole of projeSlion. 

Let CBED be perpendicular both to the given 
circle BAD and plane of projeftion, and then the 
interfeftion CF will be the line of meafures. Now 
fincethe plane of the circle BD, and the plane of 
projeftion are both perpendicular to BCDE, there- 
fore their common fedtion will alfo be perpendicu- 
lar to BCDE, and confequently to the line of mea- 
fures CF. Now fmce the projeding point A is in 
the plane of this circle, all the points of it will be 
projefted into that feftion; that is, into a right 
line paffing through d^ and perpendicular to C^. 
And C^^is the tangent of CD, or co-tangent of G/A. 
^E.D. 

39. Cor. I. A great circle perpendicular to the plane of 
proJeSion is projeSed into a right line paffing through 
the center of projeSlion; and any arch is projeiled into 
its correspondent tangent. 

Thus the arch CD is projeded into the tangent 
Cd. 

Cor. 2. Any point as'D^ or the pole of any circle, 
is projeSled into a point d dift ant from the pole of pro-- 
jeSlion C, the tangent of that diftance^ 

Cor 3 . If two great circles he perpendicular to each 
other ^ and one of them piaffes through the pole of project 

ticn ; 
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tion; they ivtU be projected into two right lines per- Fig. 
pendicular to each other. 35. 

For the reprefentation of that circle which paffes 
through the pole of projcftion is the line of mea- 
fures of the other circle. 

Cor. 4. And hence if a great circle he perpendicu^ 
lar to fever al other great circles ^ and its reprefentation 
pafs through the center ofprojeSlion ; then^all thefe cir- 
cles will be reprefented by lines parallel to one another y 
and perpendicular to th^line of meafures or reprejen- 
tation of that fir ft circle, 

PRO?. 11. 

If two great circles interfeSl in the pole of projec- 39. 
tion\ their reprefentatiom Jhall make an angle al the 
center of the plane ofprojeliion equal to the angle 
made by thefe circles on thefphere. 

For fince both thefe circles are perpendicular to 
the plane of projedion ; the angle made by their 
interfedions with this plane, is^ the fame as the ' 
angle made by thefe circles. ^ E. D. 

PROP. III. 

Any lejfer circle parallel to the plane of proje5lion «q. 
is projeSted into a circle^ whofe center is the pok of 
projeSiony and radius the tangent of the circle's 
diflance from the pole of projeSlton. 

Let the circle PI be parallel to the plane GF. 
Then the equal arches PC, CI are projefted into 
the equal tangents GC, CH; and therefore C the 
point of contadt and pole of the circle PI and of 
the projeftion, is the center of the reprefentation 
GH.^ ^E.D. 

Cor. If a circle be parallel to the plane ofprojec- 
■ tion^ and 45 degrees from the pole ^ it isprojeSled into 

N a circle 
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Fig. tf circle equal to a great circle of the fpbere \ and may 
therefore be looked upon as the primitive circle in this 
projeifion, and its radius the radius ofprojeBion. 

PROP. IV. 

40. Every leffer circle (not parallel to the plane of pro- 
jeSlion) is projeSied into a conic feSion, wbofe tranf- 
verfe axi:^ is in the line ofmeafures^ and who/e neareji 
vertex is diftantfrpm the center of the plane the tan» 
gent of its near eft difiancefrom the pole ofprojeSion ; 
and the other vertex is diftant the tangent of its fur theft 
diflance. 

Let BE be parallel to the line of meafures dpj 
then any circle is the bafe of a cone whofe vertex 
is at A, and therefore that cone being produced 
will be cut by the plane of projeftion in fome conic 
feftion; thus the circle whofe diameter is DF will 
be cut by the plane in an ellipfis whofe tranfverfe is 
df', and Cd is the tangent of CAD, and C/ of CF. 
In like manner the cone AFE being cut by the 
plane, / will be the neareft vertex ; and the other 
point into which E is projedted, is at an infinite 
diftance. Alfo the cone AFG (whofe bafe is the 
circle FG) beicg cut by the plane/ is the neareft 
vertex; and GA being produced gives d the other 
vertex. ^ E. Z). 

Cor. I . If the diflance of the fur theft point of the 
circle be lefs than ^o"* from the pole of projeilion, 
then it will be projected into an ellipfis. 

Thus DF is projefted into^, and DC being lefs 
than 90°, the fedkion df is an ellipfis, whofe ver- 
tices are at d and/; for the plane ^cuts both fides 
of the cone, dh^fk. 

Cor. 2. If the furthefi point be more than 90 de- 
grees from the pole of piojeaion^ it will be projeiled 

into 
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into an hyperbola. Thus the circle FG is frojeBed Fig. 
into an hyperbola whofe vertices are f and d^ and 4o» 
tranjverje fd. 

For the plane dp cuts only the fide A/of the cone. • 

Cor. 3. And in the circle EF, inhere the fur theft 
point E is go"^ from C; // will be proje^ed into a 
parabola^ vihofe vertex is f 

For the plane dp (cutting the cone FAE) is' 
parallel to the.fide AE. 

Cor. 4. If Vibe thi center y and K, *, /, the fo- 
cus of theellipfisj hyperbola^ or parabola -, then HK = 

^ for the elltpfisy and Hy& = 

for the hyperbola ; and ( drawing fn perpendicular on 

«E + F/ 
AE) fl= ;; , for the parabola; which are 

the reprefentations of the circles DF, FG, FE ref- 
peBively. 

This all appears from the Conic Sedtions. 

PROP. V. 

Let the plane TW he perpendicular to the plane ^41. 
froJeSfion TV, and BCD a great circle of the fphere 
in the plane TW. And let the great circle BED be 
projeSed in the right line bek. Draw CQsj^bk^ 
and Cm II to it and equal to CA; and make Qi= Qw; 
then I fay any angle Qst = Q/. 

Suppofe the hypothenufc AQjto be drawn, then 
fince the plane ACQjs perpendicular to the plane 
TV, and IQJs -J- to the interfedion CQ, therefore 
iQJis perpendiclar to the plane ACQ^ and confe- 
qucntly ^Q^ is perpendicular to the hypothenufc 
AQ:^ But AQf=Q^=Q£, and Qjis alfo perpendi- 
cular to bQ^ Therefore all angles made at S, cut 
the line bQJn the fame points as the angles made 

N 2 at 
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Fig. at A; but by the angles at A the circle BED is 

i.1, projcded into the line ^Q^ Therefore the angles 

at / are the meafures of the parts of the prqje&ed 

circle bQj and s is die dividing center thereof. 

Cor. I. Any great circle tQb is projeSed into a 
line of tangents to the radius SC^ 

For Q/ is the tangent of the angle QS/ to the 
radius QS or Qw. , . 

Cor. z. If the circle bC pafs through the center of 
projeffion; then A the projeiling point is the dividing 
center thereof And Cb is the tangent of its cor- 
refpondent arch CB, to C A the radius of projeBion. 

53-2. Cor. 3. IfYhe the point where the great circles 
PC, PF, 6?^. meet {as at the pole) \ and if CB^ 
the radius of projeHieny be perpendicular to CP, at 
C the point of contaSl. fhen the dividing center A 
of?V, is dijiantfrom P, the length of PB. 

For ICA is perpendicular to PF, and IA = FC; 
whence PA* = Pl» -f IA» =PI* +FC» = PI* + 
' FI»+IC»=PC*+FP=PC»+CB*=PB% and 
PA = PB. 

PROP. VI. 

41. Let the parallel circle GEH be as far from the 
pole ofprojeSion C as the circle FKI is from its pole 
P; and let the diftance of the poles C, P be bifeSed 
by the radius AO, and draw bhT> perpendicular to 
AO; then any right line bek drawn through b^ will 
cut off the arches hi - F», and ge = kf (fuppojingf 
the other vertex)^ in the reprefentations - of theje 
equal circles in the plane of projection. 

For let G, E, R, L, H, N, R, K, I be refpec- 
tivciy projefted into the points g^ e^ r, /, hj «, r, 
ky /. Then fince in the fphere, the arc;h BF=: 
DH, and arch BG -DL And the great circle 
BEKD makes the angles at B anci D equal, and 

is 
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is projefted into a right line as ^/; therefore the Fig.' 
triangular fibres BFN and DHL are jGmilar, and 41 . 
equal; and hkewife BGE and DIK are fimilar and 
tquaj^ and LH = NF, and KI = EG; whence 
it is evident their projedions lh = nFy and kf=:ge. 

PROP. VIL 

i ^f^^g ^^^ F»i be the projeSlions of two equal cir- 42. 

! desy whereof one is as far from its pole P as the other 

from its pole C; which is the center of projeilioni 
and if the difiance of the projeSled poles C, p be 
divided in Oy fo that the degrees in Co, op, be equal, 
and the perpendicular oS be ereiled to the line of 
meafures gh. I fay the lines pn, C/, drawn from 
the poles C, p through any point Q^in the line oSj 
will cut offtbe arch Fn = ^QCp. 

For drawing the great circle GPI, in a plane 
perpendicular to the plane of projeftion.. The 
great circle AO perpendicular to CP is projefted 
into oS by Prop. I. Cor. 3. Now let Q^be the 
projeftion of q, and fince pQ^ CQ^are right lines, 
therefore th^y reprefent the great circles Pj, Cq. 
But the fpherical triangle P5C is an ifoceles-trian- 
gle, and therefore the angles at P and C are equal. \ 
But becaufe P is the pole of FI, therefore the 
great circle Fq continued, will cut an arch off FI 
= /.CPj=/.PCj^^QC> by Prop. II. That 
is (fince Fn reprefents the part cut off from FI) 
arch F« = arch Ih or z^QCh. ^ E. D. 

Cor. Hence if from the projeHed pole p of any 
circle, a perpendicular be ereHed to the line of mea- 
fures\ it will cut off a quadrant from the reprefen- 
tation of that circle. 

For that perpendicular will be parallel to oS i 
Q^ being at an infinite diftance. 

N % PROP. 
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^^^V PROP. VIII. 

4ft. Let Fnk he the projeRiou of afiy circle FI, sndp 
the projected pole P. And if Cg be the co-tangent of 
. CAP, andgB perpendicular to the line of meafures 
^C, j«^CAP be bifeSed by AO, and the line oB, 
be drawn to any point B^ and alfo ^B cutting Fnk in 
d» I fay the angle gd& = arch rd. 

For the arch PG is a quadrant, and the ^goK 
=^/.gpA+i.oAp:= (becaufe OCA and gAp arc 
right angles) ^AC + ©A/>=^AC + CA^= ^^Ao. 
Therefore ^ A =^<j, confequcntly is the diviaing 
center of ^B the reprcfentation of GA; and con- 
fequcntly by Prop. V. ^goB is the meafure of 
gB. But fince^y reprefcnts a quadrant, therefore 
p is the pole ot ^B, and therefore the great circle 
pdB paffing through the pole of the circles ^B 
and Fn will cut off equal arches in both^ that is 
Fd=gB = z.goB. ^ E. D. 

Cor. T^he ^goB is the meafure of the angle gpB. 

For the triangle gpB reprefents a triangle on the 
fphere wherein the arch which ^B reprefents is 
equal to the angle which z. /> reprefents, becaufe 
gp is 90 degrees. Therefore gbB is the n^eafure 
of both. 

Scholium. 

Thus for I have treated of the theory ; what 
follows is the pradical part, and depends altoge- 
ther on what is above delivered, in which I think 
no difficulty can occur. In the Gnomonical Pro- 
jedkion, the plane projected on, is fuppofed to touch 
thd hemifphere to be prcjedtcd, in its vertex; and 
the point of con tad will be the center of projeRion. 
But if It be required' to projcd upon any plane pa- 
rallel 
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rallel to this touching plane, the procefs will be no Fig. 
way different, and is only taking a greater or l^fler 42. 
radius of projeftion, according to the greater or 
lefler diftance; which is in efFeft projefting a great- 
er or lefler fphere upon its touching plane. 

When you have the fphere to projeft this way, 
upon a given plane; it will affift the imagination, 
it you fuppofe yourfelf placed in the center of the 
fphere with your face towards the plane, whofe pofi- 
tion is given; and from thence projeding with 
your eye, the circles of the fphere upon this plane» 

PROP. IX. Prob. 

To draw a great circle^ through a given point, and 43* 
at a given diftance from the pole ofprojeHion. 

Rule. 

Defcribc the circle ADB with the radius of pro- 
je(S:ion, and through the given point P draw the 
right line PC A, and CE perpendicular to it; make 
the angle CAE:=given diftance of the circle from 
C, and through E defcribe the circle EFG and 
through P draw the line PK touching the circle in I, 
then is PIK the circle required. 

By the plane Scale. 

With the tangent of the circle's diftance from 
the pole of projedion C, defcribe the circle EIF, 
and draw PK to touch this circle; and PIK is ihc 
circle required. 

PROP. X. Proh. 

To draw a great circle perpendicular to a given 43. 
great circle ^wbicbpajfes through the pole ofproje£lion \ 
and at a given diftance from that pole. 

Rule. 

Draw the primitive ADB. Let CI be the given 

circfc, draw CL perpendicular to CI, and make the 

. N 4 angle 
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Fig. ^1%^^ CLI =the given diftance; thioUgh I dnw 

4j. KP parallel to CL for the circle requir^. 

By the Scale. 

* In the given circle CI, fct the tangent of the 
given diftance, from C to I ; throu^ I dr^w KP 
perpendicular to CI, then KP is the circle required. 

PROP. XL Prob. 

44. ^^ meafure any part of a great circle^ or tofet 
any number of degrees thereon. 

Rule. 

Let EP be the great circle ; through C draw 
ID perpendicular to EP, and CB paraJlel to it. 
Let EBD be a circle defcribed with the radius of 
projeftien CB, make IA=IB; then A is the divi- 
ding center of EP, confequently drawing AP, the 
i:lAP=::meafure of the given arch IP. 

Or thus. Set CD from I to F, and JFC from I 
to A, and draw AP, &c. 

Or if the degrees be given, make the Z.IAP 
= the given degrees, which cuts off IP, the arch 
correlpondcnt thereto. 

By the Scale. 

Draw ICD perpendicular to EP;- apply CI to 
the tangents, and fct the femi-iangent of its com- 
plement from C to A, gives the dividing center of 
EP, &c. 

PROP. XII. Prob. 

51. To draw a great circle to make a given angle with 
a given great circle^ at a given point \ or to meafure 
an angle made by two ^reat circles. 

Rule. 

Let P be the given point, and PB the given CTeat 
circle. Draw through P, and C the center of pro- 

^•fiw , . jeftion. 
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[ jeftion, the line PCG, to which from C draw CA Fig, 

perpendicular, and equal to the -radius of projec- '51. 
jtion. Draw PA and AG perpendicular to it, at G 
crcft BD perpendicular to GC, cutting PB in B; 
drawAO biieding the angle CAP; then at the 
point O, make BOD = angle given, and from D 
draw the line DP, then BPD is the angle required. 
Or if the degrees in the angle BPD be required, 
from the points B, D, draw the lines BO^ DO ; 
and the angle BOD is the meafure of BPD. 

Cor. Jfan angle be required to be made at the pole 
er center of projeSion, ^equal to a given angle; this 
is no more than drawing two lines from the center 
making the angle required. And if one great circle 
he to he drawn -A- to another great circle^ it mufi he 
drawn through its fok. 

PROP. XIII. Prob. 
\ To frojeB a lejfer circle parallel to the primitive. 4j» 

Rule., 

With tjie radius of projedion AC, and center 
C, defoibe the primitive circle ADB, by Cor. Prop. 
III. and draw ACB, and GCE perpendicular to it. 

Set the circle's Aiftance from its pole from B to 
H, and from H to D, and draw AFD. With 
. radius CE dcfcribe the circle EFG required. 
By the Scale. 

With the radius CE equal to the tangent of the 
circle's diftancc from its pole, defcribe the circle 
EFG, for the circle required. 

PROP.. XIV. Vrob. 

To draw a lejfer circle perpendicular to the plane 48. 
[ of projeSion. 

Rule. 
Through the center of projeftion C, draw its 
parallel great circle TI. At C make the angle ICN 

^ and 
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Fig. and TCO = the given circle's diftance from its 
48. parallel great circle TI; make CL equal raditts of 
projedion, and draw LM perpendicular to CL. 
Set LM from C to V, or CM trom C to F. Then 
throiigh tRe vertex V between the afymptotes CN, 
CO deficribe the hyperbola WVK. Or to the fo- 
cus F, and femi-tranfverfe CV, defcribe the 
hyperbola; for the circle required. 

Otberwife by Points. 

Through the center of projedtion C draw the 
line of meafures FC, and TCI perpendicular to it, 
draw any number of right lines CV, DE, GH, 
IK &c and PQ^, RS, TW, &c. perpendicular to 
TI. And by Prop. XI. make CV, DE, GH, &c. 
each equal to the diftance of the given circle from 
its parallel great circle; then all the points W, S, 
O^ V, E, H, K, &c. joined by a regular curve 
Will be the representation of tlie circle required. 

Or thus. 

Make the angle tak— diftance of the' given cir- 
cle from its parallel grpat circle. Then through 
the center of projeftion C, draw the great circle 
TCI parallel to the circle given, upon ^ hich ereft 
the perpendicular C A = radius of proje&ion. Alfo 
draw any number of right lines CV, DE, GH, IK, 
&c. perpendicular to TI. Then take each of the 
dtftances from A to C, D, G, I, &c. and fct them 
from a to r , g^ d^ i, &c. and to at draw the per- 
pendiculars cvj dc^ gby iky &c. and make CV, 
DE, GH, IK, &c. refpedtively equal to cv^ de^ 

fbj iky &c» which gives the points V, E, H, K, 
zc. after the fame manner on the other fide, find 
the points Q, S, W, &c. then through all thefc 
points W, S, Q^, V, E, H, K, &c. draw a 
regular curve, which will be an hyperbola rejMre- 
fenting the circle given. 
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By the Scale. Fig, 

Take the tangent of the circle's diftancc from 
its parallel great circle, and fet it from C (the cen- 
ter of projeftion) to V, and the fecant thereof from 
C to F. Then with the femi-tranfverfe CV, and 
focus F, defcribe the hyperbola WVHK, 

PROP. XV. Proh. 

To projeil any lejfer oblique circle given. 

Rule. 

Draw the line of meafures dp, and at Cthe 45. 
center of projeftion draw CA J- to dp and - radius 
of projeftioa; with the center A, defcribe the cir- 
cle DCFG; and draw RAE parallel to dp. Then 
take the greateft and lead diftances of the circle 
from the pole of projection and fet from C, to D 
and F, for the circle DP; and from A, the pro- 
jcfting point, draw AF/, and ADd, then ^ will 
.be the tranfverfe axis of the ellipfis. But if I) 
fall beyond the line RE, as at G, then draw a line 
from G backward through A to d^ and then df is 
the tranfverfe of an hyperbola. But if the point ' 
D fall in the line RE as at E, then the line AE no 
where meets the line of meafures, and the projec- 
tion of E is at an infinite diftance, and then the cir- 
cle will be projected into a parabola whofe vertex 
is/, Laftly, bifeft df in H the center, and for the 
ellipfis take half the difference of the lines A//, 
A/, and fet from H to K for the focus. But for 
the hyperbola take half the fum of A J, A/, and, fet 
from H to the focus k of the hyperbola. Then with 
the tranfverfe df and focus K or k defcribe the el- 
li.pfis rfM/i or the hyperbola fin. For the projec- 
tion of the circle given. 

But for the parabola make EQj= F/", and draw 
fn -L AQ, and feti^QJrom/to K the tocus. Then 

with 
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Fig, with the vertex /and focus * defcribe the parabola 
jm, iot the projedion of the given circle FE. 

« 

Otberwife hy Points. 

49, Through the center of projeftion C, draw the line 
of mcafures CF, pafling through the pole P (if P is 
given ; but if not, find it, by fettmg off CP = the 
diftance of that pole, from the center of projeftion, 
by Prop. XL) then fet off PD, PF, equal to the 
given diftance from its pole, by Prop. XL Through 
r draw a fufficient number of right lines, Lx, Mpt, 
N», Ooy Rr, Si, &c. which will all reprefent great 
circles^ Find the dividing centers of each of thefe 
lines ; and b) Prop. XL let off upon each of them 
from P, the given diftance of the circle from its 
pole, as PL, Px, PM, Ppt„ &c. and through all the 
points L, M, D, O, R, &c. draw a curve line, for 
the circle required . 

Note, the dividing center of all the lines, PM, 

PL, PI^ &c. is always diftant from P the length 

. of PW. Therefore all the dividing centers are in 

the circumference of a circle, whofe radius is 

PW, and center P ; fee below, Cor. 2. 

Or thus. 

49. Draw the line of meafures -PCG, and by Prop. 
XL make CG = the diftance of th& parallel great 
circle from thepoleofprojeftion, and draw AGK 
perpendicular to it, which will reprefent a great 
circle whofe pole is P. Draw any number of right 
lines through P to AK, as AP, BP, HP, &*c. and by 
Prop. XL fet offfromAK the parts AL, BM,HO, 
&c. each equal to the circle's diftance from its pa- 
rallel great circle. Then all the points L, M, D, 
O, &c. being joined by a regular curve, will 
reprefent the parallel circle required. 

Or 
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Or thus. Fig, 

Through the center of projeftion C draw the 49^ 
line ot meafures DCF, and the radius of projeftion 
CW perpendicular to it, and AGK4.GC, for a 
great circle whofe pole is P. Draw u;^-WP, 
afid wa-^to it, draw any number of right lines, 
AP, BP, GP, &c, and make j)g-, pb, pa^ &c.=: 
PG, PB, PA, &c. alfo niake the /.pwl and pwx 
= the circle's diftance from its pole P (or ^w/s 
the diftance from its parallel great circle) ; and 
upon PG, PB, PA, &c. make PD, PM, PL, &c- 
^pdj pm^ pU &c. refpeftively. 

Of make GD, BM, AL, &c. =^//, hm^ aly &c 
After the fame manner, find the points O, R, &c. 
and through all the points R, O, D, M, L, &c« 
draw a regular curve, making no angles, which 
wi)l reprelent the parallel required. Likewife where 
any line ap cuts wx^ that diftance from p will give 
the point x, or/>jr = Px; and fo of any other of 
the lines bp^ gpy &c. 

The reafon of this procefs will be plain j ifyoufup^ 
pofe the point />, iv applied to P, W; andg^ by a^ fefr. 
fuccejjlvely to G, B, A, &cc./or then d, m^ I, will fall 
upon D, M, L, &c. 

^ By the Scale. 

Take the tangents of the circle's neareft and 45, 
furtheft diftance from the pole of projection, and 
fet from C to / and dy gives the vertices, and bifedt 
^in H; then take half the diiference, or half the 
fum, of the fecants of the grcateft and leaft dif- 
tance from the pole of projeftion, and fet from 
H, to K or k for the focus of the ellipfis or hy- 
perbola, which may then be defcribed* 

Cor. I. If the curve be required to pafs through a 49. 
given point S; meafureVS by Prop. XI, and then 
the curve may be drawn by ibis Problem. 

Cor. 
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Fig. Cor. 1. If ? be the point where the great circles 
53-3 'AP, BP, &c. meet; then to find the dividing centers 
of all the circles AP, BP, &fr. 

Through C the center of proje£Uon draw PCG. 
Through C draw CW perpendicular to PG, and 
equal to the radius of projcdion. Draw PW, 
and WG perpendicular to it, to cut GP in G. 
At G and the middle of GP, ercd: the perpendi- 
culars .GA and DS. With the radius PW defcribc 
the circle EWO, Then to find the dividing 
center of any circle AP; with the diftance LP, 
and one foot in L, cut the circle OWE in R^ 
the dividing center required. 

For fince PWG is a right angle, PG is 90 
degrees, and fo is PA. . Therefore the dividing 
center of AP is in a femi-circle defcribcd round 
AP, and it is alfo in the circle OWR (by Cor. 
5. Prop, V.) and therefore at the interledion R» 
But DS bifefts all thefe circles j and therefore the 
center of that femi-circle is in L. 



PROP. XVI. Prob. 
47, To find the pole of any circle in the projeSlion^ DMF# 

Rule. 

From the center of projeftion C, draw the radius 
of projeftion CA perpendicular to the line of mea- 
fures DF. And to A the projefting point, draw 
DA, FA, and bifed the angle DAF by the line AP, 
then P is the pole. But if the curve be an hyper- 
pola, as/w, fig. 45, you muft produce dhy and bi- 
(edt the angle/AG. And in a parabola, where the 
point d is ataninfinitcdiftance, bifedttheangle/AE. 

Or tbus\ Drawing C A perpendicular to DC, draw 
DA, and make the angle DAP 3= the circle's dif- 
tancc from its poles, give the pole P. 

By 
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By the Scale. Fig* 

Draw the radiiis of projeftion CA J- to the 
line of meafures DF. Apply CD, CF to the tan- 
gents, and fet the tangent 01 half the difference of 
their degrees from C; to P, if D, F lye on contrary 
fides of C; but half the lum if on the fame fide, 
gives P the pole. 

Or thus; By Prop. XI. fet off from D to P, the 
circle's diftance from its pole, gives the pole P. 

Cor. If it be a great circle as BG; draw the line 46. 
of meafures GC, andCA •^ to it; and equal to tie 
radius of proJeStion-y make GAP a right angle ^ and 
P is thefofe. 

PROP. XVII. Proi. 

To mtafure any arch of a lefjer arclei or to fet any 
number of degrees thereon. 

Rule. • 

Let F» be the given circle. From the center of 46. 
projedtion C, draw CA perpendicular to the line 
of meafures GH, and equal to the radius of projec- 
tion. To P the pole of the given circle draw AP, 
and AO bifecling the atigle CAP. And draw AD 
perpendicular to AO.^ Defcribe the circle G/H 
(by Prop. XIII.) as far from the pole of projeftioa 
C, as the given circle is from its pole P. And 
through any given point n in the circle F«, draw 
Duly gives H7 the number of degrees = ¥n. Or 
the degrees being given and fet from H to /, thd 
line D/ cuts off F« equal thereto. 

Or thus; AO being drawn as before, cre6t OS 
perpendicular to CO; through the given point n 
draw Vn cutting OS in Q^then through QdrawC/, 
and the angle QCP is = ¥n. Or making QCP = 
the degrees given, draw I'QSi and arch F;/ = thefc 
degrees. 

Or 
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Fig. Or thus; AO, AP being drawn as befpre, draw 
46. AG perpendicular to AP, and GB perpendicular 
to GC. Through the given point n draw PB cut- 
ting (SB in B, and draw OB, then the z. GOB = 
arch Fn Or making z. GOB = the given decrees j 
draw PB, and it cuts offF» = the degrees given. 

By the Scale. 

Let C be the center of projeftion, P the pole of 
fhe given circle, Apply CP to the tangents, and 
fet the tangent of its half from C to O, and the co- 
tangent otits half from C to D; with radius CG = 
tangent of the degrees in FP the gi *^en circle's dif- 
, tance from its pole, defcribe the circle GSH. Then 
D/ drawn through n or /, cuts ofFH/= F«. 

Or thus; O being found as before, ereft OS per- 
pendicular to CO; through the given point ir draw 
PQ«, and ^ QCH = F». 

Or thus; Apply CP.to the tangents, and fet the 
co-tangent thereof from C to G. Ereft GB per- 
pendicular to GC# . Through n draw P«B, and 
draw BO; then jl GOB = F». 

48. Cor. If the lejfer circle be perpendicular to the plane 
of projeSion as VHK. Tou have no more to do but 
to draw the perpendiculars VC, HG, to its parallel 
great circle CI. ^hen CG (jneafured by Prop. XL) 
will be equal to VH; or the degrees fet from C to G, 
cuts off VH equal thereto. 

Scholium. 

48. ^ This fort of projeftion is little ufed, by reafon 
^ feveral of the circles of the fphcre fall in ellipfes 
and hyperbolas, which are very difficult to defcribe. 
Notwithftanding it is very convenient for folving 
fomc Problems of the fphere, bccaufe all the grear 
circles are projefted into rigljt lines. And this fort, 
or the Gnomonic Projedion, is the very foundation 
of all dialling. For if the fphere be projefted on 

any 
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any plane, and upon that fid^ of it on which the Fig* 
fun is to fliine; and the projefted pole be made 
the center of the dial, and the axis of the globe 
^ the Stile or Gnoiaon^ ind the radiusof projedion its 
height J you will have a dial drawn with all its fur- 
niture. Upon this account it deferves to be more 
taken notice of, than at prefent it is. I have in the 
foregoing pro'pofitions given, I think, all the fun- , 
damental principles of this kind of proje6lion, ha- 
ving met with little or nothing done upon this 
fubjed before. 

GENERAL PROBLEM. 

To projeQ the fphere upon any given plane. 

Beforeyou cmi projeft the fphere upon any plane^ 
you muft have apmeft knowledge of all its cic- 
cles, and their pofitions inrefpeft of one another ; 
the diftances of the leffer circles from their poles 
and from their parallel great circles; the angles 
made by great circles, or their inclinations, to^one 
another, particularly to the primitive circle, on 
whofe plane (or a parallel thereto) you are about to 
projeft the fphere. Then, after the primitive cir- 
cle is defcribed, you muft defcribe all other circles 
concerned in the Problem, according to the rules 
of that fort of Projeftion, you are going to ufe ; 
and the interfeftion of thefe circles will determine 
the Problem. ^ 

And note, that the projeftiori of the concave fide 

of the fphere is more fit foraftronomical purpofes; 

for in looking at the heaven?, we view the concavity. 

' But it is better to projeft the convex hemifphere. 

in geography, becaufe we fee the convex fide only. 

The principal Faints ^ Angles and Circles of the Sphere 
are as follows » 

I. PaintSi 

I. Zenith is the point over our heads, Z. 5^* 

O 2. Naclir 
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Fig. 2. Nadir is the point under our feet, N. 
53. ^. Poks of the world are two points, round 
55. which the diurnal revolution is performed, P the 
north pole, ^ the fouth pole. A line drawn through 
the poles, is called the Axis of the world, as Pp. 

4. The Center of the earth or of the heavens, C. 

5. EquinoSial Points^ are the points of interfec- 
tion of the Equator and Ecliptic, Y, ^^ 

6. Solftjtial Points^ are the beginning of Cancer 
and Capricorn, 0, ys* 

II. Great Circles. 

1. EquinoSlial, is a circle 90 degrees diftant from 
the poles of the world, as EC^ 

2. Meridians, or hour Circles, are circles paffing 
through the poles of the world, as Pop, PE/?, &c. 

3. Solftitial Co/ure, is a meridian pafling through 
/ the folftitial points, as P®p. 

4* Equifioiiial Colure, is a meridian pailing 
through the equinoftial points, PCp. • 

5. Ecliptic is the circle through which the fun 
fcems to move in a year, ® vy; it cuts the equi- 
noAial at an angle of 23° 28^ in pafling through 
the equino6tial points. In this are reckoned the 
li Signs, T, » , n, p, SI, t»R, f^, m, t, V5^, ^f X. 

6. Horizon, is a circle dividing the upper from 
the lower hemifphere, as HO, being 90® diftant 
from the Zenith and Nadir. 

7. Vertical Circles, are circles pafling through the 
Zenith and Nadir, Zo N. 

, 8. Circles of Longitude in the heavens, pafs through 
the poles of the ecliptic and cut it at right angles. 

9. Meridian of a Place, is that Meridian which 
paffes through the Zenith, as PZH. 

10. Prime Vertical, is that which pafles through 
the eaft and weft points of the horizon. 

III. Leffer circles. 

I. Parallels of Latitude are parallel to the'equi- 
noftial on the earth, pai allels of altitude are par Jiel 

to 
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tcr the horii:on, parallels of declination are parallel Fig* 
to the equinofti^ in the heavens. 52. 

1* Tropitsy are two circles diftant 23° 18' from 53* 
the equinodial, the tropic of Ctf;/r^r towards the 55* 
north, the tropic of Capricorn towards the fouth. 

^.. Polar Circles, are diftant 23^28' from the 
poles of the world, the ArSic circle towards the 
north, the antarSic towards tlie fouth* 

IV. Afigles and Arthts of Circles. 

1. Sun*s for Stars) Altitude, is an arch of the 
Azimuth between the fun and horizon, as B. 

2. Amplitude is an ^rch of the horizdn, between 
fun-rifing and the eaft, or fun-fetting and the weft^ 

3. Azimuth, is an arch of the horizon between 
the Tun's Azimuth circle, and the north or fouth, 
as HB, or OB, or it is the angle at the zenith, 
HZBorOZB- 

4. Right Afcenjion is an arch of the equator be- 
tween the fun's meridian, and the firft point of 
Aries, as t K. 

5. Afcenjional Difference is an arch of the equi- • 
noftial, between the fun's meridian, and that point 
of the equinodial that rifes with him, or it is the 
angle at the pole between the fun's and the lias 
o'clock meridian. 

6. Oblique Afcenfton or Defcenfion, is the fum of 
difference of the right afcenfion and the afcenfional 
difFerence^ ' 

7. Sun's Longitude, is an arch of the ecliptic!, be-^ 
tween the fun and firil part of Aries,, as V 0^ 

8. Declination is an arch of the meridian, between 
the equinodial and the fun, as oK. 

9. Latitude of a Star, is an arch of a circle of 
longitude between the ftar and ecliptic. 

10. Latitude of a place, is an arch of the meri- 
dian between the equinoftial and the place. 

11. Longitude of a place on the earrii is an arch 
of the equinoftial, between the firfl meridian (Ifle 
of Ferro), and the meridian of the place. And 

O 2 diff. 
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Fig. diff. longitude^ is an arch of the equator, between the 

52. meridians of the two places, or the angle at the pole. 

53. 12. Hour of the Day, is an arch or the equinoc- 
55. tial, between the meridian of the place and the fun*s 

meridian, as EK ; or it is the angle they make at 
the pole, as EPO. 

Example I. 

To projeii thefpbere upon the plane of the meridian^ 
for May 12, 1767. Latitude 54°-a nortb^ at a quar- 
ter pajl ^o^cldck before noon. 

I. By the Orthographic ProjeSlion. 

ct. Here we will projeft the convex fide of the eaft- 
ern hemifphcre* With the chord of 60 degrees 
defcribe the primitive circle or meridian of the j)lace 
HZON. Through the center C draw the horizon 
HO;fetthelatitude544fromOtoPandfromHto^, 
and draw Vp the 6 o'clock meridian. Throtigh C 
draw EQ^perpendicular to Vp for the equinoctial. 
Make ED, Qd iZ"" 5' the declination May 12, 
and draw D^ the fun's parallel for that day. By 
Prop. XI. make © G (3^ hours or) 48° 45' the 
fun's diftance from the hour of 6, then is the 
fun's place. Through by Prop. V. draw AL 
parallel to H for the fun's parallel of altitude. 
By Prop. VII. draw the meridian P ^ and the 
azimuth Z0N. Alfo the ecliptic will be anellipfis 
paffing through '0, which cannot conveniently be 
drawn in this projedlion. Alfo draw the parallel S5 
18° below the horizon, and where it interfefts T>d is 
the point of day break, if there is any. Now the fun 
is at /^ at 12 o'clock at night, and rifes at R, at 6 
o'clock is at G, due eaft at F, at a quarter paft 
9, and is at D in the meridian at 12 o'clock. 

Draw GI parallel to HO. Then GR mcafured 
by Prop, X. is 27 ° 14', and turned into time (allow- 
ing 1 5 degrees for an hour) fhows how long the fun 
rifes before 6, to be i*" 49" ; GI meafured by Prop. 
X. gives the azimuth at 6^ 79° 16'. CR by Cor. 

Prop, 
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Prop. X. gives the amplitude 32^19', and CF gives Fig. 
his altitude when eaft 21° 25 . FG 13° 28' (turned jz. 
imo time) is 54°", and Ihews how long after 6 he 
is due eaft, lO is his altitude at 6, 14° 38'. AH 
41° 53' is his altitude at 0, or a quarter paft 9 ; 
and 0L meafured by Prop. X. is his azimuth 
from the north at the fame time, 122° 40'. And 
thus the place of the moon or ftar being given, it 

*may be put into the projedtion, as at -)^. And its 
altitude, azimuth, amplitude, time of rifing,&c. 
may all be found, as before for the fun. 

II. Stereograpbically. 

To projeft the fphere on the plane of the meri- 53. 
dian, the projedking point in the weftern point of the 
horizon; with chord of 60, draw the primitive 
circle HZON, and through C draw HO for the ho- 
rizon, and ZN perpendicular thereto for the prime 
vertical. Set the latitude from O to P, and from 
H to pj and draw ^p the 6 o'clock meridian, and 
EQ^ perpendicular thereto for the equinoftial. 
Make ED, Q^the declination, and by Prop. XII. 
draw DG<^, the fun's parallel for the day. Draw 
the meridian P©^ by Prop. XVIL making an an- 

Sfle of 41 ° 15' with the primitive, to interfeft the 
un*s parallel in O , the fun's place at 9^i. Through 
0, by Prop. XIl» dfaw the parallel of altitude 
A0L; through draw, by Prop. XVII. the azi- 
muth Z0N; And by Prop XII. draw the paral- 
lel Sj^ 18° below the horizon, if it cut Ri, gives 
the point of day break. And through G draw the 
parallel of altitude GI. Laftly, by Prop; XX. 
through o draw the great circle T08fi» cutting the 
cquinodial EQ^at an angle of 23 ** 28',! arfd this 
is the ecliptic,. Y the firft point of Aries, and «£a^ 
that of Libra. 

This^one, dK meafured by Prop. XXIII. is 62° 

46', fhowsthe time of fun'.rifmg; CR by -Prop. 

XXII. is the amplitude 32° 19'. GI 'j^^'iif/hy 

Prop. XXIH. the fun*5 azimutii ac.6. x lO i4^3&' 

O 3 his 
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. Fig. his altitude at 6. CF 22 *» 25' by Prop. XXII. his 
5J. altitude when caft. GF 13** 28' the time when he 
is due eaft. oB 41 • 53' hy Prop. XXll. his alti- 
tude at a quarter pafl:9; thez.0ZP I22*> 40' by 
Prop. XXIV. his azimuth at that tin)C. Alfo V ^ 
by Prop. XX n. is his longitude ^i^ 7'. VK his 
right alcenfion, 48 ^^ 40'. 

And the place of the moon or a ftar being given, 
it may be put into the fchcme as at -X ; and its 
time of riung, amplitude, azimuth, &c. found as 
before, 

III. Gnomonically. 

54^ To projeft the eaftern hemifphere upon a plane 
parallel to the meridian. About the center of pro- 
jeftion C defcribe the circle HON with the tangent 
of 45 the radius of projedlion, for the primitive. 
Through C draw the horizon HO, and the prime 
vcnical ZN perpendicular thereto. Set the latitude 
54I from H to a^ and draw the 6 o'clock meri- 
dian P/), and the equinodial EQ^perpendicular to 
it. Set the tangent of 48** 4 s' (equal to 3-J- hours) 
from C to E, and by Prop. X. draNv the meridian 
EL parallel to Vp. Make E^=Etf, and jLEbQ) 
= 18° 5' the fun's declination, then by Prop XI. 
is the fun's place. Through draw the hy- 
perbola D0rf (by Prop.. XIV.) for the fun's pa- 
rallel of declination; anddraw 0B perpendicular 
to HO, for his azimuth circle. And draw GI 
perpendicular ^to HO, and RM, FT, || ?p, Alfo 
the ecliptic is a right line paffing through 0, and 
cutting EQ^at an angle of 23° 28', which is 
difficult to draw in this projedlion. 

Alfo by Prop. XIV. Draw the parallel 85. i8<» 
below the horizoh, and if it interfcds Drf, it gives 
the point of fun rife. 

Then if by Prop. XVII. or XL you meafure GR 

.ormtherCM, 27° 14', you have the time of fun 

fifing ; GF or CT 1 3:° 2 8', the time when he is due 

^aft.^ Alfo by Prop. XL if you meafure CR, you 

' hav€? 
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have the amplitude 32*^ 19', CI the comp. of his Fig. 
azimuth at fix, 10° 44. IG by Prop. XII. his 54. 
altitude at fix, 14° 3.8'. CF his altitude when 
caft, 22<» 25'. And by Prop. XL ©8 = 41° 53', 
his altitude a quarter paft nine. CB the comple- 
ment of his azimuth at that time 32**^4o'.. 

And the place of the moon or a ftar being given, 
its place in the projeftion may be determined as 
before, and all the requifites found. 

Ex. 2. 

To proJeSl the fphere upon the plane of the foljlt" 
tial colure for latitude 54iJV. May 23, 1767, at 
10 o\lock in tbefnorning. 

Stereographically. 

The projeftion of the weftern hemifphere, the SS^^ 
firft point of Libra, the projeding point. Defcribe . 
the folftitial colure PE/>Q^, and the equinoftial co- 
lure P^ perpendicular to it; and through C draw the 
cquinoaial EQj^erpendicular to Pp. Set 23'' 28' 
from E to 25, and from Q^to Vf, and draw the, 
"ecliptic ® vy. . Set the fun's longitude 61*^ 42' 
from C to 0, and through draw P0Kp for the 
10 o'clock meridian. Make KA (two hours or) 
50**, and draw PAp for the meridian of the place. 
Set the latitude of the place 54f from A to Z, 
and Z is the zenith. About the pole Z defcribe 
the great circle BHS for the horizon of the pUce. 
Through Z and draw an azimuth circle Z©B. 

Then you have 0K the fun's declination 20° 33'. 
CK his right afcenfion 59° 35'. 0B his altitude 
at 10 o'clok 49° 10'; the /.AZ0 or PZ0 hi^ 
azimuth at 10 = HE, 45^ 44'. H the fouth point 
of the horizon. I the point of the ecliptic that 
is in the meridian. T the point of the echptic 
that 1% fetting in the horizon. 

. Example 3. 
To projeS the fphere on the plane of the horizon^ 
Lat. 35 J, N. July 31, 1767, at 10 o'clock. 

O 4 ' GnorHonically. 
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Fig. GnomonicaUy. 

.56.. To projeA the upper hemifphere on a plane 
parallel to the horizon- With the radius of pro- 
jedtion and center C, dcfcribe the primitive circle 
ADB. Through C draw the meridian PE, and AS 
perpendicular to it for the prime vertical. Set 
oflf CP^354 the latitude and P is tjie N. Pole, and 
perpendicular to CP draw Vp the 6 o'clock meri- 
, dian. Set the complement of the latitude from C 
to E; and draw EQ^ perpendicular to CE for the 
equinoftial. Make EB 30° (or z hours) and draw 
the 10 o'clock meridian PB. Set the fun's decli- 
nation 1 8° 27' from B to. 0. And is the place of 
the fun at 10 o'clock. Through draw the azi- 
muth circle CQj likewife through 0, a parallel to 
the equinoftial EQ^may eafily be defcribed by 
Prop. XV. for the fun's parallel that day. 

Then C0 meafured by Prop. XI. is 31° 30' the 
complement of the altitude. And the angle EC© 
meafured by Cor. Prop. XII, is his azimuth, 65 ** i o'. 

Scholium. 

After this manner may any Problenis of the 
Sphere be folved by any of thefe projeftions, or 
upon any planes, but upon fome more commodi- 
oufly than upon others. And if in a fpherical tri- 
angle any fides or angles be required, they may be 
projefted from what is given therein, according to 
any of thefe kinds of projeftion before delivered; 
and it will be moft eafily done, when you chufe fuch 
a plane to projeft on, that fome given fide may 
be in the primitive,. or a given angle at the center; 
and then you need draw no more lines or circles 
than what are immediately concerned in that Pro- 
blem. But always chufe fuch a plane to projeft on, 
where the lines and circles are moft eafily drawn, 
and fo that none of them run out of the fcheme. 
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Centripetal and Centrifugal Force. 



SHEWING 

The Motion of Bodies in Circular Orbits, 
and in the Conic Sedtions, and othet Curves. 

And explaining the perturbating Force of a third 
Body. With many other things of the like 
Nature. 

Being a Work preparatory to Astronomy, and 
the very bafis thereof. Apd abfolutely neceflary 
to be known by all fuch as defire to be Profi- 
cients in that Science. 
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PREFACE. 



/N the following Treatife^ I have explained and demon^ 
Jirated the Laws of Centripetal Forces ; a doHrine upon 
which all Ajironomy is grounded; and without the knowledge 
of whichy no rational account can be given of the motioni 
if any of the celejlial bodies^ as the Comets, the Planet s^ and 
their Satellites. From thefe laws are derived the caufes of 
the various feeming irrfgulatities obferved in their moti§ns ; 
fuch as their accelerations and retardations, their approach-- 
ing to, and receding frorn the center of forie \ irregularities 
only in appearance ; . but in reality, thefe motions are truly 
regular and conformable to the ejiabli/hed laws of Nature. 
From this foundation we trace the way or path of all 'the 
planet^y and dif cover the origin and fprmg of all the celejiial 
motions J and clearly underftand and account for all the 
phenomena thence arijtng. 

In the firji feiiion, you have the'Chitripetal Forces of 
bodies revolving in circles ; their velocities^ periodic times, 
find dijtances compared together ; their relations and propor* 
tions to ecfch other; and that when they either rei;olve about 
the fame center, or about different pnes. The different 
motions caufed by different forces, or by different central . 
aitratling bodies^ are here fhewn. We have given likewife 
the periodic time of a Jimple pendulum revolving with a 
conical motion ; and alfo the center of Turbination, and the 
periodic time of a compound pendulum, or a fyflem of bodies, 
revolving with a conical motion ; as properly belonging to 
the do^rine of Centripetal Forces. 

In the fecond feiiion we have f hewn the motion of bodies 
in the Ellipfis^ Hyperbola, and Parabola ; and in other 
Curves* The proportion of the Centripetal Forces, and 
velocities in different parts of the fame Curve. The law of 
Centripetal Force to defcrib^ a given Curve, and the velocity 

in 
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in any point of it ; and more particularly with refpeSf to 
that law of Centripetal Force that is reciprocally as the 
f quart of the d'ljlance ; which is the grand law of Nature 
in regard to the a^ion of bodies upon one another at a 
Siflance ; and according to this lawj is fhewn the motion of 
bodies round one another^ and round the common center of 
gravity^ and the orbits they will dejcribe. 

In the third feilion we have given the diflurbing or 
ferturbating force of a third body, a^ing upon two others 
that revolve round one another. From thefe principles are 
deduced the errors caufed in the motion of a Satellite, moving 
round its primary planet* • To%vards the end, are fever ml 
J/ropoJition5% by means whereof the motion of the Nodes, and 
variation of inclination of a Satellite's orbit, and fuch like 
things' may be computed, jfs thefe things are all laid down 
for the fake of underjkmding our own Syjlem, I have 
inferted fonu few things, by way of illufration (f the rules^ 
in regard to the Afoon and Jupiter. But as to the Moon% . 
there are fome things fo very intricate, and require fucb 
long and tedious calculations, as would require a volume of 
themfelves ; fo that the fmall room I am confined to cannot 
admit of them ; and few would trouble themfelves to read 
them, if they were there. This laji fe^ion concludes with n 
few things of another kind, but depending on the principles 
ef Centripetal Forces. 

Several of thbfe things about Centripetal Forces are 
eakulated by the method of Fluxions ; and cannot eafily he 
done any other way ; and mofi of them taken from my hook 
€f Fluxions. And feveral other things relating to Centripetal 
Forces, you will alfo find in that book ; being forry to trouble 
the reader too^ much with repeating what J have written 
tmd publi/hed elfewhere. 
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LAWS 

OF 

Centripetal and Centrifugal Force* 



DEFINITIONS. 
DEF.. I. 



C^HE center of attraElion^ is the point towards 
which any body is attradted or impelled. 

DEF. II. 

.Centripetal force y is that force by which a body is 
drawn or impelled to a certain point, as a center. 
Here all the particles of the body are equally adted 
on by the force. ' 

' ^ DEF. III. 

Centrifugal force y is the refiftance a moving body 
makes to prevent its being turned out of its dired 
courfe. This is oppofite and equal to the centri- 
petal force J for aftion and re-adtion are equal and 
contrary. 

DEF. IV. 

Angular velocity ^ is the quantity of the angle a 

body dcfcribes in a given time, about a certaia 

point, as a center. Apparent velocity is the fame 
thing. 

DEF. V. 

'Periodical time y is the time of revolution of a bo- 
dy round a center, 

SECT. 
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SECT. L 

Tie Motion of Bodies in Circular O rb i t s - 



PROP. I. 

Yvg.^HE centripetal forces ^ ivhereby eqtfal bodia at 
equal dijlances from the centers of force j are^rawn 
touards tbefe centers; are as the quantities of matter 
in the central bodies. 

For fiilce all attraaion is made tov/ards bodies, 
every part of the attradting body muft contribute 
its fhare in that efFeft. Therefore a body twice as 
great will attraft the fame body twice as much; 
and one thrice as great, thrice as much, and fo on* 
Therefore the attraftion of the central body; that 
is, the centripetal force, is as the quantity of mat- 
ter in the attraAing or central body. 

Cor I. Any body whether ^reat or little, placed 
at the fame difance, is attraBed through equal fpaces in 
the fame time, by the central body. 

For though abody twice or thrice asgreatas ano-^ 
•ther, is drawn with twice or thrice the force ; yet 
it will acquire no greater velocity, norpafs through a 
^greater fpace. For (Prop. V. Cor. 2. Mcchan.) 
the velocity generated in a given time, is as the 
force direftly, and quantity of matter reciprocally; 
and the force, which is the weight of the body, 
' being as the quantity of matter; therefore the ve- 
locity generated is as the quantitysof matter di- 
reftly, and quantity of matter reciprocally, and 
therefore is a given quantity. 

Cof. 
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Cor 2. therefore the centripetal force ^ or force Fig. 
towards the center ^ is not to be meafuted hy the quan^ 
tity of the falling body; but by tbefpace it falls through 
in a given time. And therefore it is fometimes saUei 
an accelerative force. 



PROP. 11. 

If a body revolves in a circle, and is retained in it, i» 
by a centripetal force, tending to the center of it; put 
R = radius of the circle or orbit defcribedy AC. 

F = abfolute force, at the diflance R. 

s = thefpace a falling body could dejcend through, by 
the force at A, and 

t =2 time of the defcent. 

w = 3.I416. 

fhen its periodic time, or the time of one revolution^ 
wiUbe Tf\/^^ 

And th e velo city, or fpace it defcribes in the time t, 
nvill be v/IRj. 

For let AB be a tangent to the circle at A; take 
AF an infinitely fmall arch, and draw FB perp, to 
AB, and FD perp. to the radius AC. Let the 
body defcend through the infinitely fmall height 
AD'or BF, by the centripetal force in the time i. 
Now that the body may be kept in the circular or- 
bit AFE, it ought to defcribe the arch AF in the 
lame time i. The circumference of the circle AE 
is 2vR, and the arch AF = \/2R x AD.. 

By the laws of falling bodies ^s 1 1 i : v^AD : 

yAD 

t\/ =timeofmovingthrough-/^Dor AF. And 

by uniform motion, as AF, to the time of its de- 
fcription : : circumference AFEA, to the time pf 

one 

N 
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j^' one revolution; that is, %/2R x AD : /\/ : .' 

a»R : periodic time= ^ w =*/\/;^; • 

•/A I> 

Alfo by the laws of uniform motion, t^ — — 

or time of defcribing AF : AF or \/2R x AD : : 

/ : v/zR} = the velocity of the body, or fpace 
defcribed in time /. 

Cor. I. T!he velocity o§ the revolving bodyy is equal 
to that which a falling body acquires in defcending 
through half the radius AC, by the force at A umform", 
iy continued^ " 

For v'i ( heigh t) : %s (the velocity) : : v^^^R (the 

height) : \/2Rj, the velocity acquired by falling 
through 4R. 

Cor. 2. Hence y if a body revolves uniformly in a 
circle^ by means of a given centripetal force \fhe arch 
V %)hich it defcribes in any time', is a mean proportional 
between the diameter of the circle ^ and the fpace ivhich 
the body would defend through in the fame time^ and 
with the fame given force. 

For 2R (diameter) : v/IrJ : : x/iKs : s ; where 

\/2Ks is the arch defcribed, and s the fpace def- 
cended through, in the time /. 

a. Cor. %• If a body revolves in any curve AFQ> 
about the center of force s; and if AG or R be the 
radius of curvature in any point A; J = fpace defcend- 
td by the force direSed to C. Then the velocity in A 

ivill be \/zKs. 

For this is the velocity in the circle; and there- 
fore in the curve, which coincides with it. 

PROP. 
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PROP. IIL ^^' 

If feveral hdies revolve in circles round the fame 1. 
or different tenters; the periodic times will be as the 
fyuare roots of the radii direSIly, and the fquare roots 
ifthfi centfipetalforces reciprocally. 

Let F = centripetal force at A tending to the 
center C of the circle. 
V = velocity of the body, 
R = radius AC of the circle. 
P =^ periodic time. 

/zR 
Then (Prop* IL) P = r/V — ^- ^^^ ^ ^^ ^ ^^ 

force F that generates it; whence P = ^l\/ -^ » 
and fince 2, 9 and / are given quantities^ therefore 
POC\/|. 

Cor. 1. The periodic times are as the radii direSly, 

and the velocities reciprocally. ^^ 

For (Prop. IL) V=-/2lU=:v/^RF, and V* 
= 2RF, and P=»/V "V"' ^^ PP=** '* x 
-p-, therefore P» V»=»» /» X4R», and P* = 

»»/* x4R» , „ »/xaR R 
y;; i and P = — ^p- OCy • 

Cor. 2. The periodic times are as the velocities di- 
reSly, and the centripetal forces reciprocally. 

For V*=2Rr=aRFj and R=— p-, and •?? 

V V R V 

=IF ^ F- ^"^ (^°'"- ^-^ ^ ^ V ^F ' 

P Cor. 
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Fig. Cor. 3. If the periodic times are equal; the velo- 
f. citiesy andalfothe centripetal forces, wiU he as the 

r^"- R R V 

For if P be given; then p, and ^, and -^ 

arie all given ratios. 

Cor. 4. If the periodic times are as the fcmare 
roots of the radii; the velocities will be as the fquare 
roots of the radii, and the centripetal forces equal. 

For (Prop. III. and Cor. 1.) putting a/R for P, 
yR R I 

wehavci/R OC v/|r OC y Therefore i OC ^ 

Oc ^,and \/R OC V, and ^/F is a given quantity. 

Cor, 5. If the periodic times are as the radii; the 
velocities will be equal, and the centripetal forces re- 
ciprocally as the radii* j 

For 'putting R for P, we have R OCy/ p 

R ' I I 

OCy> whence \/R OC^, and i OC:^; that 

' is, R QC^^or the centripetal force is reciprocally 
r 
as the radius; and V is a given quantity. 

Cor. 6. If the periodic times are in the fefquiplicate 
ratio of the radii; the velocities will be reciprocally as 
the fquare roots of the radii j and the centripetal forces 
reciprocally as thefquares of the radii* 

Put R3 for P, then R* 0C\/ p OCy ; and 

R OC--^orRR OC~ and \/R OC^- 

Cor. 7. If the periodic times be as the nth power 

of the radius ; then the velocities will be reciprocally as 

the n--itb power of the radii y and the centripetal 

. . . forca 
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forces reciprocally, as the m^^i^^ power of //:?^Fig. 
radii. ' i. 

" R R 

Put R» for P, then R« OC ^~ oCy. Whence 

R I I 

R4» OCpandRa«-i OC-=r. AlfoR«-i OC^- 

PROP. IV. 

If fever al bodies revolve in circles round the fame i. 
or different centers i thi velocities are as the radii di- 
re^ly, and periodic times reciprocally. 

For putting the fame letters as in Prop . III. we 
have (by Prop. II.) V = -\/2Rj = \/2RE; and P 

OC^(byCor.2.Pr.III.)andPF OCV,andF OC 

p Whence V = -v/2RF=v/iR.xp and V» 

2RV j„ 2R R 
= — p— , and V = -p- OC p ♦ 

Cor. I. The velocities are as the' periodical times, 
Mttd the centripetal forces. 
. For we had PF OCV. 

Cor. 2. The fquares of the velocities are as the ra- 
dii and the centripetal forces. 

ForV = v^2RF. 

Cor. 3. If the velocities are equal \ the periodic 
times are as the radii, and the radii reciprocally as 
the centripetal forces. 

For if V be given, its equal -p is a given ratio j 
and v'RF is given, whence R OC — • • . 

P a Cor. 
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Fig- Cor. 4. If the velocities teas the radii^ the peri(h 
!• die times will be the fame; and the centripetal forces 
as the radii. 

R I 

For then V or R CXp and i OCp Alfo R= 

v/IkF, whence R OC F. ' 

Cor. 5. If the velocities be reciprocally as the radii^ 
the centripetal forces ate reciprocrlly as the cubes of 
the radii; and the periodic times as the fquares of the 
radii. 

For put ^ for V, then (Cor. 2.) --=\/2RF, 
^ =2RF, whence F OC^. Alfo 5 0C_^, 



RR"' ' R»* ^R P 

and P OC RR. 

PROP. V. 

If fever al bodies revolve in circles about the fame 
or different centers; the centripetal forces are as the 
radii direSHy^ and the fquares of the periodic times 
reciprocally. 

Put the fame letters as in Prop. III. X^en (Prop. 

II) ?=zTt\/^ — =rt\/^, and PP=9nr// 

x-=:-, and PPF=2flnr//R; whence F=— ^5^ — 

R 
OC pp ' 

Cor. !• The centripetal forces^ are as the velocities 
directly ^ and the periodic times reciprocally. 

R R V 

For (Prop. IV.) V OCpandF OC p^- oCp- 

Cor. 2. The centripetal forces y are as the fquares 
of the velocities directly ^ and the radii reciprocally. 

For 
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For (Cor. I.) F OCpandFP OCV.But(Prop.^^g- 

R FR 

in. Cor. I.) P09^/ therefore FP 0C-~, 

FR VV 

therefore -rrp OC V, and F OC -rg— • 

Cor. 3. If the centripetal forces are equal; the ve- 
loci ties are as the periodic times; and the radii as the 
fquares of the periodic times ^ gr as the fquares of thi 
velocities. 

Cor. 4. If the centripetal forces be as the radii, 

the periodic times will be equal. 

R F I F 

For F OC^^, ajid ^ OC-pp , and if ^ be a 

given ratio, -p^- will be given, as alfo P. 

Cor 5. If the centripetal forces be reciprocally as 
the fquares of the dijiances; the fquares of the peri-^ 
odical times will be as the cubes of the dijiances; and 
the velocities reciprocally as the fquare roots of the 
dijiances. « 

For writing :^^ for F, then g^ ^ pp"' ^^^ 

R' . • * . I VV _ I 

YT ^ given quanmy. And ^-^^ ^"r7^ ^^ R 

OCVV, or \/^ OCV. 

PROP. VI. 

If fever al bodies revolve in circles , about the fame i, 
or different centers; the radii are direBly as the centri- 
petal forces J and the fquares of the periodic times. 

For (Prop. II.) putting the fame letters as be- 
fore, P = ir/\/ = »/\/-^, and VV=^^^tt 

2R 
x-jr-, aildPPF = 2^ir//R OCR. 

P3 Cor. 
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Fig. Cor. I. The radii are direSlfy as the velocities and 
J. periodic times* 

. For (Prop. IV. Cor. i .) PF CX V, but PPF OO 
R; therefore PV CXR. 

Cor. 2. 7he radii are as the fquares of the veloci- 
ties direSfyy and the centripetal forces reciprocally. 

V 

For (Prop. III. Cor. 2.) P OC^e, but (Cor. i.) 

VV 
R OCPV; therefore R OC— • 

Cor. 3. If the radii are equal; the centripetal forces 
are as the fquares of the velocities y and reciprocally 
as the fquares of the periodic times. And the veloci- 
ties reciprocally as the periodic times. 
VV 

For if R be given,-p-,an(l PPF, and PV, are given 

quantities,andF OCVV,orF OC-^,andV OC~ 

SCHOLIUM. 

The converfe of all thefe propofitions and corol- 
laries are equally true. And what is demdnftrated 
of centripetal forces, is equally true of centrifugal 
forces, they being equal and contrary. 

PROP. VII. 

1. The ^antiPies of matter in all attraSting bodies^ 
having others revolving about them in circles ; are as 
the cubes of^ the diflances direSlly^ and the fquares of 
the periodical times reciprocally. 

Let M be the quantity of matter in any central 
attracting body. Then fince, it appears, from all 
aflronomical obfervations, that the fquares of the 
periodical times are as the cubes of the diftances, 
of the planets, and fatellites from their refpcftive 

centers 



f 
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centers. Therefore (Con 6. Prop. III.) the centri- Fig. 
petal forces will be reciprocally'as the fquares of the i . 

diftances; that is, F OC:^^. And (Prop. I.) 

the attraftive force at a given diftance, is as the 
body M, therefore the abiolute force of the body 

Misas-^^. And (Prop. V.) fince F OC -pp-, put 

M . ^ , ^^ • , M R 

j^ mftead of F, and we have g^- pc-pp, and 

Cor.' I. Hence inJleaJo/F in any of the foregoing 

propofitions and their corollaries^ one may fubjlitute 

M 
T^r^j which is the force that the at tracing body in C, 

" exerts at A. 

Cor. 2. The attractive force of any body, is as 
the quantity of matter diretlly^ and the fqiiare of the 
diftance reciprocally. 

PROP. VIIL 

If the centripetal force be as. the diftance from the 3. 
center C. A body let fall from any point A, ivillfall 
to the center in the fame timey that a body revolving 
in the circular orbit ALE A, at the diftance CA, 
would defcribe the quadrant AGL. 

The truth of this is very readily fhewn by fluxions ; 
thus, put AC = r, AH=±^, / = time of defcrib- 
ing AH, V = the velocity at H. F = force at H, 
which is as CH pr r —.v. Then (Mechan. Cor. 2. 
Prop. V.) the velocity generated is as the force and 
time; that is, v OCF/ Alfo (Mechan. Prop. III. 
Cor. I.) the time is as the ipace divided by the veloci- ^ 

P4 ty 



% 
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o. ty:thatis,f OC— ;thcreforM; OC OC • 

and w OC r-4f x i, and the fluent is — OCra? — 

XX 



— , orw 0C2ry— yy, and v 0C\/2rx^xx or 

HG; that is, the velocity at H is as the ordinate 
HG of the circle. 

Now it is evident, that in the time the revolv- 
ing body defcribes the infinitely fmall arch AF, the 
falling body will defcend throughthe verfediine AD, 
and would defcribe twice AD in the fame time, 
with the velocity in D. Therefore we (hall have, 
velocity at F : velocity atD : : AF or FD : 2 AD, 
and velocity at D : velocity at H : ; AF or FD ; GH, 

therefore, 

velocity at F or G : velocity at H : : AF* : 2 AD x 

AF» 
GH : : — ttT : GH : : CA or CG : GH. But 

2 AD 

drawing an ordinate infinitely near GH; by the 
nature of the circle, it will be, as GC : GH : : fo 
the increment of the curve AG : to the increment 
of the axis AH. And Therefore, vel. at G : vel. 
at H : : as the increment of AG : to the increment 
of AH. Therefore fince the velocities are as the 
fpaces defcribed, the times of defcription will be 
equal; and the feveral parts of the arch AGL are 
defcribed in the fame times as the corrcfpondcnt 
parts of the radius AHC. And by compofition, 
the arch AG and abfcifla AH, as alio the quadrant 
AL and radius AC, are defcribed in equal times. 

Cor. I. Tbc velocity of the defcending body at any 
place H, is as the fine GH. 

Cor. 2. And the tme of defcending through any verfed 
fine AH, is as the corrifpondent arch AG. 

Cor. 
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Cor. J* Ml the timts of falling from any altitudes Fig. 

whatever J to the center C, ivill be equal. ^, 

For thefe times arc ^ the periodic times; and 

(Prop. V. Cor, 4.) thefe periodic times are all equal. 

Cor. 4. In the time of one revolution^ the falling 
body will have moved from C through E, and back 
again through C to A, meeting the revolving body 
0gain at A, 

Cor. 5. The velocity of the falling body at the cen^ 
ter C, is equal to the velocity of the rroolving body. 

For the velocities are as the lines GH and GC; 
and thefe are equal, when G comes to L# 

PROP. IX. 

If a pendulum AB be fufpended at A, and be made 4. 
to revolve by a conical motion, and dejcribe the circle 
BEDH parallel to the horizon. 

Put ^=3.1416^ p=i6.Sr feet, the fpace def^ 
tended by gravity in the time /• 

Then the periodical time ofB will be «"/ v • 

p 

For (Mechan. Prop. VIII.) if the axis AC re- 
prefents the weight of the body, AB will be the 
force ftretching the ftring, and BC the force tend- 
ing to the center C. Alfo (Mechan. Prop. VI.) if 
the time is given, the fpace defcribed will be as the 

BC 
force; whence AC : BC : ; ^ : -.p/> = the (pace 

defcended towards C, by the force BC, in the time 
/. This is the fpace s in Prop. II. Therefore in- 
fteadof J put its value in the periodical time, and 
(by Prop. IL) wefliall havethe periodical time of the 

pendulum = TrtsJ = vtX/ 2BC x rrrp^ 

^ ^ s ^ BC xp 

I 2AC 

= ?r / W ^ . 

■ P 

Cor. 
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Fig. Cor. I. In all pendulums y the periodic times ate as 
4. the Iquare roots of the heights of theconeSy AC. 
For «, /, and p are given quantities. 

Cor. 2. If the heights of the cones be thefamey the 
periodic times will be the fame ^ whatever be the radius 
dfthebafe^C. 

Cor. 3. The femiper iodic time of revolution y is 
equal to the time of ofcillution of a peudulum^ whofe 
length is AC, the height of the cone. 

/AC 

For by the laws of falling bodies, tsj = 

zp 

time of falling through iAC; and therefore (Me- 
chan. Prop. XXIV.) i : * : : t\J : »/v/ 

^ ' ^ 2p ^ Zp 

^\itts/ , the time of vibration, which is 

P 
half the periodical time. 

Cor. 4. The fpace defcended by a falling body in 
the time of one revolutiony will be ^^ x 2 AC. 

2 AC 

For // (time) : p (height) : : ^^// x (per. 

P 
time) : »» x 2AC = height defcended in that time. 

Cor. 5. The periodic timCy or time of one revolu- 
tion, is equal to ^v/T^x time of falling through AC. 

/ AC 
For the time of falling through AC \st\/ 

P 

Cor. 6. The weight of the pendulum is to the cen-- 
irifugal force; as the height of the cone AC, to the 
radius of the bafe CB. And therefore when tbe height 
CA is equal to the radius CB; the centripetal or 
centrifugal force is equal to the gravity. 

PROP. 



r 
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PROP. X. Fig- 

Suppofe a fyftem of bodies A, B, C, to revolve 5* 
tvith a conical motion about the axis TR perp* to the 
horizon, Jo as to keep the fariie fide always towards 
the axis of revolution, and the fame pofition among 
themfelves. 

To find the periodical time of the whole fyfi^^^ 
I. Let A, B, C, be all fituated in one plane 
paffing through TR. From A, B, C let fall the 
perpendiculars Ka, B^, Cr, upon the axis TR. 
And let A, B, C reprefent the quantities of matter 
in the bodies A, B, C. Alfo put ^ = i6tV feet 
the height a body falls in the time / by gravity ; * 
= 3.1416; P'=the periodic time of the fyftem. 
By the refolution of forces, Ta (gravity) : Aa 

(force in direftion Aa) : : h : -=-^ = lpace def- 

cended by A towards a in the time i, which is as 
the velocity generated by the force Aa. There-i 

fore TjT-^A = motion generated in A in direftion 

Aa. And the force in direftion Aa to move the 

fyftem towards TR, by the power of the lever 

Aa 
TA, iSTrT-hAxTa or AaxhA. This is the 

centripetal force of the fyftem, arifing from the gra- 
vity of A. In like manner the centripetal forces 
arifing from Band C, will be Bb x bB and Cc x hC. 
By the laws of uniform motion, P : 2^ x A^ : : 

t : — p = arch defcribed by A in the tlme- 

AfrrTTtt X Aa^ zTrirtt x Aa ^,\ 
t. And-^pp^-^^or- pp-^ = diftance It 

is drawn from the tangent in that time, or as the 

velocity generated; and therefore p^ x A 

= motion 
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Fig. = motion of A tending from the center a^ by the 
c. revolution of the fyftem. And the force in direc- 
tion jA, to move the fyftem from TR, by the 

.- , ' , rw^A ..,1 mftxAa - 
power of the lever TA, will be pp r A x 

Ta. And this is the centrifugal force of the fyf^ 

tern arifing from the revolution of A. And in like 

manner the centrifugal forces arifing from B and 

^ .„ ^ 2wir//xB*^ _, , 2'^ttxCe^ 
C, wdl be — pP — B x T*, and pp — C 

xTc. 

But bccaufe the whole fyftem always keeps at 
the fame diftance from the axis TF, in its revolu- 
tion-, therefore the fum of all the centripetal forces 
muft be equal to the fum of all the centrifugal 
forces. Whence A^ x )& A + B^ x i^B + C^ x i&C = 

-pp X into A^ X Tj X A + B^ X T^ X B + Cr 

X Tc X C. And confequently P = »/ y/ — x 

Atf X T^ X A + B^ X T^ X B -f Cc X Tr X C 

AaxA + BixB-^CcxC 
2. If the bodies are not all in one plane, let N 
be the center of gravity of the bodies A, B, C 
And through N draw the plane TNR; and from all 
the bodies, let fall perpendiculars upon that plane. 
Then the periodic time will be the fame as if all 
the bodies were placed in thefe points where the 
perpendiculars cut the plane. For if m be one of 
the bodies, and mC perp. to the plane. Then the 
centripetal and centrifugal forces oim in direftion 

%7c*ntt X Tc 
cniy will be cm x hm and — Kp — m x mc. But 

the force cm is divided into the two forces rC, Cm. 
And all the forces Cm deftroy one another, be- 
caufe the plane, TNc, paffes through their center of 
gravity. Therefore the plane is only adted on by 

the 
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the remaining force cC. So that the centripetal Fig* 
and centrifugal forces will be the fame as before, 5. 
when the body was placed in C; and the periodic 
time is the fame. 

Cor. I. If if n be drawn from the center of gra^ 
n;tiy perp. to TF; then the periodic time (^ the fyf 

lemy P = «r/ vZ—x 

h 

T^ X A^'x A + Tir X B* X B + Tr X Cr X C 



N«xA+B+C 
For (Mechan. Prop. XXX V.) A^ x A + B^ x 
B + CfxC = N«xA + B + C. 

Cor. 2. fbe length of a fimple pendultm^ making 
two vibrations y or an exceeding fmall corneal motion^ 
in the fame periodic time^ will be 
Ta X Ka x A + Ti& x Bi& x B + Tr x Cr x C 



N«xA + B + C 
For let TO be ihe height of the cone defcribed 

Zlt'^tt 

by the pendulgm; then (Prop. IX ) PP = - ^ x 

TO; therefore TO = 

Ttf X Aj X A + T^ X B^ X B + Tf X C^ X C 



.N«xA+B+C 

Cor. 3. If TO be the length^ of an ifocronal per- 
-dulum, then O is the center of gravity of all the pe- 
ripheries defcribed by A, B, Cj each multiplied by 
the body; whether A, B, C he the places of the bo- 
dieSi or the points of projection upon the plane TNR. 

For if A^xA, B^xB, Cr xC be taken for 
bodies, their center of gravity will be diftant from 
T, the length 
T^ X A^ X A + T^ X B» X B 4Tr X Cf X C 

AtfxA + B^xB-fC^xC ^ ^' 

chaa. 
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Fig. ch3.n. Prop. XXXV.) which is equal to TO by 
c Cor. 2. and the peripheries are as the radii, Aa, 
BhCc. 

Cor 4. If any of the bodies be on the contrary fide 
of the axis TR, or above the point offufpenfion T; 
that dijlance muft be negative. 

Cor. 5. If any line or plane figure be placed in the 
plane TNK; then the point Oj which gives the length 
of the pendulum^ will be the center of gravity^ of 
thefurface orfolidy defcribed in its revolution. 

Scholium. 

The point O, which gives the length of the ifo- 
crohal pendulum, is called the center of turVina- 
tion or revolution. And the plane TNR palling 
through the center of gravity, the turbinating plane. 



SECT. 
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SECT. IL 

77>e Motion of Bodies in all Sorts of 
Gu^tvE Lines. 



PROP. XL 

^HE areas, which a revolving body defcribes by Fig- 

radii drawn to a fixed center of force, are propor- 6. 
tional to the times of defcription; and are alt in the 
fame immovable plane. 

Let S be the center of force; and let the time 
be divided into very fmall equal parts. In the firft 
part qf time let the body defcribe the line A'B; . 
then if nothing hindered, it would defcribe BK = 
AB, in the fecond part of time ^ and then ihe area 
ASB=BSK;. But in the point B let the centri- 
petal force aft by a fingle but ftrong impiilfe, and 
caufe the body to defcribe the line BC. Draw KC 
parallel to SB, and com pleat the parallelogram 
BKCr, then the triangle SBC SBK, being be- 
tween the fame parallels; therefore SBC=:SBA, 
and in the fame plane. Alfo the body moving uni- 
formly, would in another part of time defcribe Cm 
= CB; but at C, at the end of the fecond part of 
time, let it be afted -on by another impulfe, and 
carried along the line CD; draw wD parallel to 
CS, and D will be the place of the body after the 
third part of time; and. the triangle SCD = SC;;/ 
= SCB, and all in the fame plane. After the 
fame manner let the force aft fucceflively at D, 
E, F, &c. And making T>n- DC, and Eo = 
ED^ &c. and compleating the parallelograms as 

before^ 



^4^ CENTRIPETAL FORCES* 

Fig. before ; the triangle CSm = CSD = DS« = DSE 

6. = ESo = ESF, &c. and all in the fame im* 
movable plane. Therefore in equal times equal 
areas are defcribed ; and by compounding, thefum 
of all ihc areas is as the time of defcription. Now 
let the number of triangles be increafed, and their 
breadth diniinifhed ad infinitum; and the centri- 
petal foice will aft continually, and the figure 
A HCDEF, &c. will become a curve; and the areas 
will be proportional to the times of defcription. 

Cor. I, If a body defcribes areas proportional io 
the times ^ about any point; U is urged towards that 
point by the centripetd force. 

For a body cannot defcribe areas proportional to 
the times, about two different points or centers, in 
the fame plane. 

Cor. 2. The velocity of a body revolving in a 
curve J is reciprocally as the perpendicular to the tan- 
gent, in that point of the curve. 

For the area of any of thefe little triangles being 
given; the bafe'( which reprefents the velocity) is 
reciprocally as the perpendicular. 

7. Cor. 3. The angular velocity at the center of 
force y is reciprocally as the fquare of its difiancefrom 
that center. 

For if the fmall triangles CSD and SBA be 

equal, they are defcribed in equal times. The 

^01^ SCxCO , „. SBxBP 
area CSD= -^, and area SBA= . 

therefore SC x CQj= SB x BP. But the angle 
CSD : angle ASB : : CQj cq : : SC xCQ^SC x 
£q : : SB xB? : SC X CO : : area SBA : area Scq : : 
SB» : S^* or SC*. 



PROP. 
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PROP. XII. ^'5' 

If a body revolving in any curve VIL, he urged by 
<i centripetal force tending tcrumrds the center S; the 
centripetal force in any point I of the curve will be as 

-^5 where p ^ perpendicular SP on the tangent at 

I, andd =s the diftance SL 

For take the point K infinitely near I, and draw 
the lines SI, SK; and the tangents IP, K/; and 
the perpendiculars SP, S/. Alfo draw Kw, K« 
parallel to SP> SI, and KN perp. to SL 

The triangles ISP, IKN, «Kw, are fimilar; as 

alfo IKw, IP J. Therefore Iq or IP : IK : : 9P : 

Kw. And PS : IP : : K/» : w«. And IN : IK : : 

mn : «K. And multiplying the terms of thcfe three 

proportions, IP x PS x IN : IK x IP x IK : : 

jP X Km X mn : Km x mn x ?/K. That is, PS x 

,^^ **^ « *^ Pfl^xIK* 

IN : IK* : : jP : «K=-p^— j^. But (Mechan. 

Prop. VI.) tKe fpace nK, through which the body is 
drawn from the tangent, is as the force and fquare 
of the time J that is (Prop. XL) as the force and 
fquare of the area ISK^ or as the force x SI* x 
KN*, or becaufe SI x KN = twice the triangle 
ISK = IK X SP; therefore «K is as the force x 
IK* X PS*. Therefore the force at I is as 
nK Pyx IK * Py 

IK* xTs^^PS X IN X IK* X PS* ""PS^ xIN = 

-A-. 

p^d 

Cor. I . The centripetalforce at I is as gTj — ^rr^ > 
nK. 
•^""^ SP*xIK** CL Cor. 
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FJg« Cor. a. Hence the radius ef curvature in I, «V=s 
8- Six IN 

IK* 

For that radKis = ^^ - (^y ^^^ finiilar trian- 
gles IKjw, IjP) — p =s (by the fimilar trian- 

SIxIN 
gleslPS, INK)— p^ 

Cor. z. If^ic the radius of curvature in I, the 

d SI s 

centripetal force at I will be as —^ or ^ — g^ • 

tr p SIxIN , P? SI ^"^ ^ 
ror K 3= — ^ y and -jj^ = ^ ; whence the 

- Py ^ SI 

PROP. XIII. Pr^*. 

To find, the law of the centripetal force, requifite 
to make a body move in. a given curve line. 

Let the diftance SI = «?, the perpendicular SP 
(upon the tangent at I) =/>; then from the na- 
ture of the curve, find the value oip in terms of 
dy and fubftitute it and its fluxion, in the quantity 

p^d 

Or find the value of gp^RN- ^' SP-^'xIK- 
Any of thefe will give the law of centripetal force 
by the laft Prop. 

Ex. I. 

g^ If a body revolves in the circumference of a cir- 
cle; to find the force direSied to a given point S. 

Draw 



r 
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Draw SI to the body at I, SP perp. to the tan- Fig. 
gent PI, SG perp. to the radius CI. Then SP= 9. 
GI; becaufe SGIP is a parallelogram. Put SI — 
dy SP = ;>, SC = tf, CI = r, CD = x, IQ be- 
ing perp. to SD. Then in the obtufe angle SGI, 
SI* = SC* + CI» + 2SCD, ordd^aa -^ rr + 

2ax; whence x = • The triangles 

SCG and CID are fimilar, whence CI(r) : CD 

(x) : : SC (a) : CG = - = ,• and 

dd ^ aa --' rr dd + rr ^ aa 
^ = ' ■*• Tr = —Tr » ^"^ 

■ • • 

p= —. Therefore the force ( — r ) is as = 

r \p3d^ rp^d 

d dxSr^ 



^P^ rxdd + rr-aaV 
d 

dd^rr -- aa] 



that is, the force is as 



And if tf = r, the force is as -7- • 



Ex. 2. 



I/a hdy revolves in an ellipfis; to find the force 10. 
tending to the center C. 

Let i tranfverfe CV=r, 4 conjugate CD=r, 
draw CI = dj and its femiconjugate CR = h. 
Then by the properties of the ellipfis (Con. 
Seft. B. I. Pro p. XXXIV.) hb + dd^rr + cc, 
whence b =z \/ rr -^ cc -— dd\ and (ib. Prop. 
XXXVII.) h or s/ rr + cc -^ dd i c: :rip :^ 

cr J • crdd - 

and p = , ■ There- 



\/rr + cc^dd rr-^-cc-^dd]^ 

0^2 fore 
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Fig*^ p crdd rr-h-ccddli d 

lo. loie — r = -r r x 



^rrr 



Therefore the force is dircftly as the diftance CI. 
After the fame manner, the force tending to the 

center of an hyperbola, will be found , which 

is a centrifugal force, diredtly as the diftance. 

Ex. 3. 

II. If a tody revolves in an ellipjisy to find the lanv of 
centripetal force J tending to the focus o. 

Let the femitranfverfe OV = r, the femiconju- 
gate OD = f, draw SI = i; and OI, and its con- 
jugate OK = 3. 

Then (Con. Seft. B. I. Prop, XXXV. ) %rd'-d d 

=.bb; and (ib. Prop. XXXVI.) b or x/ird^dd: 

cd . • 

c : \ d :p = . ; and p = 

s/zrd^dd ^ 



cd sf ird -^ dd ^ cd X ird — dd\ i x rd -^ dd 



zrd-^dd 



cd X 2rd — dd -^ cd X rd — dd crdd 



%rd'^ dd^ 2rd^ dd\i 

rrr_ r P crdd X %dr -- dd^ crd r 

Therefore -^= : — = .-——=—-.. 

p^d c^dHxzdr-^dd^ ^'^' ccdd 

Therefore the centripetal force is as j^ or reci- 
procally as the fquare of the diftance. 
Ex. 4. 

12. If a body revolves in the hyperbola VI; to find the 
law of centripetal force^ tetiding to the focus S. 

Draw SI, and the tangent IT, and SP perp. 
upon it. And let the femitranfverfe SO = r, fe- 

miconjugate 



[ 
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miconjugate = c, SI =zd, SP =p, and i> = femi- Fig. 
conjugate to 10. 12 

Then (Con. Seft. B. II. P rop. XXXI.) ird + 
^ =i ih, aadb = \/ zrd+dd. And (ib. Prop. 

XXXII. ) b ox \/ zrd + dd : c : : d : p = 

cd 
—==== i whence * = 
Vzrd+dJ 

cdx \/ ird + dd-cd X zrd + dd~^ x rd + dd 
zrd + dd 



_ cd X zrd + dd — cd X rd + dd ctdd 

zrd + dd{i ~ zrd + dd]i 

Therefore J^^^rddxzrd + m^_crd_ ^ 
p^d 2rd + dd^^dx c^d^ c^d^ 

—77. Therefore the ceDtripctal force is as -— ^r 
^^^d ccdd ^^ 

-j^ ; that is, reciprocally as the fquare of the dif- 

tance. 

And in like manner the force towards the other 

focus F, is ^, or as -^, which is a centrifugal 
force reciprocally as the fquare of the diftance. 

Ex. 5. 

If a body revolves In the parabola VI; to find the 13. 
force tending to the focus S. 

Draw IS, and the tangent IT, and SP perp. to 
it. And put SI = ^, SP = p, latus reElum = r. 
Then (Con. Sedt. B. III. Prop. II. and Cor. 3. 
Prop. XII.) pp =i \rd,^ and %pp = ird; and p 

=. And -^ 



^P ^^/rd p^d /^Vrdxird^/rdxd 

0.3 
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Fig. _ 8r _ 2 

1 3 . "^ 4^^ "" 7dd' ^^^^^^^^^ *« centripetal force 
is reciprocally as the fquare of the diftance CI. 

Hence, in all the Conic Sections the centripe- 
tal force tending to the focus, is reciprocally as the 
fquare of the diftance from the focus. 
Ex. 6. 
Let VI ie the logarithmic fpiraly to find the force 
'4" tending to the center S. 

Draw the tangent IP, and SP perp. to it, let 
SI = J, SP = p; then the ratio of ^ to p is al- 
ways given, fuppofe-as m to n. Thenp = — ^, 

, • » ; i-r r 1 ^ nd m^ 
, and p = —d. Conlequently -=^ = — x ;- = 

^ ^ ^ p'd ^ n^d^d 

—iz ; and the centripetal force is as 77, or reci- 
procally as the cube of the diftance. 
PROP. XIV. 
I'he velocity of a body moving in any curve QlhOy 
15, in any point A ; is to the velocity of a body moving 

in a circle at the fame diftance; as sj pdto sj dp. 
Putting d— diftance SA, and p=:Sl? the perpendi- 
cular on the tangent at A. 

Let AR be the radius of curvature; from the 
point a in the curve infinitely near A, draw am^ 
an parallel to AS, AR. Let C= velocity in the 
curve ; f= velocity in the circle. By fimilar tri- 
angle SP (jp) : SA {d) : : an : am : : centripetal 
force tending to R : centripetal force tending to 

CC cc 
S : ; (Prop. V. Cor. a.) -^ : j^. But (Prop. 

• '• 

dd CCp 

XII. Cor. 2.) AR = — 5 whence p : d :: r- : 

P ^ dd 

C€ 



\ 



\ 



I 
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^iiCCpicd AndpdidpiiCCicc. -^'1; 

Cor. I. If r=hal/ the tranverfe axis of an eU 
lipjis ; then the velocity of a body revolving round the 
focus is to that in a circle at the fame dijiance^; as 

>/zr^d : s/rl 
For /==^^=r7 (See Ex- 3. Prop. XIII.), 



and p = ^ And the fquares of the 

\ i/zrd'-dd 

velocities in the curve, and in the circle, are as 

-JM= and -^^ > or as I ?aid _!l_, 
Vird^dd zrd'-dd\^ - xrd-'dd 

or as 2r— dfto r. 

Cor. 1. Suppofe as before^ the velocity of a body 
revolving round the center of an ellipfisy is to the ve^ 
tocity in a circle at the fame dijiance ; as half the con'- 
jugate diameter to that dijiance ^ is to the dijiance. 

I T^ cr J • 

For p = -L , and p = 

I */rr'\-cc—dd 

i crdd 

Whence, the fquares of thefe ve- 



rr + cc-dd^ 



, . . crd . Crddd 

locities are as ,= = and -zz 



•Jrr + cc — dd rr -^ cc - dd\^ 

dd 

or as I to — ' T} or ais rr + cc r- dd to dd^ 

rr+cc—ad 

or as bb to dd. See Ex. 2. Prop. XIII. 

Cor. 3. The velocity in a parabola round the focus j 
is to the velocity in a circle at the fame dijiance; as 

i/x to I. 

. 

For p = l^rdy and *p = — 7-7 (See Ex. 5. 

4Vrrf 

Qj|. Prop, 
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Fig. Prop. XIII.} Whence the fquares of thefe veloci- 

15- rdd 

ties are as 4^>/r^ and — 7-7, or as i^rd to irdi 

that is as 2 to I. 

Con 4. J'he velocity of a body in the logarithmic 
fpiral in any point, is the fame as the velocity of a 
body at the fame diftance in a circle. 

For p^—dj Bxxdp=z—d, (Ex. 6. Prop. XIII.) 
And the fquares of the velocities are as --dd and 

-^ddy that is, equal. 

m ^ ' 

PROP. XV. Prob. 

16. To find the force which , aRing in SreSion of the 
ordinate MP^fhallcaufe the body to move in that curve. 

Draw mp parallel and infinitely near MP, and 
Mi parallel to AP. Then univenally the force is 
always as the fpacc mr, through which it is drawn 
from the tangent, in a given time. But ms or rs 
is the fluxion and mr the fecond fluxion of the ordi- 
nate PM. Therefore making the fluxion of the 
time conflant; or which is the lame thing, making 
the fluxion of the axis conft:ant; find the fecond 
fluxion of the ordinate, which will be as the force^ 

EX' I. 

Let the curve be an ellipfis whofe equation isj^ = 

—\/%rx--xx. Putting AP=y, PM =^, r = 

femitranfverfe, c = femiconjpgate. Then ;^ = 

c ^ rx-xx , .. c -- x\/ 2rx ^xx 

— X . ■ ■ , and y = — ^ ■ 

^ Vzrx-^xx ^ ZiX-xx 
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' . —. : 1 Fig. 

X r - X X rx - XX X irx - XX ^ ^^ 

^ ^ — ^ — ^ = — X 

zrx —XX r 



^ %rx •¥ XX — r - X c — rr —cr 

— X 



%TX - XX |i r zrx - xx\i y^ 

That is, the force is as —p, or reciprocally as the 

cube of the ordinate. The fame is true of the 
circle, which is one fott of ellipfis. 

Ex. 2. 

Let the curve be a parabola, AP = x, PM - 
yy and rx=^^; then rx = 2jvy, and 2jj^ + 2)7 

. = o ; therefore jyy = - yy^ and ^* = - -^-^ = - 

rrxx --rr , , ^ - 1 

■' ' = — ^r, and the rorce as , or reci- 

^yy X y 4^^ y^ 

procally as the cube of the ordinate. 

PROP. XVI. 

If the law of centripetal force he reciprocally as 
the fquare of the dijlance ; the velocities of bodies 
revolving in different ellipfes about one common cen^ 
ter^ are direSlly as the fquare roots of the parame- 
ters y and reciprocally as the perpendiculars to the tan- 
gents at the fe points of their orbits^ 

Let dy D be the diftances in two ellipfes ; r, r, 
/, p; andR, C, L, P, the femitranfverfe, femi- 
conjugate, latus re£lumy and perpendicular in the 
two ellipfes. Then the fquares of the velocities in 
two circles whofe radii are i, D, (by Prop. IV. 
Cor. 2.) will be as d X force in ^, and D x force 

in D; that is, as 7^ and =r^pr or as — and 77 • 
dd UD* d u 

Then (Prop. XIV. Cor. i. ), 

velocity 
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Fig. Telocity In the ellipfis d : vel. in the circle d\ \ s/zr-^dx ^/r, 

and Tel. in the circle d : vel. in the circle D : : a/ ' : J— • 

^ d D 

And (Prop. XIV. Cor. i.) 

Tcl. in the circle D : vel. in the ellipfis D : : y'R^ • ^iR-D. 
Therefore vel. in the eltipfis d : vel. in the ellipfis 

d ' D~" ^ dr 

' V DR * 

But (Con. Se<a. B. I. Prop. 36.) p^csj ——^' 

and ^v/^^ = and v/^^ = y» ^"^ 

the Conic Seftions.) In like manner >/ ^^ — =. 

— rj— . Whence, vel. in the ellipfis d : vel. in 

a// ^L 
the ellipfis D : : — — : -p- • 

Cor. I. Hence the velocities in the two ellipfis 9 4re 

Cor. 2. ^^^ thefquares of the areas defcribed in 
the fame time, are as the parameters. 

For the areas are as the arches x perpendiculars, 
or as the velocities x perpendiculars ; that is, as 

- — xp and -^-- X P, or as W and ^/L. 
p F 

Cor. 3. The veheity of a body in different parts of 
its orbit is reciprocally as the perpendicular upon the 

tangent 
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fangent at that point ; and therefore is as v/ — -r— . ^' 
For the parameter is given. 

Cor. 4. The velocity in a conic feStion at its greats 
ejl or leajl diftance, is to the velocity in a circle at 
the fame dijlancei as the fquare root of the parameter j 
to the fquare root of twice that dijiance. 

For here d^^D -p^P, and L = 2D. There- 

fore the velocity in the ellipfis, to the velocity in 

^ . , VI ^/2D - ^ 

the circle ; as -p- : —^ — : i VI : VzD. 

Cor. 5. The velocity in an ellipjis at its mean dif 
tance^ is the fame as in a circle at the fame diflance. 

For if d be the mean diftance, then p=^c. And 

if D be the radius of the circle, then L=2D, 

and P=D. Whence, vel. in the ellipfis : to the 

1.1.., ^^ ^^D 
vel.m thecircle : : -y- : — rj— : : (becaufe cc-llr) 

VT> : Vr. But D = r, there- 



Vir • ViD ^ 

fore the velocites are equal. 

Cor. 6. Both the real and apparent velocity round 1 7* 
the focus F, is greateft at A, the near eft vertex i and 
leaft at B,, the remote vertex. 

For the real velocity is reciprocally as the per- 
pendicular, which is leaft at A and greateft at B. 
And the apparent velocity at F is reciprocally as 
the fquare of the diftance from F, which diftance 
is leaft at A, and greateft at B, (Cor. 2. and 
3, Prop. XI.) 

Cor. 7. The fame things fuppofed^ and PC, CK 23. 
being femiconjugates I the velocity in the curve , is to 
the veloc ity towards the focus F; as CK to 

x/ck7^:cd^. 

For 
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Fig. For vel. in the curve : vel. towards F : : Pp : 
*3. /« : : FP : NP : : ^/ : \/dd -^ pp. But pp =i 

ccd J ., zrd^dd'-cc^ -.-. 
-J, and dd^pp = ^, — rf. Whence 

vel. in ihe curve : vel. towards F : : d : 

fird^dd'-cc / — ; / — ; — 

y/ —j — d : : y/ird^dd : \/xri^ad^cc 

: : (Con. Seft. B. I. Prop. XXXV.) CK : 
-v/CK^-CD*. 

Cor. 8. ^he afcending or dejcending velocity is the 
greateji when FP is half the latus reftum, or when 
FP is perp. to AB. 

For s/xrd-^dd : s/xrd-^dd^cc : : vel. in 
-5 — ) : vel. towards F = 

y/ -ji ; and making the fquare of this 

, ird'-dd'^cc . 

velocity a maximum, then — =/«, and 

%rd — ^dd x dd -^ idd x ird — ^ — rr = o ; 

and rd — dd ^ ird + dd + cc ^ Oy and — yd 

cc 
+ rr = o. Whence d= — = half the latus re8mu 

r 

Cor. 9. i/TR, the dijiance from the focus to the 
curve be = \/C A x CD ; then R is the place where 
the angular motion about the focus F, is equal to the 
mean motion. 

For the area of a circle whofe radius FR is= 

\/C A X CD is equal to the area of the ellipfis ; 
and if we fuppofe them both defcribed in equal 
times, then the fmall equal parts at R will be de- 
fcribed in equal times; and therefore the angular 
velocities at F will be equal ; and both equal to 
the mean motion. The angular motion in the el- 
lipfis 



r 
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lipfis from B to R will be flower ; and from R to Fig. 
A fwifter, than the mean motion. 

PROP. XVIL 

If the centripetal forces be reciprocally as the 1 7* 
fquares of the dijiances ; the periodic times in ellipfes^ 
will be in the fefquiplicate ratio of the tranfverfe 
axes AB; or the fquaref of the periodic times y will 
be as the cubes of the mean dijiances FD, from the 
common center. 

Put the fimbols as in the laft, and /, T, for the 
periodical times. Then by the nature of the el- 
lipfis cc = \ Ir, and c = \/ilr, and re = r\^llr. 
And for the fame reafon RC = RV'^LR. Alfo 
(Prop. XVI. Cor. 2.) the areas defcribed in the 
fame time are as the fquare roots of the parame- 
ters ; and therefore the whole areas of the ellipfes, 
are as the periodical time^ multiplied by the fquare 
roots of, the parameters. But the whole areas are 
alfo as the redanglcs of the axes ; therefore the 
redtangles of the axes are a^ the periodical times 
multiplied by the fquare roots of the parameters ; 
that is, re or r\/ilr: RC or RVjLR : : t\^l : 
t^/L. And fquiring, Ur^ : iLR^ : : /// : TTL. 
Thatis^r3:R3::r/:TT. And / : T : : r^ : R^ : : - 
2r^ : zRi 

Cor. I. The areas of the elUpfes are as the periodic 
times multiplied by the fquare roots of the parameters* 

Cor. 2. The periodic time in an ellipjrs^ is the fame 
as in a circle^ whcfe diameter is equal to the tranfverfe 
axis AB ; or the radius equal to the -mean dijlancc ED^ 

f Cor. 3. The quantities of matter in central attract^ 
ing bodies J that have others revolving about them in 
ellipfes ; are as the cubes of the mean dijiances ^ divi- 
. dcd by the fquares cf the periodical times. 

For 
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Fig. For (Cor. 2.) the periodic times are the (ame 

1 7. when the mean diftarces are equal to the radii ; and 
the reft follows from Prop. VII. 

Cor. 4. Whatever has been demonjlrated in SeS. L 
concerning the forces, velocities and periodic times of 
bodies moving in circles ; hold equally true in elUpfes^ 
taking the mean dijiances inflead of the radii. 

This will appear by Cor. 2. or by comparing 
this Prop, with Cor. 5. Prop. V. for the periodic 
times. And by Cor. 5. Prop. XVI. for the velo- 
cities ; the forces being reciprocally as the fquares 
of the diftances, in both cafes. 

PROP. XVIIL 

18. If the centripetal forces be directly as the dijiances-, 
the periodic times of bodies moving in ellipfes found 
the fame center, will be all equal to one another. 

Let AEL be an ellipfis, AGL a circle on the 
fame axis AL, C the center of both. Draw the 
tangent AD, and «pF parallel to it, and D«, B/> 
parallel to AC : AF being very fmall. Then Dn 
equal to B^ will be as the centripetal force ; and 
therefore AD and AB, or A« and Ap will be de- 
fcribed in the fame time, in the circle and ellipfis. 
Confequently the areas defcribed in thefe equal 
times will be A«C and ApC. But thefe areas are 
to one another as nF to PF, or as GC to EC ; that 
is, as the area of the circle AGL to the area of 
the ellipfis AEL. Therefore fince parts proportional 
to the wholes are defcribed in equal times ; the 
wholes will be defcribed in equal times. And 
therefore the periodic times, in the circle and el- 
lipfis, are equal. 

But (Prop. V. Cor. 4.) the periodic times in alt 
circles are equal, in this law of centripetal force; 
and therefore the periodic times in all ellipfes are 
equal. 

Cor. 
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Cor. I'he velocity at any point I of an ellipfis^ is Fig. 
as the re^angU of the two axes AC, CE; divided 18. 
hy the perpendicular CH, upon the tangent at L 

For the arch I x CH is as the area defcribed in 
a finall given part of time, and that is as the whole 
area (becaufe the periodic times are equal) or as 
AC X CE. And therefore the arch I or the vdo- 

. . ACxCE 
city, IS as — jgji 

PROP. XIX. 

The denjities of central attraSling bodies, are red* 
procally as the cubes of the parallaxes of the bodies 
revolving about them (as feen from thefe central bo^ 
dies) and reciprocally as the fquares of the periodic 
times. 

For the denfity multiplied by the cube of the 
diameter, is as the quantity of matter ; that is (by 
Prop. XVII. Cor. 3.) as the cube of the mean dis- 
tance divided by the fquare of the periodical time 
of the revolving body. And therefore the denfity 
is as the cube of the diftance, divided by the cube 
of the diameter, and by the fquare of the periodic 
time. But the diameter divided by the diftance is 
as the angle of the parallax; therefore the denfity 
is as I divided by the cube of the parallax, and the 
fquare of the periodic time. 

Cor. The denjities of central attraEling bodies 
(having others revolving about them) are reciprocally 
as the cubes of the apparent diameters of thefe central 
bodies (feen from the revolviug bodies), and recipro- 
cally as the fquares of the periodic times. 

PROP. XX. 

If two bodies A, ^^ revolve about each other; ig^ 
they .will both of them revolve about their center of 
gravity. 

Let 
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Fig. Let C be the center of gravity of the bodies A, 
lo, B, aftingupononcanother by anycentripetalforces« 
And let AZ be the direfbion of A's motion ; draw 
BM parallel to AZ, for the diredion of B« And 
let AZ, BH be dcfcribed in a very fmali part of 
time, fo that AZ may be to BH, as AC to BC ; 
and then C will be the center of gravity of Z and . 
H, becaufe the trianghs ACZ and BCH are fimi- 
lar. Whence AC : CB : : ZC : CH. But as the 
bodies A and B attract one another, the fpaces Aa 
and Bb they are drawn through will be reciprocally 
as the bodies, or direftly as the diftances from the 
center of gravity ; that is Aa : Bb : : AC : BC. 
Complcat the parallelograms Ac and Bd; and the 
bodies, inftead of being at Z and H, will be at c 
and d. But fince AC : BC : : A^ : B*. By divi- 
fion AC : BC : : aC : bC. But AC : BC ; : AZ : 
BH : : ac : hd. Whence (^ ibCwac: bd. There- 
fore the triangles cCa^ and dCb are fimilar, whence 
Cc : Cd :: ac :bd '.'. AC :BC : :B I A. There- 
fore C is ftill the center of gravity of the bodies 
at c and d. 

In like manner, producing B^and Ar, till dg be 
equal to Bd^ and cq to Ac; and if cf^ dh, be the 
fpaces drawn through by their mutual attraftions; 
and if the parallelograms ce, di, be compleated. 
Then it will be proved by the fame way 6f rea- 
foning, that C is the center of gravity of the bo- 
dies at q and g, and alfo at e and i, where A def- 
cribes the diagonals Ar, ce^ &c. and B the dia- 
gonals B^, dif and fo on ad infinitum. 

If one of the bodies B is at reft whilft the othier 
moves along the line AL. Then the center of 
gravity C will move uniformly along the line CO 
parallel to AL. Therefore if the fpace the bodies 
move in, be fuppofed to move in direftion CO, 
with the velocity of the center of gravity ; then 
the center of gravity will be at reft m that fpace, 

and 
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and the body B will move in diredion BH parallel Fig* 
to CO or AZ; and dien this cafe comes to the 19* 
fame as the formen Therefore the bodies will 
always move round the center of gravity, which ii 
cither zt reft, or moves uniformly in a right line. 

If the bodies repel one another; by a like 
reafoning it may be proved that they will con- 
ftantly move round their center of gravity. 

If the lines CA, Cr, Ce, &c. be equal; and 
CB, Cdy a, &c. alfo equal. Then it is the cafe 
of two bodies joined by a rod or ftring ; or of - 
one body compofed of two parts. This body or 
bodies will always move round their common cen- 
ter of gravity. 

Cor. I. The direBions of the bodies in oppope^poinis 
vf the orbits y are always parallel to one another. 

For fmce AZ : Zr : : BH : HJ; and AZ, Zc 
parallel to BH, HJ; therefore the z. ZA^ = ^ 
HB^/, and l&d parallel to Ar. And for the fkmc 
reafon di is parallel to ce, &c. 

Cor. 2. Two bodies^ aifing upon one another by 
any forces 9 defcribe Jimilar figures about their common ^ 
center of gravity. 

For the particles Ac, Hd of the curves arfe pa* 
rallel to one another, and every where proportional 
to the diftances of the bodies AC, BC. 

Cor. 3. If the forces be JireSHy as the diftances i 
the bodies will defcribe concentrical eUipJes round the 
center of gravity. 

Cor. 4. If the forces be reciprocally as the fquares 
of the diftances *y the bodies will defcribe fimilar el- 
lipfes or fome conic feBions^ about each other ^ tvhofe 
center of gravity is in the focus of both* 

R PROP. 



258 CENTRIPETAL FORCES. 

Fig- PROP. XXL 

20. If two bodies S, P, attroR each other with mcf 
forces y and at the fame time revolve about their center 
. of gravity C. Then if either body P, with f he fame 
force, defcribes afmilar curve about the other body S 
at reft; its periodical time, will be to the periodical 
time of either about tbe center of gravi ty \ as the 
fquare root of tbe fum of the bodies (v^S + P), to 
thefquare root of the fixed or central body (\/S.) 

Let PV be the orbit defcribed about C, and Vv 
that defcribed about S. Draw the tangent Pr, take 
the arch PQ^ extremely fmall, and draw CQR , 
alfo draw Sqr parallel to CR, and then PQjmd Vq 
will be fimilar parts of the curves P V and Vv. 
» Now the times that the bodies are drawn from 

the tangent through the fpaces QR, jr, with the 
fame force, will be as the fquare roots of the fpaces 
QR, qr, that is (becaufe of the fimilar figures 

CPRQjmd SPr?; as v/CP to v/SP ; that is, (by 
the nature of the center of gravity) as a/S to 

\/S + P. But the times wherein the bodies are . 
drawn from the tangent through RQ^, rj, are the 
times wherein the fimilar arches PQ, Pj are 
defcribed ; and thefe times are as the whole peri- 
odic times. Therefore the periodic time i n PV, 

is to the periodic time in Pz; ; as s/S to \/S + P. 

Cor. I. The velocity in the orbit VY about C, // 
to the velocity in the orbit Vv about S; as *i/S to 

v/sTpT 

For the velocities are as the fpaces divided by 
the times; therefore, vel. in PV : vel. in Pt' : : 
PCL Pg CP SP S S + P 

x/sVsTp'Vs VsTp'vs 'v'sTp. 

Cor. 



r 



Scft. 11. CENTRIPETAL FORCES. 259 

Cor. 2. Bodies revolving round their common cen- Fig. 
ter offfrcwityy defcribe areas proportional to the times. 20. 

PROP. XXII. 

If the forces he reciprocally as the fquares of the 20. 
diftancesi and if a body revohues about the center L 
in the fame periodical time^ that the bodies S, P, fr- 
vobue about the center of gravity C. Then will S]P : 
LP : : V/S+F: v^ 

Let PN be the orbit defcribed abou^ L. Then 
(Prop. XXL) per. time in PQ^: pef. time in Py : : 

VS : \/sTF: : a/CP : v/SPT And (Prop. XVIL) 
per. time in Vq : per. time in PN : : SP* : LP*; 
fuppofing PQ^, PN, fimilar arches, an^ the t>ody 
S placed in L^ Therefore per. time in VQj per. 
ti me in PN : ; y/cF xSP^ : ^/SPxLPtr : : 
\/CPxSP* : \/LP^ ' But the peri odic times 
are equal; therefore y/CP x S P^ = \/LP % and 
LP' = CP X S P% and L P = VCPxSP*. But 
LP : SP : : y^CF TSP^ ; S P or VSP^ : : VC? 

Cor. I. If the forces be reciprocally as the fquare 
of the ^fiances; the mean dijlance (SP) of the bodies 
moFuing about their center of gravity C; is to their 
mean dijlance when either body P moves about the 
other body S at rejiy in the fame periodic time-y as 
the cube toot of thefum of the bodies S + P, /a the 
fube root of the fixt or central body S. 

For in fig. 20. make SP = LP, the mean dif- 

tance; then SP : S/r : : \/s + P : Vsl 

Cor. 2. If the forces be reciprocally as the fquares 

•f the dijtances'^ the tranfverfe axis of the elltpfis 

R 2 defcribed 
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Fig. defcrthed by either body P about the center of gravity 

40. C, is to the tranjverfe axis defcribed by P (^mt the 

other body S at rejij in the fame perio£cal time ; as 

the cube root oftbefquare of the central body ( v SS) 
to th e cube r oot of thefquare of thefum of the bodies 

For SpiSVix l/CP : VSP, 

SP : CP : : ^SP^ : y^CPS th erefore 
itisS/>:CP:: \/CP x SP': ^/CPj xSP:: ^SP» 
: V^CP» : : ^S + P* : VSS. 
Or thus. 
PL : PC : : PS» : PL* : : S+Pt ; St. 

Cor, 3. If tVH> bodies attracting each other move 
about their center of gravity. "Their motions will be 
the fame as if they did not attraSl one another, but 
vjere both attracted with the fame forces^ by another 
body placed in the center of gravity. 

PROP. XXIIL Prob. 

at. Suppofe the centripetal force to be direffly as the 
difiance. To determine the orbit which a body will 
defcribe; that is projeSled from a given place P, with 
a given velocity) in a given direBion PT. 

By Ex. 2. Prop. XI 11. the body will move in 
an ellipfis, whofe center is C the center of force; 
and the line of diredtion PT will be a tangent at 
the pomt P. Draw CR perp. to PT. And let 
the diftance CV = d. CK-p, femitranfverfe axis 
CA = R, fcmiconjugate axis CB = C.' CG (the 
femiconjugate to CP) =B. /= fpace a body 
would defcend at P, in a fecond, by the centri- 
petal force. v = the velocity at P, the body is 
projefted with, or the fpace it defcribes in a fecond. 

Thea 
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Then %/ 2<^= velocity of a body revolving m a S* 
circle at the diftance CP. *^* 

Then (Prop. XIV. Cor. t.) v : ^idf: : B : i, 
and Bv'2<^ = dv^ and aBB/^ = ddwt whence 

BB = ^, and B = -y v/4" But (Con. Seft. B. 

I. Prop. XXXIV.) RR + CC = BB + <W = 

'^+dd. And (ib.Prop. XXXVII.) CR=B? 

=pv^—r' Therefore RR + CC + zRC = 

^^ + dd + 2pv^—^, and R + C - 

\/^+dd + 2puJ-.=zm. Alfo RR + CC 

-iRC = ^ + ^-a^^4., andR-C = 

A Xwd' ,, I d 

\/ —+dd'- 2pv^/— = n. Therefore R= 

m + H -_ m — tt 
and C = 



Then to find the petition of the tranfverfe axis 
AD. Let F, S be the foci. Then (by Con. Seft. 
B . I. Prop. II. Cor.) we (hall have SC or CF = 
a/RR-CC. Put FP = *; then SP = 2R-y, 
and (ib. Prop. XXXV.) SP x PF or iRx^xx- 
BB, and RR - xRjc + x x = RR — BB, and 
R -x = J: v/RR - BB J whence x = R + 
\/ RR— BB; that is, the greater part FP = R + 
j /RR -"BB , and the leffer part SP = R - 
i/RR - BB. Then in the triangle PCF or PCS, 
all the fides are given, to find the angle PCF or 
PCA. 

R 3 CoT' 
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Fig. Cor. The periodical time in feconds, h 3.1416 

^7' _ 

For arch '/zdf: time i" : : circumfercoce 3.141^ 

yc zd : 3*141 6 -y/ y the periodical time in a circle 

whofe radius is d. And by Prop. XVIIL the pc- 
Tiodical time is the fame in all circles and ellipies. 

PROP. XXIV. Prob. 

11. Suppojtng the centripetal force reciprocally as the 
fquare of the dijlance ; to determine the orbit which a 
body will defcribe ; . that is projeSed from a given 
place P, ivith a given velocity^ in a given direSion PT. 

By Prop. XIII. the body will move «n a conic 
feftion, whofe focus is S the center of force. And 
the line of direftion PT will be a tangent at the 
point P. Let the diftance SP^di tranfverfe axis 
AD = Zy f= fpace a body will defcend at P in 
a fecond, by the centripetal force, v=the veloci- 
ty the body is projefted with from P, or the fpace 
it defcribes in a fecond. Then »Jidf\% the velo- 
city of a body revolving in a circle at the diftance 
SP. 

Then (Prop. XIV. Cor. i.) vx s/idfiiy z-^d 
: ^/iz. Whence v*/iz = ^/idfz — iddf and 
wz = ^fz ^ ^df; and ^fz — wz = 4ddf^ 

whence z = — r^ = AD. And PH = z — 

4^— w 

dvv 
d = ,^ Therefore if ^f is greater than 

Wy z is affirmative, and the orbit is an ellipfis. 
But if leffer, z is negative, and the curve is a hy- 
perbola, ^nd if equal, it is a parabola. 

Draw SR perp. to PT, and let SR=/. Alfo 
draw from the other focus H, HF perp. to PT. 

Then 



r 



Sea. II. CENTRIPETAL FORCES. 263 

Then (Con. Scft. B, I. Prop. X.)the angle SPR Fig. 
= angle HPF, whence the triangles SPR, HPF ai. 
are fimilar ; therefore SP (J) : SR (p) : : HP (z- 

J) : HF = ^^pi and (ib. Prop. XXI.) SR x 

HF or —r--^ - redlangle DHA or CB*, the 
fquare of half the conjugate axis ; therefore CB = 

In the triangle SPH; the angle SPH and the 
fides SP, PH arc given, to find the angle PSH, 
the pofition of the tranfverfe axis. 

Cor. I. TChe periodical time in the ellipjis KPHh 
= 3-1416 x===^. 

For 3.i4i6y/"T = periodic time in the circle 
whofe radius is d. And (Prop. XVII.) 2^ : 3. 141 6 
y/-7 : : 2^ : period, time in the elHpfis=3.i4i6 

V -7X^7 =3.1416 x====^* 
f 2d ^ ^ j\df-w\i 

Cor. 2. The latus redum of the axis AD is = 

ppvv 



ddf 



Cor. 3. Hence the tranfverfe axis and the periodic 
time will remain the fame^ whatever h the angle of 
direaion SPT. ' 

Fqrno quantities but i,/, and v are concerned ; 
all which are given. 



R 4 Scholium, 
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Fig* SCHOLIUM. 

Some people have dreamed that there may be t 
fyftem of a fun and planets revolving about it, 
within any final! particle of matter 5 or a world in 
miniature. But this cannot be ; for though mat- 
ter is infinitely divifible ; yet the law of attraftion 
of the fmall particles of matter, not being as the 
fquares of the diftances reciprocally, but nearer the 
cubes; therefore the revolution of one particle of 
matter about another, cannot be performed in an 
ellipfis, but in fome other curve; where it will con- ^ 
tinually approach to or recede from the center ; 
and fo at laft will lofe its motion. Such motions as 
^ thefe can be nothing like that of a fun and planets, 

PROP. XXV. 

24. If a body revolves in the circumference of a tircU 
ZPA, in a refifiing medium^ wbofe denjity is given. 
To find ihefwce at any place P, tending to the cen- 
ter C ; as alfo the time, velocity j and refiftance. Sup- 
pofing the refiftance as thefquare of the velocity. 

Draw PC, and dp parallel and infinitely near it, 
cutting the tangent Yd in d. And put CZ = r, 
ZP = z, time of defcribing ZP = /, velocity at 
P = ^, refiftance = R,./= force at P, ^ = force 
of gravity at Z, ^ = velocity in Z. And let a 
bodymovinguniformly with the velocity I, through 
the fpace i, in the time i, meet the refiftance i 
in the medium. And let abody defcend through the 
fpace a, by the force g at Z, in the fame time \. 
I. 'By the laws of uniform motion, the fpace is 
as the time x velocity. Whence i (fpace) : i x x 

(time X vel.) : :z ivi -Zy whence / = — • 

• •• 

z. By the nature of the circle, dp::z — = 



zr %r 

3- By 



r 
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3^ By accelerated motion^ the fpace is as the Fig. 

force X fquare of the time; whence gxi* (force 24. 

wtt 
X time*) : a (fpace) iifittdpcv : : 7.rf: w ' 

= — =^. And cc = lar. 
S 
4. The velocity generated (or deftroyed) is as 

the force x time ; therefore, ^ x i (force x time) 

, , . . -^ • • a^R/ 2dRz 
: 2a (velocity) : : R/ : — v = = > 

J • 2^Rz 

and — w = • 



tfiftar 



5. The refinance is as the fquare of the velo- 
city, whence i* (vel.*) : i (refiftance) : :vv iK 

rrL r * 2aKz rawz .-J 
Therefore - ^^ = = . And — * 

g g 

• • 

— = , whence - log. v = , and corredted, 

c 2az 

^ V g 

2arf arf 

Again, fince """ = vv, — ^ = w =: ^ 

• 9 • • 

g "" ~r gr 7 

5= Z^, and -log. /= ^^, and correfted, log. 

Alfo / = — = — 1^, and / = -^, and cor- 
retted / = .i^^-S — 

2^V 2f7^ 

Cor. 
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Jig. Cor# I. Hence v = mmker bebm^ng to the tO'- 

garithm log. . c . And f^z number belonging to 



g 



the logarithm log. g • 

Cor. 2. I'herefore the logarithms ofv and /, each 
of them fever ally decreafes equally ^ in defcribing equal 
jpaceSy ad infinitum. And therefore at every revolu- 
jiony the log. of v is equally diminifhed, mid likewife 
that of f. But the body will revolve for every for 
when V is o, / will be infinite. 

Cor. 3. Hence if the central body at C, was fo 
diminifhed that its log. may decreafe equally in defcri- 
bing equal fpaceSy or in. each revolution, after the man^ 
ner as before mentioned i then the body will perpetu- 
ally revolve in a circle, in a medium of uniform den- 



SECT- 



r 
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Fig. 

SECT. III. 

Tie Motion of three Bodies aSiing upon 
one another ; the ferturbating Forces 
of a third Body. The Motion of Bo- 
dies round an Axis at rejiy or having 
a progreffive Motion^ and other 
Things of the fame Nature. ^ 



PROP. XXVI. 

]¥ a body befrojeSedfrom A, iri agiven direElion 2t. 

AD, and be attraSled to two fixed centers S, T, mt 
in the fame plane with AD ; the revolving triangle 
SAT, drawn through the moving body^ jhall defcribe 
equal folids in equal tmes, about the line ST. 

Divide the time into infinitely fmall equal parts ; 
it is plain that equal right lines AB, BC, CD, &c. 
would be dcfcribed in thefe equal times ; andcon- 
fequently thatall the folid pyramids STAB, STBC, 
STCD, &c. are equal, which would be defcribed 
in the feme equal times ; if the moving body was 
not adted on by the forces S and T. 

But let the forces at S and T, adt at the end of 
the feveral intervals of time ; as fuppofe the force 
T to aft at B in diredion BT ; fo that the body, 
inftead of being at C, is drawn from the line BC, 
in the direftion CF, parallel to BT. And in hke 
manner it is drawn from the line BC, by the force 
. S, in direftion CE parallel to SB. And therefore, 
by the joint forces, the body at the end of the time, 
muft be fomewhere in the plane ECF parallel to 
(^ . SBT, 
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Fig. SBT, as ^t I. But (Geom. VI. 17.) the folid 
25 pyramids STBI and STBC, arc equal ; being con- 
tained between the parallel planes ECF and SBT, 
and therefore have equal heights; whence STBI = 
pyramid STAB. 

In like manner continue BI^i making IK = BI ; 
and in the next part of time, the body would ar- 
rive at K, defcribing the pyramid STIR equal to 
STBI, But being drawn from tHe line IK, by the 
forces S, T, in the diredlions KL, KN, parallel 
to IS, IT ; the body will be found at the end of 
the time, fomewhere in the plane LKN parallel to 
SIT, as fuppofe at O, and then it will have de» 
fcribed the folid STIO = STIK = STBI = py- 
ramid STAB. 

And in the fame manner producing lO to P, till 
OP = 01. Then the body, attraftcd from O, by 
the forces S, T, will defcribe another equal pyra- 
mid. And fo it will continue to defcribe equal py- 
ramids in equal times ; and confequently the whole 
folids defcribed are proportional to the times of de- 
fcription. 

Cor. I. When the number ^lineolae AB, BI, 10, 
fef r. is increafedy and their magnitude diminijhed, ad 
infinitum ; the orbit ABIO, becomes a cutve. 

Cor. 2. Any line AB // a tangent at A, BI at B, 
&fr. A, B, &fc. being any points in the orbit. 

Cor. 3. But the orbit ABIO is not contained in 
one plane y except in feme particular cafes. 

For that the orbit may not deviate nom a plane ; 
the forces on both fides thereof, ought to be alike. 



^^O?. 
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Fig, 
PROP- XXVIL 

If the body T revolves in the orbit TH, about the ^^• 
bo(fy Sat a great diftanctj ^hilft a lejfer body P re* 
solves about T very near ; and if C be the centripe^ 
tal force of S aSling upon T. Then the dijiurbing 

force of S upon P ^'^ = ^ ^' Suppofing PK pa- 

PT 

ralkl, and KT perp. to ST. And-^C^ the in- 

creafe of centripetal force from P towards T. 

Let ST = r, PT = J, PK = ;^, ^ = force of 
gravity, h = fpace defccnded thereby in time i, 
s = the fpace defcended in the time i, by the force 
Cy p = periodic time of T about S, and / = per. 
time of P about T, y = centripetal force of T at 
P, * = 3-1416. 

Since attraftion is reciprocally as the fquare of 
tlie diftance, then force of S afting at T : force of 

SaaingatP::3-L^:^::i::^^::- 

r + ly, nearly: And force of S ading at T : to 
difference of the forces : : r : ly; that is, r : 2jy ; : 

C:-^C = difference of the forces; and this is 
r 

the fingle force by which P is drawn from the or- 
bit QAZ in direftion KP or PS. 

But fince the rriotion will be the fame, whether 
the fingle force PS aft in the diredion PS; or the 
two forces PT, TS aft in the diredions PT, TS; 
fubflitute thefe two for that fingle one ; therefore 
proceeding as before, the force of S afting at T : 

force of S ading at P : : -^ : =L^. And force 

of 
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Fig. of S afting at P in dircaion PS : force of S a<ft- 
26. ing on P in direftion crfTS : : PS : TS : : r^y : 

r : : — : -— . Therefore ex ^equo, force of S ading 

at T : force of S adting on P in diredtion TS : : 
III I II 

''+Sy> nearly. And the force at T : difference 

of the forces : : r : 3)^; or r : jy : : C : «2: C = dif- 

turbing force of P, afting in direftion pai^Uel to 
TS. And PK (y) iVT(a)ii incrcafc of the dif- 

turbing force in dircdtion PK (~C) :— C, the 

addition of the centripetal force in diredion PT. 

For when the difturbing force was -^C, there was 

no'addition of centripetal force at T, but a dimi* 
nution thereof j as appears by the following Corol. 

Cor. I. the fimpk difturbing force y wherehy P is 
drawn towards S, /j = ~C. And the diminution of 

centripetal force ofP towards T, « = ~C. And the 

accelerating force at P in the arch PA, ir = — C. 

Putting z -fine of 2PQ^, v = verfed fine of iPQ:^ 

For let ;r=PK, and draw Kl perp. to PT; 

then by fimilar triangles, PT (a) : FK (y) : : 

PK : PI : : force PK (^C ) : force in diredion 



{^)- 



IPorTP=-5^C=^. 
ar r 

Alfo PT (a) : TK z'*; • : PK : KI : : force PK 
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(^C) : force m direaion KI or PA=-^e= ^f* 

•^. By TrigoD. B. I. Prop. II. Schol. 

q 
Cor. 2. The difturbing force at P is=—-^, q 

being the fine of the diftance from the quadrature^ P 
the moon^ S the fun. 

For (Prop. V.)'C=-^, and i?C = ^y = 
.i?-- (becaufe ^ = i.) = -L-y nearly. 

Cor. 3. IfSbe the fun ^ P ^ ^o//y in the equinoc- 
tial of the earth ; the difturbing force at P %% = 

_M 

12852000 

For when P is at the moon*s 0!f)it, the force is 

-—y^ but p-=6ox6oy, or y=— 7 — g^ therefore 
594 ' ^ 3600^ 

the force becomes — , . — , and at the earth is 
594 X 3600 

% 

59! X 60^ 

Cor. 4. If S be the moon^ P a body on the equi^ 
noBtal of the earth. The dijlurbing force at P /j = 

il 

2880000 

For the general perturbating force was ~C, and 

here C muft be the centripetal force at the moon. 
Now the centripetal force of the earth, at the dif- 
tance of the moon is T^g* And the moon being 

40 times lefs than the earth, the centripetal force 

of 
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^?* of the moon, at the fame diftancc, is r^^/J 

*o. ' .* 40x60*^ 

put this for C, then the force of the moon upon 

the equino6tiaL is ^ X ^-r— =7 ^^ — r-r 

r 40 X 60* ooa X 40 X 60* 



'20 X 40 X 60* 



Cor. 5. The dijturbing force of the fun j to that of 
the moony upon the equino8ial; ifi as i to^/^6. 

For thcfe forces are ^^—qZ * ^^ ' 



12852000 2880000 
or as 288 to 1285, or as I to 4.46. 

Cor. 6. If f be the apparent diameter ^ and d the 
denjity of the perturbating body* TheH tbedifturbing 
force will always be as df^y. 

For that force is ^C or as*^ . Let its diame- 
r r 

tcr = ^, M = its quantity of matter. Then C 

M , . db^ 

is as — ; that is, as — • Therefore the difturbing 
rr rr *• 

force is as —7^, or as dy x/^ 

Cor. ^. If V be a point in the equator of the 
earth J S the fun. 
The centrifugal force of P : 
is to the perturbating force PT : : 
As the fquare of the earth's periodical time about the 

funppi 
to the fquare of the eartVs periodical time about its 
axis tt. 

Let / = time of revolution of the earth round 
its axis ; then t : ^va (circunrference) : : 1" : 

— - = arch defcribcd in one fecond ; and the verf- 

cd 
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cd fine = ~ — = -!!!L= afcent or defcentby ^^' 

the earth's centrifugal force. But forces are as 

their effefts, whence h: gi i — — (afcent) : -^ 

' ^ // ^ . tth 

the centrifugal force itfelf. But the perturbating 
force is — r = — • Whence the centrif. force : 

perturbating force : : -^ ' 7F ' ' 17" ' 7 •' ' 
a«wr : «x : : : //. But = ^. For ^zrs : 

i" : : 2»r : ^ = -7=, and pi) = = 

v'2ri ^^^ ^ 

Cor. 8. Hence the body V is accelerated from the- 
quadratures Q» Z, to the fiziges A, B; and retard- 
ed from the fiziges to the quadratures. And moves 
f after ^ and defcribes a greater area^ in the fiziges 
than in the quadratures. 

PROP. XXVIII. 

^he fame things fuppofed as in the laft Prop, the 
linear error generated in P in any time, is as the dif 
turbing force and fquare of the time. And the an- 
gular error, feen from T, will be as the force and 
fquare of the time dire^fy, and the difiance TP red- ' 
procally. 

For the motion generated in a given part of time, 
by any force, will be as that force ; and in any 
other time as the force and the fquare of the time. 
The motion fo generated is the linear error of P, as 
it is carried out of its proper orbit, by the force 

^^, And that error, as feen from T, is as the 

S angle 
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Fig. angle it is feen under; and therefore is as that linear 
26. error, divided by the diftance TP ; and therefore 

is as the force and fquare of the time, divided by 

the diflance. 

Cor. I . The linear error generated in one revolu- 
tion qfP, is as the difturbing force and fquare of 

%ca 
the periodical time - — tt. And the angular error in 

one revolution is as the force and fquare of the perio- 
dic time divided by the dijlance. 

Cor. 2. The mean linear error ofVin any given 

And the mean angular one, as the force and periodical 
time J divided by the diflance. 

For let the given time be i ; then / (time) : 

— // (whole error) : : i : — > the error in the 

given time. 

Cor. 3. The mean Hneal error in any given time , is 
as TP and the periodical time ofP direSlly, and the 
fquare of the periodical time of T reciprocal^. And 
the mean angular error ^ as the periodical time of P 
direSIly, and the fquare of the periodical time of T 
reciprocally. 

For (Prop. V.) C is as — , and — C is as— x 

pp r r 

—or—. And the angular error as — • 
pp pp & pp 

Cor. 4. In any given time, the lineal error is as 
TP and the periodical time' of P direSllyy and the 
cube cf ST reciprocally. And the angular error of 
the periodical time of P direSlly and the cube of ST 
reciprocally. 

ji " . For 
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For (Prop.XVII.)/ipis as r' , therefore ^isas ^. ^^* 

Cor. 5. The linear error in a given time is as 

ai ai 

— C, anJ the angular error as — C. 

at a^ 

. For / is as a^y and — C as — C. 

^ r 

Cor. 6. And univerfallyy the angular errors in the 
whole revolution of any fatellites ; are as the fquares 
of the periodic times of the fatellites direBly, and the 
fquares of the periodic times of their primary planets 
reciprocally » And the mean angular errors are as the 
peiiodical times of the fatellites ^ divided by the fquares 
of the periodic times of their primary planets. 

For by Cor. i. the angular error is as the force ' 
and fquarc of the time divided by the diftance ; 

that is, as — x — ; that is, (bccaufe C is as — ) 
r a PP' 



as — . The reft is proved in Cor 3. 



PROP. XXIX. 



Ifafpheriod AB revolves about an axis ST in 27. 
freefpace, which axis is in an oblique Jituation to the 
fpheriod; the fpberiod will, by the centrifugal force, 
he moved by degrees into a right pojit ion ab; and af- 
terwards by its Hbration, into the oblique pofition afi 
And then will return back into the pofitions ab, AB; 
^ndfo vibrate for ever. 

Let C be the center of the fphcroid ; D the cen- 
ter of gravity of the end ICLB; E that of the 
end ICLA; EW, He perp. to ST. Then the cen- 
trifugal force of the end CB, fuppofing it to aft 

S 2 wholly 



276\ CENTRIPETAL FORCES. 

Fig. wholly at D, in direftion dD, having nothing to 
27. oppole it, will move the end CB from B towards 
i^ with a force which is as Cd. And at the fame 
time, the centrifugal force of the end C A, afting 
in direction ^E, will move the end C A from A to- 
wards a^ confpiring with the motion of the end 
CB ; by which means it will by degrees come into 
the pofition ab. And then by the motion acquir- 
ed, it will come into the pofition afi, making 
"tllp angle SCa = SCB. And the motion being 
then deftroyed, it will return back, by the like 
centrifugal forces, afting the contrary way ; and 
be brought again into the pofitions ai, and AB ^ 
-•* and continue to vibrate thus perpetually. 

Cor. Hence if the axis of the earth is not precife- 
ly the fame as the axis of its diurnal rotation ; the 
earth will havefuch a libration as is here defcribedy 
but. exceeding fmalL This isfuppofing it a folid bo- 
dy \ but if it was a fluid, it would by the centrifu- 
gal force ^ form itfelfinto an oblate Jpheroid. 

PROP. XXX. Prob. 

28. If a globe APBQ^/« free fpace, revolve about 
the axis SCT, in direBion ADB; and if any force 
applied at V, the end of the radius CV, aBs by a 
Jingle impulfe in direSiion VG perp. to CV, in the 
plane VCD. To find the axis about which the globe 
Jhall afterwards revolve. 

Suppofe the great circle VBQA perp. to the 
line ot diredion VG ; and if VH, VI be 90 de- 
grees ; it is plain, if the firft motion was to ceafe; 
the globe by the impulfe at V, would revolve round 
the axis IH; which by the firft motion was round 
the axis PQ^ Therefore by both motions toge- 
ther it will move round neither of them. Now 

. fince 
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fince a point of the furface moving with the great- Fig. 
eft velocity about ST, will move along the gre'at 2.8. 
circle ADB ; and a point having the greateft velo- 
city about IH, moves along the great circle VDE. 
Therefore a point that will have the greateft velo- 
city^ by the compound motion, will alfo be in a 
great circle paffing through D. Therefcfre in the 
great circles DB, DE take two very fmall lines 
,Dr, Doy in the fame ratio as the velocities in AD, 
and VD ; and compleat the parallelogram D^n. 
Then through D and p draw a great circle KDpL; 
and a point having the greateft motion, arifingfrom 
a compofition of the other two motions, will move 
along KD/?L. Therefore finding F, R, the poles 
of the circle KD/>L, FR will be the new axis of 
revolution, or the axis fought. And the velocity 
about the axis FR will be proportional to D^ ; 
VBQA being always fuppofed perp. to GV, or to 
the plane DVC. 

Note, if you fuppofe an equal force applied at 
E, in direftion contrary to GV, it will by that 
means keep the center C of the globe unmoved, 
and will likewife generate twice the motion in the 
globe. 

Cor. 1. The greater the force is thai is applied fo 
V, the greater the dijlance PF 15, to which the pole 
is removed. And if fever al impulfes be made fuccef- 
fwely at V, when V is in the circle APB, the pole F 
ivill be moved further and further towards H, in the 
circle APB. 

For feveral fmali forces or impulfes have the 
fame efFed: as a fingle one equal to them all. 

Cor. 2. If the force a£l at P, in direBion perp. to 29. 
the plane CPB ; and Dr, Do be as the velocities alon^ 
DB and DQ^ The great circle KDL {paffing through 
D andp) is the path of the point D ; and its pole F, 
#r qxis of revolutions^; the pole being tranflated 

S 3 from 



%^S CENTRIPETAL FORCES. 

Fig. from P to F. Jnd if the impulfe be exceeding finally 
29. PF wiU alfo be exce^^Jj^kU. 

Cor. 3. If the force at P always a£ts in paraUet 
direEtionSy whiljl the globe turns round. The pole 
mil wake a revolution in a fmall circle upon tbefur^ 
face of the globe j in the time oftheglobis rotation^ 
andjhe contrary way to the globe* s motion. 

For let a fingle impulfe at P tranilate the pole to 
F ; and afterwards when the globe has made half a 
revolution, and the point P is come to p ; then if a 
new impulfe be made at F, the pole will be tranf- 
lated to p which is now P ; that is, it will be mov- 
ed back to its firft place on the globe. So that 
in any two oppofite points of rotation, the place of 
the pole is moved contrary ways, and fo is carried 
back again the fame diftance. And fince the globe * 
revolves uniformly, if the force a<9: uniformly, it 
will move the pole all manner of ways, or in all 
manner of diredions upon its furface; that is, it 
will defcribe a circle, which will end where it be- 
gun. And in defcribing this polar circle, the mo- 
tion will be contrary to the motion of the globe; 
for fuppofe PFB an immovable plane. If the globe 
flood ftill, the pole would move in a great circle, 
in the plane PFB. But fince all the points of the 
globe which come fucceflively to the plane PB, are 
.. not yet arrived at it, but are fo much further fliort 
i)f it, as PF is greater; it is evident all thefe points 
will lie on this fide the plane PB. And as any 
fixed point will defcribe a circle on the moving 
globe, contrary to the motion of the globe; fowill 
a point that is not fixed, but moving in the plane 
PFB, likewife defcribe a circle (or fome curve) 
contrary to the motion of the globe. Or fliorter 
thus, fuppofe the gbbe to fland ftill, and the di- 
redion ef the force to move backward/ then the 
relative motion will be the fame as before ; and 

then 
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then the pole F will move backward too, as it will Fig. 
follow the force, being at right angles to it, 29. 

Cor. 4« Since the pole by one impulfe is tranjlated 
to F ; the new pole F is therefore another point of 
the material globe, diJlinSt from P. And the particle 
P that was before at reft^ will now revolve about the 
particle F at reft. 

For the new pole F is that particle of the globe 
which happened to be revolving in F, when the 
impulfe was made at P. The matter of the great 
circle APB does not come into the circle KDL, 
but only the point D of it. For when the force is 
impreffed, the other particles M, N, by the com- 
pound motion, will be made to revolve in the di- * 
redions Mw, N«, parallel to D/> ; and therefore 
will defcribc lefler circles about F ; whilft only D 
defcribes the great circle KDL. 

. Cor. 5. fFhat is demoftratei of a Jphere is true 
aljo of fn oblate fpheroid, whofe axis is PQj and 
the force impreffed at P, aSiing in direction perp. to 
CPB, or parallel to CD the radius. 

Cor. 6. But if the force at P aSf in direSlion con- 
trary to the foregoing (as in cafe of an oblong fpher 
roidj ; the pole of rotation will be moved from P'to- 
wards A, contrary to the way of the other motion. 

Cor. 7. yfnd in general the pole P will always be 
moved in a direSiion perp. to that of the power \ and 
towards the fame way as the fpher oid revolves. 

Cor. 8. Hence after every half rotation of the 

globe round its axis, the places upon the globe change 

their latitude a little; which, after an entire rotation 

eturn to the fame quantity. But this variation isfo 

rifiin^t ^' ^^ come under no obfervation. 

This iscvident, becaufe the pole is-altered 5 and ^ • 

S4 of 
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Fig. of confequencc, the diftancc therefrom is altered 1 

29, in all places, except in the great circle FCR. \ 

PROP. XXXI. Prob. 

30. Let AB be an oblate fpheroidy whofe axis is PC ; 
and let it revolve round that axiSj in the order ADB, 
which is its equinoilial; and if .any force aS at P, 
in direElion FGperp. toVC, and in the plane PoC, 
which moves Jlowly about j in the order. ADB. To 
Jlnd the motion generated in the fpheraid. 

Let EL be an immovable plane like the eclip- 
tic, in which the center C of the fpheroid always 
remains* ON another plane parallel to it. Ere6t 
CM perp. to thefe planes ; and make the angle 
MCN = the angle B«^C, in which the equinoftial 
Baa* cuts the ecliptic CL. Suppofe the fpherical 
furface OVN to be drawn, whofe pole is M ; and 
produce CP to cut it at R, in the circle ORN. 
Then PCD and RCM are in one plane, and both 3: 

of them perp. to P«flhC and P v C. Now to find the 
motion of the axis of the fpheroid. Here OVN is 
the upper fide of the furface. 

This Prop, differs from the lad in feveral re- 
fpefts. The laft Prop, regards only the motion of 
the pole upon the furface of the globe, and that 
is caufed by a motion which is generated in the 
globe itfelf. But in this Prop, we confider the mo- 
tion of the axis CR in the fixed fpherical furface 
OVN ; which always proceeds in one direction, as 
long as the moving force keeps its pofitipn. In 
the laft Prop, the motion of the globe round its 
axis is performed in a very fliort time ; but here 
the revolution of the force, in the moving plane 
PoC, is a long time in its period. 

Now by the laft Prop, Cor. 7. the force PG will 
always move the axis of rotation CPR in a direc- 
tion 
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tion perp. to PG. Therefore fuppofe the plane Fig. 
POC to revolve flowly round PC, and we fhall 30. 
find that in the beginning of the motion, when o 
or F is at a, then the plane (PoC or) P^C will 
be perp. to the plane CRM, and at that time the 
motion of R will be direfted from R towards M. 
And when that plane comes to the pofition PF C, 
the motion of R will be directed to fome place be- 
tween N and V. And when it is got to the tropic * 
D, then R*s motion is direfted along the circum- 
ference RV; for then PoC coincides with CRM^ 
But when PoC arrives at /, the motion, will be 
direfted from R to fome point / without tlie circle. 
And laftly, when PoC is at the other interfedtion 
«f , beyopd B ; the motion of R will be direded to 
m oppofite to M. The refult of all which is, that 
the pole R will defcribe fuch a curve as R1234; 
and then the fame force begins again at ^; which 
being repeated, another fimilar figure 456 is de- 
fcribed by R; and fo on for more. The fame 
force I fay is repeated, for when the plane PoC 
cotnes on the other lide of the globe, the force 
afts the contrary way, and therefore it is all one as 
if itafted on the'firft fide of the globe. 

It muft beobfcrved,thatas R moves through 1234, 
the interfeftion ^ gradually moves towards E. And 
as to the force PG, it may be fuppofed variable, 
at different pofitions of the plane PoC. And 
according to the quantity of force in the feveral 
places, different curves (1234) will be dcfcribed. 

Cor. I, Hence it is evident j that the inclination of 
the planes ADE and ECL, is greateft when PoC 
pajfes through ts^ and T. And leajl when it pajfes 
through the tropic D. And that the inclination de- 
creafesfrom the node ^^ to the tropic D, and increafes 
from the tropic to the node. 

For 
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Fig. For when P ©C is in a, R is farthcft from M ; 
30 but when it is in D| R is at 2, and its diredioo 
is parallel to R4, and then iM is leaft. 

# 

Cor. t. After a revolution of the plane PFoC 
(in which the force always a£is)y the inclination comes 
to the very fame it was at firjl. 

Forat any two points F, /, equidiftant on each 
fide from the tropic ; the fotce is direfted contrary 
ways, from and to the circle RV ; and therefore 
the motion^ in.the curve R1234, being alfo equal 
and contrary, from and towards RV, they mutu- 
ally deftroy one another ;. and therefore after a re- 
volution, or rather half a revolution, the pole R 
is brought back to the circle RV, and then the 
angle RCM is the fame as it was at full. 

Cor. 3. The motion of the pole R, reckoned in the 
circle OVN, is always from R towardsNy then through 
^, O, andVL. 

For though the motion of R towards and from M, 
ia the line M/», in one revolution, is equal both 
ways ; and fo R is always brought to the circle 
again ; yet-the motion confidered along the circle 
is always in the order RVN. Thus it goes through 
the curve 123 to 4, fo that after half a revolution 
of PoC, it is advanced forward in the circle RV, 
the length R4. 

Cor. 4. The motion along, the circle is fometimes 
f after and fometimes flower. At lit moves f aft eft 
of all; at R and 4, it moves ftozveft, or rather is 
ftationary for a moment. 

Cor. 5. The pole R, and the nodes move the con- 
trary way about y to what AB revolves. . 

Cor. 6. If the force l^G ftands ftill, the pole K 
will ft ill move backwwards as before ; and that in 

right 
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right line J or rather^ a great circle. And'if^VG moves Fig* 
backward through BDF A; the poleKwillJlili go back- 30. 
nvard ; but then the curve R24, tvill be concave to^ 
wards M, like 87R, being contrary to the other 
where the force moved forward. 

Cor. 7. But in an oblong fpheroid, where the force 
aUs in direction GP, quite contrary to the other; 
R vjill defcribe the curve R78, without the circle 
ORV 3 every particle of it in a contrary direction to 
thefe of R24, And therefore the pole R, and the 
nodes V and =q» will move the fame way about as ADB 
revolves J and contrary to what they do in an oblate 
fpheroid. 

For the force being direfted the contrary way ; 
of confequence the motion muft be fo too. 

Cor. 8. And in an oblong fpheroid, if the force GP 
move the contrary way about ; yet the pole R will 
ftill move forward. And the curve defcribed by R, 
will have its cotevexity the contrary way. 

Cor. 9. Hence if the quantities and proportions of 
thefe forces^ in different places be known ; it will not 
he difficult to delineate the curve R1234, upon the 
fpherical furface OVNM. 

PROP. XXXII. Prob. 

If a planet (or the moon) move in the orbit ATE/. 3 U 
round an immovable center C, whofe plane is inclined 
to the plane of the ecliptic AQ]fc ; and a force a£fs 
upon it in lines perp. to GZ, and parallel to the eclip- 
tic, direBed always from the plane GZ to either fide. 
To find the motion of the nodes A, E ; and the varia- 
tion of the orbit^s inclination P AO. 

Let ATZE be half the orbit raifed above the 
ecliptic AQ^, AE the line of the nodes; T,./, 

the 
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Fig. the tropics. Draw CM pcrp. to the ecliptic AQE, 
31. and CR perp. to the orbit ATE. Round M as, 
a pole defcribe a fpherical furface RVNX ; then 
RC will be the axis of the orbit, and MC of the 
ecliptic, or circle AQE. Through the points T, C, 
M, draw the plane RMC; and through A, C, M, 
another plane cutting the circle RNF in X and H; 
then RF is perp. XH, and the circle RNX paral- 
lel to GEQj^ Note, RNX is the upper fide of the 
furface. , ^ 

Let the planet be at P, and let Vi be the fpacc 
it dcfcribes in any fmall time, and the line Pi the 
fpace it would be drawn through in the fame time, by 
the force a&ingfrom the plane MGZ. Compleatthc 
parallelogram r 1 23, and P3 will be its direftion 
by the compound force. Now as the line Pi is 
parallel to the ecliptic, it is plain th« point 3 will be 
below the plane of the orbit; and the plane CPz 
will be moved into the pofition CP3, revolving 
about CP ; confequently the axis RC will be mov- 
ed in a diredion perp. to CP. And the pole R 
will be moved to fome point between F and H. 
This being duly attended to, the motion of the 
pole R will be known for all the places of P in 
the orbit GATZ. For about G the motion of R 
is directed perp. to Mn ; at A it moves perp. to 
. MX, or in direftion RM. At T it moves parallel 
to MH, or in the curve RV, Approaching to Z, 
it moves perp. from M«. So that in the pafiage 
of the planet P, from G to Z, through G APTZ, 
the pole R of its orbit, moves through the curve 
Ri 234- But in the other half of the orbit ZE/G, 
as the force is direfted the contrary way from the 
plane GZMN, the pole R will return back at 4, 
and defcribe a fimilar curve 45678. So that when ' 
the planet P has made one revolution, the pole of 
its orbit R will be found at 8. But in this pofition 
of the nodes, the point 8 will be within the fphe- 

t tical 
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rical furfecc RHNX, not reaching the periphery Fig* 
RV. For the feveral parts of the curve be- 31. 
ing defcribed in all direftions in refpeft of the 
lin^ '»N; the points R, 4, will be equidiftant fron^ 
«N,' and like wife 4, 8, for the fame reafon. 

Now fuppofe'the force and the plane GZN» to 
revolve about the axis CM in the order GATE* 
Then after it is come to fuch a pofition, that the 
afcending node A is as far on the other (ide of G, 
fuppofe at a ; then the pole R will be as far on the 
other fide of V, fuppofe at r ; and being alfo as far 
from N«, on the fame fide, the curves (12468) 
will approach VH there, by the fame degrees as 
they receded from it at R V. And therefore the 
pole R will by degrees be brought to the circle 
again. Thus in every two correfpondent points on 
each fide V, the forces and their effects balance 
one another, and R will be at the fame diftance 
from the circle RVH And therefore after half ^ 
revolution of the plane GZ to the nodes, the angle 
RCM, and confequently the inclination of the or- 
bit, comes to the fame as at firft. And like wife as ^ 
the pole R moves forward or backward in the 
circle RVH, the motion of tlie nodes A, E, will 
be forward or backward. 

Cor, I. In this pofition of the nodes at A an4E, 
the inclination of the orbit ATE will be diminifh^4 
every revolution of P. But on the oppQfite fide at a, 
the inclination increafes every revolution of P. 

For the points 4, 8, come nearer and nearej tp 
M, and the contrary at r. 

Cor. 2. fVhen the nodes are at h^ E; the inclina^- 
tion decreafes ; when the planet' is in GT or Z/ ; ani 
increafes in TZ and /G. 

For R moves to 3 , whilft P moves through GT. 
At 3 it is at its neareft diftance to M ; from 3 to 

4R 
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Fig. 4, R recedes from M, whilft P moves through T2^ 
31, And the like on the other half of the wbit. 

Cor. 3. PFhen the planet is in GA and ZE, the 
nodes go forward. But in AZ and EG, tbey go 
backward. 

For whilft R paffes through Ri, its motion is 
forward, viz. from R toward «, and at i where it 
moves parallel to RM, it is ftation^ry; that is, 
when P is in A. Through 1234, R moves back* 
ward, or towards V; and then P is in AZ. 

Cor» 4. In general J the nodes are always regrejive, 
except when P is between a node^ and its neareji qua- 
drature % and then they are progrejjive^ wherever the 
nodes arefttuated. 

Cor. 5. TChe nodes go fajleft back when the planet 
is in T and /. ^ 

For then R is at 3 and 7. 

Cor. 6. The inclination varies moft^ when P is at 
A and E. 

For then R is at i and 5. 

Cor. 7. jlnd from the various Jit nations of the 
nodes, and the place of P, // may eafily be determined^ 
when the inclination imreafes or decreafes^ in any cafe. 

Cor. 8 . Hence if the quantities of ibefe forces were 
known, it would not be difficult t0 delineate the motion 
of the pole' Ry upon the fpherical furface RXFH; 
and at any time to find the inclination^ and place of 
the node. 

Cor. 9. And to find the nature of the curve 
R1234 defcribed by the pole R. Snppqfing the force 
dire 51 ed always to the fun; and to be as the diftanre 
of P from the plane GZ. 
3 2 . Let R DB be the curve, and let the tangent /DT 
revolve about the curve RDB, begining at R, fo 

as 
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as the end T may robve uniformly through all the Fig. 
points of the compafs, in the- fame manner as P 12. 
moves through its orbit ATZE/. It is plain this 
is one property of the curve RDT. 

Now fince the fun's rays fall at the fame obli- 
quity upon all parts of the plane AT(X therefore 
the lorce to draw P in a direction parallel to thefe 
rays, being the fame at equal diftances from the 
plane GZ, and always as die diftance ; therefore by 
the refolution of motion, the pittance that P is 
drawn perpendicularly from the plane of its orbit, 
will alfo be as that diftancc; and that is as the va- 
riation of the orbit's inclination. Therefore if P, 
inftead of moving to 2 move to 3, then the force 
atPorPB(fig. 31.) will be as the angle 2P3 : fuppo- 
fing the fun's diftance from the node to rcmam the 33* 
fame, during one revolution of P. 

But when the fun or the foVce alters its pofition, 34. 
it will be greater or lefs on that account, in pro- 
portion to the fine of OL (where OL is perp. to 
AL), and that is as the fine of AO, the diftancc 
from the node, the angle A being given. From 
hence it follows that univerfally, the force adting 
onP will be always as BPxS.AO; that is, as 
S.GP X S.AO (fig. 31.); that is, as the fine of 
the diftance of P from the quadratures, and the 
fine of the diftance of the fun at O from the node. 

Now let us find the nature of the curve R1234, 
fuppofing AO to remain the fane for one revolu- 32. 
tion of P. Put RA = ar, AD = y, RD = ^. 
Since by the generation of the curve, the angle 

AD/ = arch GP, and the force is as the fine of 

•• • 

GP or of AD/, and 4- = S. AD/. Alfo it is plain, 
z 

the increment of the curve at D is as that force; 
therefore -r isasz. And fince in paffing through the 

particle 



»«8 CENTRI<>fetAL FORCES. 

Fig. particle of the curve z, the line D/ is fuppofed to 
j2. change its direi9:ion uniformly, therefore the angle 

of contadt is given; whence ir or -r is as the ra- 

z 
• • • • • 

diuB of curvature, or as -7? ; that is, — is as -^, or 

X Z X 

• •• • • • 

MX =: z^y (z being given), and the fluent is 

^x* * * * 

=^^*, and X I z I \ »/y : ^\a : : as the fub- 

tangent : to the tangent; which is the property of 
the cycloid, \a being = CB, the diameter ot the 
generating circle. 

Npw at different diftances of O from the node, 
the cycloid defcribed wtU be greater in proportion 
to the fine of AO (fig. 3 1 .) > ^^^ ^^en in the fame 
cycloid, the latter part will be greater than the 
former part, as AO grows greater; all the parts 
of it increafing as the fine of AO increafes; and 
the greateft cycloid will be when A Is in the qua- 
dratures; and the lead when in the fyzigcs, where 
it is reduced to nothing. 

Scholium. 

From the foregoing folution, thefe obfervations 
may be made. 

I. Though the curve R24 has been determined 
to be a cycloid, yet it is nearer an epicycloid. For 
at R it fets off nearly in a direftion perp. to GZ, 
and during its generation (that is, whilft P per- 
forms a femirevolution) the point A moves to- 
wards G; and fuppofing the force at O to be fix- 
ed, the laft particle of the curve at 4 would be 
parallel to that at R. But as O really moves for- 
ward, fome number of degrees, fuppofe 14, and 
continues to db fo, all the femirevolution ; there- 
fore every particle of the curve will have other di- 

redions 
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regions in its defcription, being more curve than Fig. 
before; and at lafl: the tangents at R and 4^ will ^4* 
make an angle of 14 deg. which is the fame as if 
an epicycloid was defcribed on th^ convex fide of 
a circle, going through an arch of it equal to 14 
degrees. 

t. Thus the curve defcribed by R would be 
nearly an epicycloid, when the force at O is every 
where of the fame quantity; yet as O moves about, ' 
the force will increafe and decreafe in proportion to 
the fine of AO ; therefore, if you will fuppofe 
fuch an epicycloid defcribed as above mentioned, 
and moreover imagine the radius of the generating 
circle to fwell or increafe, in the fame ratio as the 
S.AO increafes ; then fuch an epicycloid will near- 
ly reprefent the curve defcribed by R. For then 
every part of it will be greater or lefs, in propor- 
tion to the force that generates it. But enough of 
this. All that I Ihall add on this head is the folu- 
tion of the two following problems, upon account 
of their curiofity, as depending on the foregoing 
principles* 

PROP. XXXIII. Prob. 

To find the difturhing force of Jupiter or Saturn^ 
upon ^ be earth in its orbit \ having that of the fun 
upon the moon given. 

Let the matter in the fun and Jupiter be as m to ^6. 
I. E, I, L, the periodic times of the earth, Ju- 
piter and the moon. A, B, the diftances of the 
earth and Jupiter from the fun. D the moon's dif- 
tance from the earth. C, Cy the centripetal forces 
of the fun and Jupiter. 

Then (by Prop. XXVII.) the difturbing force of 

«PK PT 

S upon P, is ^C or as '^<^. Therefore if S be 

the fun, ar\d P the moon> the difhirbbg force 

T is 
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a6^' is jC ; but if S be Jupiter, P the earth, T the 

A 

fun ; then the force is ^r. That is, the fun's dif- 

turbing force upon the moon is to Jupiter's dif- 

D A 

turbing force upon the earth; as -^C to -^c ; or 

as DBC to A V. But (Con 2. VIL) C = -—r-, and 

c =-Do'* Therefore the fun's force upon the moon, 
1515 

T • . 1. U DB^ AA 

IS to Jupiter s upon the eartlv; as . to "gg-jor 

as DB'w to A-^ ; that is (Prop. XVII.), as DI*w : 
AE* • That is, the fun's difturbing force upon the 
moon, is to Jupiter's difturbing force upon the 
earth ; as D x II x ;«, to A x EE. But that of 
the moon is known, and confequently that of Ju- 
piter, And if for I and m, we put Saturn's peri- 
odic time, and quantity of matter ; Saturn's dif- 
turbing force will be known. 

Cor. I. The angular errors generated in the moon 
by thejun^ are to the errors generated in the earth 
by Jupiter in the fame time^ : : as \\\a xw, /^ £'• 

For (Prop. XXVIII. Cor. 2.) thefe erroi% are as 

the forces and periodic times, divided by the dif- 

tances. Therefore the fun's effed to Jupiter's, is as 

DxIIxwxL AxE*xE 

g to Y y ^^^s IILw to E^ 

Cor. 2. Hence the error generated in the moon by 
the fun J is to the error generated in the earth by Ju- 
piter ; as i\Z'\o to ly and to that generated by Sa- 
turn ^ as 196076 to !• 

For put I = 4332 J days, L = 27f, « = io67, 

17 ^ , I*Lw 

*- = 3^5t; then -jrj— =1x230. And putting 

1 = 
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I = 107591^, ^^^ ^ = 30^1^ for Saturn; then Fig. 
l^l^m . ^ 26. 

-^7- = 196076. 

Cor. 3. The force of Saturn to the force of Jupi- 
ter to diftttrb the earthy is as i to 1 74. 

Cor. 4. The motion of the nodes of the eartFs or^ 
hit by Jupiter^ s ailion, in 100 years ^ is 10' 2o'^4-. 
And by Saturn s^ 35'^. 

For the motion of the moon's nodes in a year is 
19*" zd 32'^, or 69632''; this divided by 11 230 
gives6".2oo5,multipliedby 100, is 62©'^o5, which 
increafed in the ratio of the cofine of inclination of 
Jupiter's orbit (1° 19' io'0> to that of the moon's 
(5° 8'i), produces 10' 2 2'' i. Which diminiflied in 
the ratio of i to 17 i, gives 35'' \ for Saturn. 

Cor. 5. The motion of the eartFs aphelion by the 
aStion of Jupiter , is 21' 44" in 100 years, in confe- 
quentia. And by Saturn y 1' 14''!. 

For the motion of the moon's apogee is 40° 40' 
43'', or 146443'' in a year. This divided by 1 1230 
gives 13.04"; which multiplied by 100, gi\es 
i304''or 21^44''. And divided by 1 7 4, gives 74" 4. 

PROP. XXXIV. Prob. 

To find the variation -of inclination of the earth's 35. 
orbit y by the aSlion of Jupiter in 100 years y and the 
like for Saturn. 

Let Y 9B :& v^' be the ecliptic, or plane of the 
earth's orbit ; GFH the orbit of Jupiter ; G Jupi- 
ter's afcending node ; E, I, Q^, the poles of the 
ecliptic, Jupiter's orbit, and the equator, refpec- 
tively ; ECK a circle parallel to OF ; and DwQa 
circle parallel to the ecliptic. The pole QJiere 
moves regularly along the circle Q/D, by the pre- 
T 2 ceflion 
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Fig. ceffion of the equinoxes ; which circle is no way 
3^, afFcfted or altered by Jupiter's aftion; becauie Ju- 
- piter cannot be fuppofed to have any force to move 
the equinodial points, or alter their regular motion. 
But he has a power of ading upon the whole body 
of the earth, and altering its orbit, and confequent* 
ly the pole E of the ecliptic ; which pole is there- 
fore made to move along the circle ECK. There- 
fore we muft fuppofethe orbit of Jupiter fixed, and 
confequently the. pole I, and circle ECK. And 
now we have to compute the motion of E along 
the circle ECK. 
The preceffion of the equinoxes in 

loo years is -— — i° 23' 20" 

And (by thelaftprob.) the motion of 

Jupiter's nodes in 100 years is 10' 22"! or 62 2'' i- 
Jupiter's afcending node G (1755, 

angle QEG) ~ — 25 8° 20' 

Inclination of Jupiter's orbit — i ° 19' lo''. 
Therefore make the angle QEa = 1° 23' ^, and' 
EIC = 10' 22"4. Upon Ea let fall the perp. C^; 
then Eo is the decreafe of EC^or E^, which 
(Prop. XXXII.) is the fame as the decreafe of the 
inclination of the planes of the ecliptic and. equi- 
noctial. 

In the triangle EIC, by reafdn of the very fmall 
angle EIC, we (hall have as rad : S.IC {1° 19' lo'Q 

EIC X S.IC 
: : angle EIC (622"^) : EC = ^^ = 

1/.3. To the angle GEQ^(8 ° 20'), add QEa ( i '^ 

2^3 t) J then ^EG or oEC = 9° 43'f . Then in the 

very fmall right lined triangle ECo, rad : EC : : 

i- T-^ y /NT- EC X cof.oEC ,, 
cof.6?EC (9° 43^ i) : Eo = j^j = 14". I. 

Or E. = EICxSJCxcof..EC ^^^ ^^^^^^^^ ,f 

> • rad* 

inclination of the equinodial in 100 years by the 

aftion 
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aftion of Jupiter. And this decreafe will amount Fig. 
to a minute in 425 years. 3^. 

If the fame computation was applied to Saturn, 
putting EIC = 35'' f, IC = 2° 3(y 10", oEC = 
(2 1 ** 2 1' 36" -f 1^23' i) 22° 44' 56" ; the decreafe 
by Saturn will be i^'.44. . Therefore the decreafe 
by both will be 15''. 54; which will be a minute in 
3<6 years. 

Cor. I . The inclination will decreafe till E and a 
he at their nearejl dijtance in the two circles^ which 
will be above 6000 years ; and then it will increafe 
again. It has likewife been decreajingfcr above 8000 
years. 

For the diaftieters of the circles EK and DQ,- 
being about as i to 1 7 . And the angle lEQJbeing 
8 1 ** 40', and the difference of the motions of E 
and QJbeing 1° 13'; it will decreafe nearly as ma- 
ny centuries as is the quotient of 8i*» 40' divided . 
by I ® 1 3', which is 67. Alfo the fupplement 98 ® 20' 
divided by i ** 1 3', gives 8 1 centuries, it has been 
decreaiing. 

Cor. 2. But the increafe or decreafe for every cen- 
tury is not I5".54, as determined in this particular ft- 
tuation. For as it approaches to its maximum or mini- 
mum, it varies very flow, and at thefe places is at a 
ftandfor a long time. 

Cor. 3. The inclination can never be lejs than 20** 
50' 54"; nor greater than 26° 7' 20'^ 

For the neareft and greateft diftances of the two 
circles EK, DQjimount but to thefe. And there 
muft be many revolutions, before they can light 
upon thefe two points, if the world can be fup- 
pofed to exift fo long. 

Scholium. 

The difturbing forces of Jupiter and Saturn here 

made ufe of arc derived from that of the fun up- 

T 3 on 
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Fig. on the moon ; but thefc forces arc really more than 
nc. are here determined. For in calculating the di(^ 
turbing force of the fun (by Prop. XXVII.), the 
forces upon T and p are as rr to rr -j- 3Lry -^^yyi 
but by reafon of the great diftance of the fun, the 
part j/^ is left out, as being extremely fmall. But 
in the cafe of Jupiter and Saturn it is otherwife, 
and therefore jry muft 6e taken in. Whence the 
dtfturbing force muft have an additional increafe, 
which is as try to ry, or as ir toj^, which in Jupi- 
ter is as I o to I, and in Saturn as 19 to i. There- 
fore Jupiter's difturbing force muft be increafed by 
TVth, and Saturn's by -r^th; which being done, 
their efFefts will be proportional, and the decreafe 
of inclination of the ecliptic in 100 years, by Ju- 
piter and Saturn, will become i5".45, ^^^ ^"'5^ » 
and by both 1 6".96 or 1 7" nearly ; which will 
amount to a minute in 353 years. 

But if the obfervations of the antients can be 
depended on, the obliquity decreafes fafter than this. 
For by the obfervations of Jriftarchusj Eratoftbenes^ 
HyparcbuSj Ptolemy^ and Theotij the obliquity was 
found to be 23° 51'. And none of them lived 
300 years before Chrift, and two of them after. 
So that in little more than 2000 years, there is a 
difference of 22' ; which is more than a minute in 
1 00 years, and is more than three times as faft as 
we have here determined it. 

I (hall now proceed to fome things of another 
kind, relating to centripetal forces ; which as far 
as I can find, have not been meddled with by any 
body before. 

PROP. XXXV. Prob. 
36. If the circle GDFE be moved along the right line 
AB, whilft it turns round its axis ; to find its motion 
upon'a horizontal plane. 

Suppofe the circle inlined in any given angle to 
the horizon, the line of diredion AB being at firft 

in 
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in its. plane; and let it move round its axis CP, Fig. 
which is perpendicular to its plane, with any velo- 36. 
city. Let O be the center of ofcillation. 

Now the circle will endeavour to defcendby its 
gravity, in the fame manner, as the fingle point O 
would do. Therefore fuppofe the point F to def- 
cend through F/in a moment of time, and that F 
is transferred to I in the fame time. Then if the 
parallelogram Ffnl be compleated, the point F 
by the compound motion, will move along Fn. 
By this means CP, the axis of revolution, will be 
transferred to the pofition Cy, inclining more to- 
wards B. But when the circle has made half a 
revolution, and G is come to the place F ; the 
points in F, proceeding in the track F«, will move 
the axis Cq forwards, as before ; that is (by the 
turning of the circle) it will throw it into its former 
place CP. So that during a revolution, the axis is 
thrown contrary ways in all the oppofite points, 
and fo is always reflored back to its firft place in 
regard to the plane. Therefore the circle always 
revolves about the axis CP, whilft CP continually 
inclines more and more forward; that is, the plane 
of the circle continually alters its pofition; and 
the variation of its pofition is known from the lines 
FI, nl ; and is equal to the angle nFl or PC^. 
And fince the circle endeavours to move along a 
line which is in the plane «FG, it will no longer 
go along AB, but deviate from it into a new track, 
which is now to be found. 

It may be convenient to imagine the circle to 
be a poligon with an infinite number of fides. 
Then let KL be the horizon, M^ the plane of the 
circle, g being a point in the nght line AB ; let 
the next point of the circle (or angle of the poli- 
gon) defcend to the horizon, through the veryfmall 
fpace r/; then in the right angled triangle /rg-, S . 
inclination (tgr) : /r or nl (which is as S.«FI) : : 

T 4 rad 
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36.* ^^ (0 • ^g = ^7 — • Thacfore if the drde be 

moved through G^ in the fametime, then from g (in 

S nFl 
the line AB) fetting off gt = ^. ' — r— , then / 

will be a point in the curve G/R through which the 
circle will pafs. After the lame manner it will 
again deviate from the laildiredion /^l andde- 
fcribe the curve GRVWX. 

Generally the whirling motion, round its axis, is 
equal to its progreffive motion ; for the fri&ion of 
the plane (bon reduces it to that. But take away 
the fridion^ and thefe two different motions may 
be what you will. 

Cor. I. 77fe curvature in any place j is reciprocally 
as tbefe three ^niities^ the velocity of rotation, the 
progreffive velocity^ and the tangent of inclination. 

For the curvature is as the angle /G^/that is^ as 

tg S.«FI , . 

-^ or as -p. ^^: — r — z" — 5 "^2t IS, as 

^g ^S ^ S.inclmation ^ 

Hi - Cof. ind. 

Fl X G^ X S.inclin/ ^^ ^^' ^ FI x G^ x S.inclin. 

or as rr: — T^ ' — r: — . For nl is as the co- 

H X G^ X tan. mclm. 

fine of inclination, being the fpace dcfcribed upon 

the inclined plane nl. 

Cor. 2. Taking away all impediments j the 'circle 
always keeps the fame inclination to the horizon. 

For the polition of the plane F«I is fuch, that 
the axes GP, C9, are both parallel to it. If we 
fuppofe gravity to aft by a fingle impulfe at O, 
then F will move to », and P to j. And the plane 
of the circle endeavouring to docend a little at D, 
and rife at E ; a new point of the circle as /, ly- 
ing beyoiid G will iniftantly touch the plane ; by 
which means it leaves the line AG. And fince at 

every 
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every point <rf contadt as G, the pole P moves (at Fig. 
each impulfe of gravity) in a line perp. to CG, 36* 
and alfo parallel to the tangent arch at G ; and the 
like at every new point of contaft ; it is plain CP 
is always alike inclined to the horizon. Confe- 
quently, when gravity is continual, the circle 
coming continually to new points of contaft, the 
axis CP will always revolve round at the fame in- - 
clination, and therefore the plane of the circle will 
alfo have the fame inclination to the horizon. 

This might alio be proved after the manner of 
the XXXth Prop, not confidering the progreffive 
motion of the circle. 

All this is fuppofing there is 1^0 refiftance, fric- 
tion, or other irregularity. But fince in faft, the 
refiftance of the air continually leffens its motion, 
and the fmoothncfs of the plane it runs on, caufes 
the foot or bottom of the circle to Aide outward, 
which continually leffens the inclination, and brings 
the axis more upright ; and the more oblique the 
plane of the circle is, the fafter it Hides out. Up- 
on thefe accounts it can never defcribe a circle, 
but only a fort of fpiral line ; and the plane of the 
circle dcfcending lower and lower, at laft falls flat 
upon the horizon. 

Cor. 3. Hence a circle moving without any refif- 
tance j &c. upon a horizontal plane ; will defer ibe . a 
circle upon that plane. 

For the velocity and inclination continuing the 
fame ; the curvature of the track defcribed, will be 
every where alike. 

Cor. 4. Ani to find the diameter of the circle or 
orbit defcribed. 

Let / be a very fmall part of time wherein G^ is 
defcribed, v the velocity of projeftion per fecond, 
^the fpace defcended by gravity in time /, 5 and c 
the fine and cofine of the circles inclination, / ^- 

16 
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Fig. i6tV feet; then will cb = fpace defcended along 

36. the inclined plane F/; and by the laws of motion, 

and //:)&:: 1" :/= ^. 

// 

Then whilft O has moved through the length Gf, 

/ or I has defcended through the fpace ch on an 

inclined plane parallel to F/. But we proved gt =» 

— =—=—. And therefore the diameter of the 
s s s 

, . Gf Gp- X s ttws ws w 
orbit = -^ = -il-- — = — ^= = ^f^ 

inclination. 

Cor. 5. -^^ to find the periodic time, or time of 
one revolution. 

Let D = diameter of the orbit, then by Cor. 



laft, 



, ^ ^ ^ = D, and Gg=^^—. The cir- 
cumference of the orbit is ^ (putting v 

= 3.1416); and by uniform motion, Gg : t : : 

grxGp- xj */jxGp- _ . _. . Ttst 
^ : 7—^ the periodic time = — r- 

/chD ittsD /SD 

Or thus, 

ic*DVS 

Gg (tv)". t : : circumference -tt- : periodic ti 
= -7— = -7 X tan. inclination. 



PROP. 



time 
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PROP. XXXVI. Prok Fig- 

If DEF be the furface of a right cone, whofe 37. 
axis AE is perpendicular to the horizon, and DHFG 
a circular plane parallel to the horizon ; and if a cir- 
cle ah revolves round in the periphery DHFG, mth 
its axis 1B2 always parallel to the fide of the cone 
DE, where it then is. To find the periodic time of 
aby in the circle DHFG. 

Draw DBA perp. to DE, and EC perp. to AC. 
Let 9r=c3.i4i6, y&=:fpace defccnded by gravity 
in the time /. 

Then if the force of gravity be reprefented by 
AC, the centrifugal force at B to keep the circle 
^z^in that pofit ion, through its whole revolution, will 
be denoted by BC. T hen it will be AC (the gra- 

RC 
vity) : BC (the cent, force) : : h : -^ h = fpace 

defcended towards C, by the force in dire6tion 
BC = the effeft of the centrifugal force. There- 
fore (by Prop. II.) the periodic time is 
y 2BC , 2AC 

. AC ^ ^ 
Cor. I . Hence the periodic time == 

. /Ibc~" 

*^ V —7— X tan. inclination ABC. 

For S.A : S.B : : BC : AC=^ x BC=- ^'^ 



'S.A ^ cof.B 

X BC = tan. B x BC ; whence, the periodic time 

. /^BC 

=^/V -^x tan. ABC. 

Cor. 2. Draw BI parallel to DE, and DL pa- 
rallel to BC ; then the periodic time= 777; — - — . 

V CI X b 

BC* 

For AC = — • 

ror/ii^^^j Cor. 
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Fig. Cor. 3. Hence the curve defcrihed an the conic fur- 

37. f^^^y ^^ ^^^ P^^ ^^ ^^^^ defcrihed on a horizontal 
plane y as explained in the lajl Prop. All the difference 
is J that the conic furface hinders the circle ab from 
Jliding ontwardj which the horizontal plane cannot do; 
except it hefuppofed to he fo roughs that the circle can-- 
not Ride on it* 

36. r or in Cor. 4. of the laft Prop, v is put for the 
velocity of G along AB ; but putting it for the 
velocity atC, you will have the diameter of the orbit 
paffing through C: thatis, (fig. 37.) inileadof 2DL 

^ 7. we fhould find 2BC for the diameter D of the orbit. 

And by Cor. 5, the periodic time is ^/^-r-. And 
in Cor. i. of this Prop, the periodic time is 

4 /2BC r*7 ^ 

*/ V —7- X tan. inclination; which is equal to the 

former, becaufe D = 2BC, and -*- = tan. of the 

c 

inclination. So the curve is the fame in both cafes. 
PROP/ XXXVII. Proh. 

38. 7(? explain the motion of a top, or Jucb like whirl- 
ing body. 

Let ABC be a top whirling about in the order 
AEC ; FDG a circle defcribed by any point D in 
the furface, K its center of gravity, BKS the axis 
of the top. 

If the top be upright upon the foot B ; that is, 
if BS be perp. to the horizon, and moves fwiftly 
about ; it will continue upright till the motion 
flacken. But when it is going to fall, it will lean 
to one fide ; therefore fuppofe D to be the loweft 
point in the circle FG ; then the top endeavours by 
its gravity to defcehd towards D. Let *the force of 
gravity alone move the point D through the fpace T>0y 
in a very fmall time ; during which, the fotary 

motion 
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motion would carry the point D to r. Compleat Fig# 
the parallelogram Drpo, and the point D will be 38* 
carried through Dp ; that is, the circle FDG will come 
into the pdiition Dp ; and therefore the axis BKS 
(perp, to the circle FG) will be moved in a direc- 
tion towards H, perp. to DK ; and the poiht S 
moved to n ; the particle S« being parallel to D^ 
After the fame manner by a new impulfe of gravi- 
ty at py the loweft point ; the circle FDG wiil be 
moved into a new poGrion, below D/), and the 
point S carried from n to /. And fo by every im-. 
pulfe of gravity, the point S will be moved gra- 
dually forward, through the circle Sntqlz ; and thus 
the top recovers itfelf from falling; the motion of 
S being always parallel to that of D. And there- 
fore the motion of the axis BS will be the {amc 
way about, as the top's motion is. And thus the 
point S will continue to make feveral revolutions 
by a flow motion, whilft the top makes its revolu- 
tions about its axis, by a fwift motion. 

Cor. I. This motion of the top and its axis, is Ji^ 
tnilar to the motion of an oblong fpheroidy and it^ 
nodes. 

For (Cor. 6. Prop. XXX.) the nodes move the 
fame way about as the body revolves, and fo does 
the axis of the top ; and therefore this motion may 
be called the motion of the nodes of the top. 

Cor. 2. fFhen the top^s mottQn is very Jwift, the 
cinle Sql is very fmall; and as it grows flower^ that 
circle will grow bigger and bigger , till the top falls. 

For when the top's moti,on is very fwift, Dr will 
be greater, and the angle rDp lefs; and the circle . 
Dp will deviate lefs from DG. And gravity hav- 
ing little power to difturb its motion, the circle Sj/ 
will be extremely fmall, and the top will revolve 
about the axis in app^^^ance unmoved. But as the 

top's 
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Fig. top's motion by reliftance and friftion grows left 
28. andlefs, Dr willbelefs; and the circle D^ will de- 
viate more from DG ; that is, gravity will have 
more and more power to difturb its motion; and the 
axis BS will defcribe a greater and greater circle 
with the point S, or rather a fpiral, till at laft the 
top falls down. 

39, Cor. 3. As the top grows Jlow, and the motion 
weaky and the pole S defcribes greater and greater cir- 
cleSj the foot B is thrown out to the oppojite Jide^ de- 
fcribtng a circle B^, which is greater as Sql is greater; 
and goes the fame way about. 

For the center of gravity K always endeavours 
to be at Teft, whilft the body revolves about. 
Therefore when the top grows weak, and the pole 
S defcribes greater circles, the foot B is thrown fur- 
ther out to the oppofite fide ; and being always op- 
pofite, will defcribe a circle proportional to Sj/; 
the foot B going the fame way about as S does. 
And thefe circles B^ will continually grow greater 
and greater till the top falls down. Till then the 
top rolls about and about from the pofition CAB 
to the oppofite pofition cab, till the motion end, 
and the top falls down. And thefe are the princi- 
pal phoenomena of the motion of a top. 



FINIS. 



ERRATUM, in Plate, Fig. 23. 
P« ihould be perp, to F/. 
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